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PREFACE 


Analytic geometry is rich in problems that require a certain 
amount of independent thinking, yet are not too difficult 
for the average student. In most of these problems, the 
result itself is of little intrinsic importance; the value of the 
work lies in the training afforded in reasoning and concen- 
tration. If the student be required to think for himself, 
first obtaining a knowledge of simple fundamental methods, 
and then extending, adapting, and generalizing these methods 
as need arises, the subject possesses the very highest dis- 
ciplinary value. 

Nevertheless, analytic geometry is sometimes presented 
as a series of formulas, with exercises requiring, in the main, 
a mere substitution of numbers for letters in the formulas. 
Such a course can be ‘‘studied”’ with a minimum of mental 
effort, and with correspondingly trifling benefit. 

In the present book, the aim is to avoid unintelligent, 
mechanical processes wherever possible, thus insuring the 

‘student’s real understanding of the work. In many of the 
simpler cases the derivation of results, or the discovery of 
alternative methods of derivation, is required of the reader. 
The problems of the text appear in the exercises in many 
forms and aspects, demanding a variety of methods of at- 
tack. Where the student is likely to need help in getting 
started on a new class of problems, suggestive examples are 
worked in the text. 

To an extent somewhat greater than customary, the em- 
phasis is placed on geometry rather than on analysis. The 
meaning of this statement is illustrated by the remarks of 
the next three paragraphs. 

Every teacher will agree that the beginner thinks most 
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easily and clearly when the geometric interpretation of his 
thought is most vivid. For this reason prominence is given 
to methods which, while analytic in their execution, are 
based on geometric rather than purely analytic reasoning. 
For instance, in finding the equation of a circle satisfying 
three conditions, the student is encouraged to carry out 
analytically the construction of elementary geometry for 
the center and radius. 

In the study of the conics, while an ample amount of 
numerical drill is given, much attention is paid to the in- 
teresting and valuable geometric problems that exist in such 
large numbers. 

In most texts, while plane loci are defined geometrically, 
those of space are defined by the equations representing 
them. It seems much more natural and logical to follow 
the former plan throughout. In this book the quadric sur- 
faces are given a geometric definition, the equation being 
derived in each case from the definition. 

It may be worth while to mention that wherever the book 
departs in any degree from custom, the practicability of the 
presentation here given has been thoroughly tested in the 
class-room. 

The author wishes to acknowledge his deep obligation to 
Professor A. L. Nelson, who has read the entire manuscript 
with great care, and has also helped with the proofreading. 


CiypEe E. Love. 
Ann Arbor, December, 1922. 
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PLANE ANALYTIC GEOMETRY 


CHAPTER I 
CARTESIAN COORDINATES 


1. Position of a point onaline. Ifa point is known to lie 
on a given line, its position is usually determined by means of 
its distance from some fixed point of reference on the line. 
For instance, Ann Arbor is on the Michigan Central Railroad 
37 miles west of Detroit; in a Fahrenheit thermometer the 
freezing point of water is 32° above zero. It is clear 
that in order to fix the position of the point completely, we 
must know not merely its distance from the point of reference, 
but also the direction, or sense, in which that distance is 
measured. In the examples just cited, the sense of measure- 
ment is expressed by the words “west of” and “above,” 
respectively. 


2. Directed line segments. As suggested by the exam- 
ples of § 1, it is frequently neces- 
sary to consider a line segment as A B C 
measured in a definite sense from Fia. 1 
one endpoint to the other. When this is done, the segment 
is said to be directed. If the terminal points are A, B, we 
speak of the segment AB or the segment BA according as 
the sense is from A to B or from B to A. 

If one sense is chosen as positive, then the opposite sense 
is negative: thus 


AB =i BA, 


or AB+ BA = 0. 
1 
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If C is any third point of the straight line determined by 
A and B, then for all possible positions of A, B, and C we have 


(1) AB + BC = AC, 
or 
(2) AB BO +:1CA = 0: 


The student should test these formulas thoroughly, taking 
the points A, B, C in various relative positions on the line. 

Two directed line segments lying in the same line or in 
parallel lines are. said to be equal if they have the same 
length and are measured in the same sense, 

The ordinary undirected segment joining two points 
A, B will be denoted by either of the symbols AB, BA. In 
cases where doubt may arise as to whether the segment is 
directed or undirected, an explicit statement will be made. 


3. Correspondence of real numbers to points on a straight 

line. Given a point P lying on the 

x4++\4 3 Tepes s straight line v2’x (Fig. 2), let us 

Q choose an arbitrary fixed point O on 

the line, and determine the position 

of P by its directed distance from O, measured in some 
suitable unit. 

If now we agree that distances measured to the right 
shall be called positive, those to the left negative, then the 
position of P may be indicated completely by giving the 
magnitude of OP with the proper sign prefixed. (When 
the distance is positive, the sign is usually omitted.) Thus 
in the figure P is at the distance 3, Q at the distance — 2, 
from O. In this way there is built up a correspondence be- 
tween the real numbers of algebra and the points of the 
straight line: to every real number there corresponds one and 
only one point of the line, and conversely. 

The directed segment OP, represented algebraically by a 
number, is called the codrdinate, or the abscissa, of P, and 
the fixed point O is called the origin. 


Fia. 2 
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4. Position of a point on a surface. If a point lies on a 
given surface, two magnitudes, or codrdinates, are necessary 
to. determine its position. Thus we say that one town is 
ten miles east and eight miles north of another; the position 
of a picture on a wall may be given by its height above the 
floor and its distance from one corner of the room; in geog- 
raphy, the location of a point is indicated by its latitude 
and longitude. Here again it is clear that each codrdinate 
must be measured in a definite sense. 


_ 6. Cartesian codrdinates. Given a point P lying in a 
certain plane, let us assume two perpendicular lines 2’z, 
y’y lying in the plane. The line 2z’z is called the z-axis, 
y’y the y-axis, and their point of intersection O is the origin. 
The position of P is evidently known if its distances from the 
axes are given, each being measured in a definite sense. 
These directed segments are called the cartesian coérdinates * 
of P: the distance from the y-axis — NP or its equal OM — 
is the abscissa, the distance MP from the z-axis is the or- 
dinate. Asin § 3, each coérdinate is represented algebraically 
by a number. 

We shall ordinarily assume the axes as in Fig. 3, and 
shall consider abscissas positive if y e 
measured to the right, negative to the | 
left; ordinates positive upward, negative 
downward. 

It is customary to write the co- 
ordinates of a point in parenthesis, 
with the abscissa first: thus the point / 
P: (3, 5), also written simply (3, 5), Fie. 3 
has the abscissa 3 and the ordinate 5 (the point P in 


* More precisely, rectangular cartesian coérdinates. The axes are 
sometimes taken oblique to each other, but in this book only the rect- 


angular system will be used. 
The word cartesian is derived from the name of René Descartes 


(1596-1650), who was the founder of analytic geometry. 
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Fig. 4). The figure also shows the points Q: (2, — 4), 

R: (— 4, — 3), and 'S: (— 8, 0). 
‘The axes divide the plane into four compartments, 
called quadrants, and num- 


y 4+_| bered as in Fig. 4. Thus 
£ IP : the abscissa is positive ift 
| | the first and fourth quad- 
rants, the ordinate positive 

Sais! in the first and second. 5 
x || O| 4 iE By the introduction of a 
| R cartesian codrdinate system 


ct there is set upa unique cor- 
| respondence between points, 
nS Ly. on the one hand, and pairs 


T 
z of real numbers, on the other: 
Fia. 4 _ 

to every pair of real numbers 

there corresponds one and only one point in the plane, and 
conversely. | 

In all work with cartesian codrdinates, unless the contrary 
is explicitly stated it will be assumed that segments oblique 
to the axes are undirected, segments parallel to an axis are 
directed. Segments parallel to Ox will be considered posi- 
tive if measured to the right, negative to the left; segments 
parallel to Oy, positive upward, negative downward. 


6. Units. In analytic geometry, drawings are usually 
made on square-ruled paper, called coédrdinate paper (see 
Fig. 4). The unit of measurement chosen need not, and 
usually should not, be the width of one space on the codrdi- 
nate paper; the scale should be selected with regard to the 
nature of the drawing to be made — neither so large that 
some of the points fall beyond the limits of the paper, nor so 
small that the properties of the figure become obscured. 
Thus if the points to be plotted are (20, 45), (86, — 13), etc., 
one space on the paper might represent 4 units, while if the 
points are (0.1, 0.3), (— 0.25, 0), etc., we might conveniently 
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let 20 spaces represent the unit. The scale adopted should 
always be clearly indicated. 

Cases sometimes arise in which it is convenient to adopt 
different scales on the two axes; but unless the contrary is 
indicated we shall assume throughout that the unit for or- 
dinates is the same as that for abscissas. 

To plot a point whose codrdinates are irrational, we 
approximate as closely to the irrational numbers involved 
‘as our scale will allow. For instance, to plot the point 
(V2, V3), we would in most cases take 


V2 =14, V3 = 1.7, 
but on a very large scale it might be possible to put 
V2 = 1841, V3 = 1.73. 


7. Distance between two points. In the remainder of 
this chapter we develop a few elementary formulas which. 
arise directly from the definition of cartesian codrdinates, 
and which will be of frequent service in our later work. 

The distance between two 
points P;, P, can be expressed 
in terms of their codrdinates 
by the theorem of Pythagoras. 
Let the codrdinates of the 
two points be denoted by the 
letters 2, y with subscripts: 
P,: (a1, y:), Pe: (te, yo). Now, in 
Fig. 5, Fia. 5 

d= VP,Q' + QP; 


but 
P,Q = M,M2 = OM, — OM, = 2% —- XK, 
QP, = M2P, — M.Q = y2— 1, 
whence 
(1) d = V(x, — x1)? + (Ye — ys)*. 


By drawing the figure in various positions, the student 
may convince himself that the formula holds no matter 
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where the points P;, P2 may be sit ated — not merely when 
they happen to lie in the first quadrant. 


Examples: (a) Find the distance between the points (3, 2) 
and (— 5, 4). 

By formula (1), or directly from a figure, we find 

d = V(— 5 — 32+ (4 — 2)? = V68 =2V17. 

(b) A point moves so that its distance from the origin is 
always 2. Express this fact by means of an algebraic 
equation. 

Let the codrdinates of the moving point be (a, y). Then, 
by (1), the distance of this point from the origin is V 2? + y?. 
Hence the required equation is i 


Vy? + y? = 2, 


ety = 4. 
The locus of the point (a, y) is evidently a circle of radius 2 
with center at O. 


or 


EXERCISES 


1. Verify formula (1), § 2, (a) with C lying between A and B; 
(b) with C lying in BA produced. 


2. Show that formulas (1) and (2) of § 2 can be extended to apply 
to any number of points. 


Plot the following points, choosing a suitable scale in each exercise. 
3. (2, 4), (— 3, 6), (0, 5), (— 8,— 1), %, — 42), (— 2 V2, 2 V5). 
4. (2, 2), (—ay 8) (- 4b D, (V5, t V10). 
Bi (2,10, 08) (85:1 23), 30 a= BI 5 ON 
6. (4 V2, 0), (— 2 V3, V3), (— 4, $ V6), (a, $2). 
7. Draw the quadrilateral whose vertices are (0.07, 0.11), 
(— 0.08, 0.06), (0, 0.13), (0.20, — 0.08). 


8. What can be said of the codrdinates of all points on the x-axis? 
On the y-axis? On the line through O bisecting the first and third 
quadrants? The second and fourth quadrants? On the line parallel 
to the z-axis two units to the right of it? On the line parallel to the 
y-axis three units below? 
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Find the distances between the following pairs of points. 


9. (2, 4), (3, 7). Ans. V10. 
105(-—2,.— 5),,4, = 6); Ans. V37. 
1925 o— 2), (= 58), 

Wee 8 Ce Sa CyB 6) Ans. #5 V2605. 


13. be g, aa 2), (Zo; i 30). 
14. (x, y), (h, k). 
15. Given that the point (x, y) is at the distance 5 from the point 


(— 5, 3), express this fact by means of an equation. What is the 
locus of such points? Draw the figure. 


16. Express by an equation the statement that the point (2, y) is 
equidistant from the points (8, 4) and (— 1, — 2). What is the locus 
of such points? Draw the figure. NDS, Pas ho Bi =O, 


17. Express by an equation the fact that the point (2, y) is equidis- 
tant from the points (3, 2) and (— 5, 2). Ans.x +1 =0. 

18. Derive the distance formula (1) from a figure in which P, is 
below and to the right of Pi. 


19. Derive the distance formula, taking Pi in the third and P,2 in 
the first quadrant. 

20. Derive the distance formula, taking P: in the fourth and P, in 
the second quadrant. 

21. Prove that the triangle whose vertices are (2, — 2), (— 1, —1), 
(1, 5) is a right triangle, and find its area. 

22. Prove that the triangle whose vertices are (2, 3), (— 3, 0), and 
(5, 8) is isosceles, and find its area. Ans. A = 8. 


23. Prove that the points (— 3, 8), (— 7, 6), (— 3, — 2), (1, 0) 
are the vertices of a parallelogram. Is the parallelogram a rectangle? 


24. Prove that the points (0, — 1), (2, 1), (0, 3), (— 2, 1) are the 
vertices of a square. 


25. Find the radius of the circle whose center is (2, 5) and which 
passes through (14, 10). Does this circle also pass through (13, 12)? 


26. A circle touches the y-axis, and its center is at (5, 6). Does 
the circle pass through the point (4, 1)? Through (1, 3)? 


27. Find the radius of a circle with center at (3, 0), if a chord of 
length 4 is bisected at (5, 4). Ans. 2 V6. 
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28. The points (10, — 2) and (— 4, — 4) are the ends of a diameter 
of a circle. Does this circle pass through (— 2, 2)? 


29. The center of a circle is the point (— 4, 2) and its radius is 5. 
Find the length of that chord which is bisected at (— 2, 1). 


30. Prove that the points (10, 2), (7, 1), (— 2, — 2) lie in a straight 
line. 


31. Determine whether the points (3, 0), (— 1, 8), (48, — 90) lie 
in a straight line. 


32. Do the points (1, 8), (— 3, — 4), (6, 24) lie in a straight line? 
33. Do the points (4, 3), (4, 3), (— 4, #) lie in a straight line? 


34. A point is at the distance 4 from the origin and 2 from the 
x-axis. Find its codrdinates. 


35. A point is at the distance 10 from the origin and — 6 from the 
y-axis. What are its codrdinates? 


36. Prove that if the codrdinates of the endpoints of a line segment 
are rational numbers, the square on that segment contains a rational 
number of square units. Is the converse true? 


8. Midpoint of a line segment. Let P: (x, y) be the point 
midway between the points Pi: (a, yi:) and Pe: (a, yz). In 
Fig. 6, 


y P OM = 0M,+ MM. 


But 
OM = 2, OM; = %, 
while 
; M,M = 4 M.M,z = 3 (a2 — 2). 
M, M M,” Hence 
Fic. 6 Z = % + 9 (te — 2). 


Similarly, 
’ y=" +3 (%- y). 
Simplifying, we find 
(2) x=F(U+%), y=r(ytwy), 
or in words, the coérdinates of the midpoint of a line segment 
are the arithmetic means of the codrdinates of the endpoints, 
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It is obvious that these formulas can be used not merely 
to find the midpoint when the endpoints are given, but also 
to find one endpoint when the other endpoint and the mid- 
point are given, as in the following 

Example: The line from (3, 2) to (5, — 6) is produced to a 
point P so that its length is doubled. Find the coérdinates 
of P. 

Here one endpoint is (3, 2), the midpoint is (5, — 6), while 
the other endpoint (x, ye) is to be found. 

Substituting in (2), we have 

5=37(3+%), -6=37(2+), 


te = 1, te = — 14. 
Thus P is the point (7, — 14). 
9. Slope of a line. The slope of a straight line is defined 


whence 


as the tangent of the angle made by the line with the positive 


x-axis, this angle being measured from Oz to the line. Slope 
is usually denoted by the letter m. 

Slope-angles are considered positive if measured from the 
positive z-axis toward the 
positive y-axis: ie. if the 
axes are in the conventional 
position, a slope-angle is 
positive if measured counter- 
clockwise, negative 1f meas- 
ured clockwise. Thus lines 
sloping upward to the right 
have positive slope, those 
sloping downward to the Fic. 7 
right have negative slope. 

The slope of the line joining the points Pi: (a, yi) and 
P2: (x2 ye) is evidently 


whence 
(3) LM ot cerning 
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It should be noted that the idea of slope becomes mean- 
ingless in the case of a line parallel to the y-axis, since 
tan 90° = 0. 


10. Parallel and perpendicular lines. If two lines are 
parallel, they evidently 
have the same slope; and 
conversely. 

Given two perpendicu- 
lar lines \y, Az, the slope 
of \; is 

m = tan a, 
that of dz is 
mM, = tan ar. 
But a2 = a+ 90°, so 
_ that, by trigonometry, 


or 
(4) LL ere a 


Thus 2f two lines are perpendicular, the slope of one is the 
negative reciprocal of the slope of the other. The same theorem 
is sometimes expressed in the form: If two lines are perpen- 
dicular, the product of their slopes is — 1. 

Here also the converse is true, as may easily be shown. 


EXERCISES 


Find the point midway between each of the following pairs of 
points. Check by plotting. 

1. (1, 2); (3, 5). 2. (= 1, i, 3); (= 4, 2). 

3. (3h) hy Ce Gee rr sm IG secant 
\ 5. To what point must the segment from ( — 1, 4) to ( — 5, — 9) 
be extended, if its length is to be doubled? Trebled? Quadrupled? 


6. The center of a circle is at (5, 5); one point of the circle is 
(6, — 2). Find the other end of the diameter through this point. 


5 A 4 3 
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Y 7. Three vertices of a rectangle are (3, — 2), (7, 6), (8, 8). Find 
the fourth vertex. 


8. Three vertices of a parallelogram are (5, 2), (—2, — 8), 
(3, — 4). Find the fourth vertex. Check by plotting. How many 
answers are there? 


Find the slopes of the lines joining the following pairs of points. 
9. (2, — 2), (— 5, 1). 10. (3, 3), (— 6, — 2). 

11. (—%, #5), (—zs, #)- 12. (4, 47), (— #, #). 

13. Find-the slope of the line from (— 3, 5) to (— 3, — 2). What 
does the result mean? 

14. Show by two new methods that the triangle whose vertices are 
(2, — 2), (— 1, — 1), (1, 5) isa right triangle. (Ex. 21, p. 7.) 

15. Prove in a new way that the points (2, 3), (— 3, 0), (5, 8) 
form an isosceles triangle. (Ex. 22, p. 7.) 

16. Prove by several methods that the points (2, 2), (3, 6), (5, — 1), 
(4, — 5) form a parallelogram. 

17. Prove in a new way that the points (0, — 1), (2, 1), (0, 3), 
(— 2, 1) form a square. (Ex. 24, p. 7.) 

18. Prove in three ways that the point (14, 6) lies on the circle 
having the points (6, — 2), (10, 10) as ends of a diameter. 

19. Prove by anew method that the points (10, 2), (7, 1), (— 2, — 2) 
lie in a straight line. (Ex. 30, p. 8.) 

20. Prove in two ways that the points (6, — 2), (10, 10), (11, 13) 
lie in a straight line. 

21. Show that the points (— 5, — 3), (2, 3), (7, — 6), (1, — 11) 
are the vertices of a trapezoid. 

22. Show in two ways that the perpendicular bisector of the line 
from (3, — %) to (2, — 4) passes through (4, — #). 

23. Prove that the points (4,", $), G2, — §), Ge, — %), (0, 0) are 
the vertices of an isosceles trapezoid. 

24. Find the area of the trapezoid of Ex. 23. 

25. Derive the midpoint formulas (2), using a figure in which P, 
lies in the second and P» in the fourth quadrant. 

26. Derive the midpoint formulas with P; and P, both lying in 
the third quadrant. 

27. Derive formula (8), § 9, with P; in the first and P» in the third 
quadrant. 

28. Derive formula (3) with both points in the second quadrant. 
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11. Area of a triangle. In Fig. 9, if from the area of the 
B trapezoid M3M2P,P; we 

subtract the areas of the 
trapezoids M3;M,P,P; and 
M,M2P2Pi, there remains 
the area of the triangle 
P,P2P3. Let the points Pi, 
Pr, P; be (w1, ‘Y); (2, Ye), 


i (x3, y3) respectively. Then 
M3M2P2P3 
Fide 9 = § (2 — 4) (Yo + ys), 


MsM,PiP3 = } (a — 2s) (yi + Ys), 
MiM2P2Py = § (%2 — 21) (Y2 + 1). 
Thus 
A = § [(&2 — 23) (y2 + ys) 
— (1 — a3) (yi + ys) — G2 — 21) Ye + y2)], 
or after rearranging,* 
(5) A = 3 [X1 (Y2 — Ys) + X2 (Ys — Ys) + X3 (Yi — Y2)]- 

The area of a given triangle as found by this formula may 
be either positive or negative, according to the order in which 
the points are taken. We shall in general consider area as 
essentially positive, using the formula to find the number of 
square units regardless of sign. 


EXERCISES 
Find the areas of the triangles having the following vertices. 
1. (0, 0), (6, W); (3, aa 2). 2. (4, ie: 1), eS 2, = 3), (5, 5). 


3. (2, 6), (5, 6), (- i a 4). 4, C= 7, 5), (3, a 8), (8, 4). 
5. , 3), i $ 3), i se 3). 
6. (88, 16), (41, 17), (— 36, — 14). 


* The student who is familiar with the use of third-order determinants 
will note that (5) may be written in the more easily remembered form 


xt Syie 91 
(5’) Teel ey pipe Ub le 
Xsuesmen 
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7. Find the azea of the quadrilateral whose vertices are (1, 1), 
(2, 5); (4, 3), (4, = 6). Ans. ay, 
> © 8. Find the area of the quadrilateral whose vertices are (2, 1), 
“ (5, 8), (7, 9), (6, — 5). Check by solving in two ways. 
9. Prove in another way that the points (10, 2), (7, 1), (— 2, — 2) 
lie in a straight line. (Ex. 30, p. 8.) 
10. Prove in three ways that the points (4, 2), (6, — 3), (10, — 13) 
lie in a straight line. 
11. Find the distance of the point (3, 2) from the line joining the 
points (— 1,2), (1, — 6). a y Ve Ney OVO, Ans. 1sv17. 
12. Find the distance of the point (— 3, 3) from the line joining 
_ the points (2, 7), (1, — 2). 
* 13. Prove in a new way that the points (2, — 2), (—1, —1), 
(1, 5) form a right triangle. (Ex. 21, p. 7.) 


14. Prove in a new way that the points (0, — 1), (2, 1), (0, 3), 
(— 2, 1) are the vertices of a square. (Ex. 24, p. 7.) 

15. Derive formula (5) by dropping perpendiculars from P,, P2, 
P; to the y-axis. 


16. Three of the vertices of a rectangle are (2, 2), (6, 5), (4, 6). 
Find the area by two methods. 


17. Find the fourth vertex of the rectangle of Ex. 16. 


18. Three vertices of a parallelogram nee (9 (aaa 2 by, 
(3, 3). Find the area. 


19. Find the fourth vertex of the parallelogram of Ex. 18. 


’ 20. Prove that the area of a parallelogram three of whose vertices 
are (X1, yi), (2, Y2), (Hs, Ys) 1S given by the formula 
A=21 (Yo — Ys) + X2 (Ys — Yr) + Xs (Yi — Y2). 
21. Prove that if the codrdinates of the vertices of a parallelogram 
are whole numbers, the parallelogram contains a whole number of 
square units. Is this theorem true for any polygon? 


22. Prove that if the codrdinates of the vertices of a polygon are 
rational numbers, the area of the polygon is also a rational number. 


23. Show that it is impossible to construct an equilateral triangle 
the codrdinates of whose vertices are all rational numbers. (Cf. Ex. 


22 above and Ex. 36, p. 8.) 
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12. Application of analysis to elementary geometry. The 
representation of points by pairs of numbers, which is 
effected by means of a cartesian codrdinate system, estab- 
lishes a connection between algebra and geometry which 
enables us to give geometric problems an algebraic setting, 
and to solve them by purely algebraic means. As we pro- 
ceed, this connection between the two sciences will be de- 
veloped and elaborated in various directions. 

Many important theorems of elementary geometry, par- 
ticularly those involving polygons, can be proved analyti- 
cally by the theory of the present chapter; the process may 
be indicated by an 

Example: Prove that the diagonals of a parallelogram bi- 
sect each other. 

Let us place the parallelogram in the position shown. 

y The codrdinates of O are (0, 0), 
those of Pi may be taken as 
(a1, 0), those of Pe as (a2, yp), 
whence those of Ps; must be 
(a1 + 22, y2). Thus the midpoint 
of PrP, is (AE, #8); tike- 
) , which proves the 


Fic. 10 
wise the midpoint of OP3 is ( 


theorem. 


t+ %2 Ye 
eae PIB. 


It is obvious that if the property to be proved is independent 
of the position of the figure, there is no loss of generality in as- 
suming the figure in any convenient position with reference 
to the codrdinate axes. Thus the proof just given is en- 
tirely general. On the other hand, the figure itself must not 
be made special in any way: for instance, in the above ex- 
ample, by assigning numerical coédrdinates to the vertices, or 
by choosing as the given parallelogram a rhombus or a rect- 
angle. 

Further, this point must be carefully noted. While in 
elementary geometry the proof is obtained by studying the 
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properties of the figure, in analysis the proof arises from 
algebraic work involving the codrdinates: the figure is of no 
use at all beyond helping us to bear in mind the nature of 
the problem. Our notation must therefore be such that the 
coérdinates themselves express the data of the problem. In ° 
the example, when codrdinates have been assigned to three 
of the vertices, those of the fourth are determined, and must 
be correctly expressed in terms of those already assigned. If 
this is not done, the proof is impossible. 


EXERCISES 


Prove the following theorems. 


1. The midpoint of the Pe coll of 2 a ek triangle is equidis- 
tant from the three vertices. 
\ 2. The diagonals of a rectangle are equal. 
8. The distance between the midpoints of the non-parallel sides of 
a trapezoid is half the sum of the parallel sides. 
/ 4. An isosceles triangle has two equal medians. 
\ 5. A triangle having two equal medians is isosceles. “ 3 
6. The diagonals of a rhombus are perpendicular. /, 
7. If the diagonals of a rectangle are perpendicular, the rectangle 
is a square. 
8. If a convex quadrilateral has two opposite sides equal and 
parallel, it is a parallelogram. 
9. The lines joining the midpoints of the sides of a triangle divide 
it into four equal triangles. 
10. A quadrilateral whose diagonals bisect each other is a parallelo- 
gram. 
11. A quadrilateral whose diagonals bisect each other at right 
angles is a rhombus. 
12. The diagonals of an isosceles trapezoid are equal. 
13. A trapezoid whose diagonals are equal is isosceles. 
14. The line segments joining the midpoints of opposite sides of a 
quadrilateral bisect each other. 
15. The line segments joining the midpoints of adjacent sides of a 
quadrilateral form a parallelogram. 


CHAPTER II 
CURVES 


13. Constants; variables. In algebra (and to some ex- 
tent even in arithmetic) we become familiar with the use 
of letters to represent numerical quantities. Two kinds of 
quantities occur in algebra: the knowns, usually represented 
by a, 6, ---, and the unknowns, represented by 2, y, ---. 
Thus the general quadratic equation is written in the form 

ax? ++ br +c=0; 
the equation of the first degree in three unknowns is written 
ac + by +cz+d=0. 

In analytic geometry the quantities with which we have 
to deal are ‘‘constants’”’ and “variables.” 

A constant is a quantity whose value remains unchanged 
throughout any given problem. Examples are the co- 
ordinates of a fixed point, the radius of a circle, the slope of 
a line, etc. Codrdinates of fixed points are denoted by the 
letters x, y with subscripts, as (a1, y1), (Xe, ye), ete.; other 
letters, particularly those near the beginning of the alphabet, 
are also used to denote constants. 

A variable is a quantity that may take different values 
(usually an infinite number of them) in the same problem. 
The variables most frequently occurring are the codrdinates 
x, y of a point that is free to assume various positions — 
for instance by moving along a definite path. 

For example, the fact that the point (z, y) is at the con- 
stant distance a from the origin is expressed by the equation 


Vaz + y? =a, 


a? + y? = a? 
16 


or 
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This equation evidently remains true if the point (z, y) 
moves along the circle of radius a with center at the origin. 
As the point moves, both coérdinates vary, but the radius 
remains the same. 

Again, if the point (a, y) is equidistant from the points 
(0, 0) and (a, yi), we have 


Ve +-y=Va—mP?t yyw, 


which upon squaring and simplifying becomes 


2me+2yy = 22+ yr. 
Here the point (x, y) may take any position on the perpen- 
dicular bisector of the line joining the fixed points (0, 0) 
and (a, y1). . 


14. The locus of an equation. Let two variables x and 
y be connected by an equation — for instance 


y=22+3, 
y® = 22, 

or 
e+ y = 1. 


If any value be assigned to either variable, the corresponding 
value or values of the other may be found at once from the 
equation; thus there exist in general infinitely many pairs of 
values of x and y that satisfy the equation. Each pair of 
numbers may be represented geometrically by a point. The 
points so determined are not scattered at random through- 
out the plane, but form in the aggregate a definite curve, as 
may be verified for any given equation by plotting any 
number of the points. This curve is called the locus of the 
equation. The definition, which is fundamental for our 
future work, may be stated more concisely as follows: 

The locus of an equation is a curve containing those points, 
and only those points, whose codrdinates satisfy the equation. 

The curve corresponding to a given equation is said to 
represent the equation geometrically, while the equation repre- 
sents the curve analytically. The study of plane curves 
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(i.e. curves all of whose points lie in a plane) by means of 
the equations representing them forms the subject-matter of 
plane analytic geometry. 

The elementary method of tracing the curve representing 
a given equation is to find a number of pairs of values of x 
and y satisfying the equation, plot the corresponding points, 
and draw a smooth curve through them: this curve is 
approximately the desired locus. The method of point- 
plotting frequently involves a good deal of tedious numerical 
work, but the great objection is that it sheds but little light 
on the general properties of the curve; it is, however, the 
only method available at the present stage of our work. 
The additional theory to be developed in this and later 
chapters will enable us to trace a variety of important 
curves with a comparatively small amount of point-plotting. 

If codrdinate paper be used, only two instruments are re- 
quired to make a neat and reasonably accurate sketch: a 
straight edge, to put in the axes and any other lines that may 
occur, and a small “irregular curve” such as draftsmen use, 
to draw a smooth curve through the plotted points. By 
the use of these instruments much better results are ob- 
tained than by free-hand drawing. 


Examples: (a) Trace the locus of the equation 
y= 224+ 3. 

It will be most convenient to assign values to z and com- 

pute the values of y: 
0 | 1 | 2 
y 3 | 5 uf 
We now plot these points, choosing in this case one space 
on the codrdinate paper as the unit, and draw a smooth 
curve through them. (It should be noted that the curve 
picks up the points according to the algebraic order of the 


values of x — not as they are arranged in the above table.) 
The ‘‘curve” in this case appears to be a straight line: it 


—3 | —4 


Eas 


x 


Taner 


=i | =3@ 
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will be proved in § 34, and assumed in the meanwhile, that 
the locus of every equation of the first degree is a straight line. 


Y 


— 
i 
7 
O|Z a 
Fig. 11 
(b) Plot the curve 
y® = 2a. 
Here, to avoid the ex- == r 
traction of cube roots, it 
will be convenient to a EH 7 
write the equation in the § 
form 0 w 
r=7y Pap || ek 
. 2 spl=7 
and assign values to y, Bee We EA 30) Hc 
Since «a becomes very ok 
Fic. 12 


large as y increases, we 

will assign to y only small values, including some fractional 
ones: 

Onli 


y 1 


x 


0 


16 
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As in the case of the straight line above, this curve evi- 
dently extends indefinitely in both directions; the portion 
containing the above points is shown in Fig. 12, with two 
spaces as the unit. 


(c) Trace the curve 
a? +t? = 1. 
Writing the equation in the form 
ieee, 


we see that to every value of x there are two values of y; 
further, that y is real only when z is numerically less than 1. 
OMiiyess 1 | =e hed 


+ 3V2| +4V5 


To plot these points, we 
Feces replace the irrational values 
Eo A of y by decimal approxima- 
Hy tions, correct to two places: 
2V2 = 0.94, 1 V5 = 0.75. 
The curve is shown in 
Fig. 13, with 10 spaces as 
the unit; it appears to be 
| im a circle of radius 1 with 
center at O. This is actu- 


PSR | ally the case, since the 

HEHEHE H+2989=7H1 equation evidently states 
that the distance from (2, y) 
to: (0; 0).416 2: 


es ——- 


0} 


[I] 
(ch 


Fig. 13 


15. Scope of the term “curve.” If the locus of every 
equation is to be spoken of as a curve, the meaning of that 
term must be extended so as to cover certain forms that 
would not in ordinary language be considered as curves. 
Thus the straight line is included as a special case; further, 
the locus of a single equation may consist of two or more 
disconnected branches (see, for instance, Fig. 16, p. 24), 
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yet these several branches are said to constitute only a single 
curve. 

Finally, we have as limiting cases curves made up of one 
or more separate points, and wholly imaginary curves: ex- 
amples are furnished by the equations 


v+y = 0, 
e+ y= —1, 
which are satisfied. only by the codrdinates (0,0), and by 


no real pairs of codrdinates, respectively. As a rule, how- 
ever, these limiting forms are of slight importance. 


EXERCISES 


Trace the following curves accurately, choosing a suitable scale in 
each case. 


1. y=1-—8z2. 2. 4%4—3y =0. 

Sa i — 3 = 6) 4. 52+3y+5=0. 
5. yr ty =. 6 ywt+3e =0. 

% y=lte— 2. 8 y = x. 

9, 22+ y? = 25. 10. 4277+4y=1., 
11. 2 +4y =4. 12. 922+ y? = 36. 
13. 3y =a — 32? — 9x. 14. y=32 — 2. 


15. Of the above curves, which can be recognized from their equa- 
tions as straight lines? Which as circles witu center at O? 


16. Symmetry. Two points Pi, P: are said to be placed 
symmetrically with respect to an axis d, if \ is the perpendicular 
bisector of the segment P,P,. Each point is then said to 
be the image, or reflection, of the other in the line X. A 
curve or other plane figure is said to be symmetric with 
respect to an axis if, corresponding to every point P, of the 
figure, the image-point P, in that axis also belongs to the 
figure. This means that the figure is unchanged by reflec- 
tion in the axis —i.e. that the part of the figure on one side 
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of the axis is the image of the part on the other side. Fig- 
ure 14 shows a curve symmetric with respect to the indicated 
line. 
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Two points P;, P: are said to be placed symmetrically with 
respect to a point O if O is the midpoint of PiP:. A plane 
figure is symmetric with respect to a point O if, correspond- 
ing to every point P, of the figure, there is a point Pe, also 
belonging to the figure, such that O is the midpoint of PiP». 
The point O is called the center of symmetry, or simply the 
center. Figure 15 shows a curve having the point O as center. 


17. Tests for symmetry. As direct consequences of the 
definitions of § 16 we deduce analytic tests for symmetry of 
a curve with respect to the coédrdinate axes and the origin. 


THEOREM I: A curve 1s symmetric with respect to the x-axis 
if its equation 1s unchanged * when y ts replaced by — y; and 
conversely. Similarly for symmetry with respect to the y-axis. 

For, by the hypothesis, if any pair of coérdinates 2, y sat- 
isfy the equation, the codrdinates (x, — y) of the image- 
point with respect to the z-axis also satisfy the equation. 
The proof of the converse is left to the student. 

THEOREM II: A curve is symmetric with respect to the origin 
if its equation is unchanged when x is replaced by — x and y 
by — y simultaneously; and conversely. 

The proof is left as an exercise. 

* More precisely, if the new form of the equation is equivalent to the 


original form —i.e. if each form is satisfied by all the values of the 
unknowns that satisfy the other. 
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When a curve is symmetric with respect to either axis or 
the origin, the process of tracing the curve may be much 
shortened. For instance, the curve 


y= 2% 


occurring in example (b), § 14, is evidently symmetric with 
respect to O, since upon replacing « by — x and y by — y 
we get 

(— y)3 =-—2 x, 
which is equivalent to the original equation. Knowing 
this, we need not assign any negative values to y; when the 
part of the curve lying in the first quadrant has been drawn, 
that in the third quadrant can be filled in by symmetry. 
Again, the curve 

ea yee 

(example (c), § 14) is symmetric to both axes, since x can be 
changed to — x and y to — y separately. Hence, when the 
curve has been drawn in the first quadrant all the rest can 
be filled in at once. 


18. Intercepts on the axes. The points where a curve 
crosses the axes are often easily found, and if so they should 
be plotted as an important aid in tracing the curve. To 
find the points where the curve crosses Ox we must evidently 
put y = 0 and solve for 2; to find the intersections with Oy 
we put x = 0 and solve for y. Of course in some cases the 
solution cannot be carried out on account of algebraic 
difficulties. 

The distances cut off by a curve on the axes are called its 
x- and y-intercepts. 

As already stated (§ 14), the locus of every equation of 
the first degree is a straight line. Hence, to draw the locus 
of such an equation it is only necessary to find the points of 
intersection with the axes and draw the straight line through 
them (unless the line passes through the origin or is parallel 
to an axis). 
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19. Curve tracing. In tracing a curve, the results of the 
preceding articles should be made use of whenever available. 
For concreteness, the process may be reduced to a definite 
schedule of steps, as follows: 

(1) Test the curve for symmetry with respect to each axis and 
the origin. 

(2) Find the intersections with the axes. 

(3) Determine a suitable number of additional points. 

Example: Trace the curve 

v— y* = 4. 

(1) The curve is symmetric to both axes and the origin. 

(2) When y = 0, x = + 2; when x = 0, y is imaginary, 
so that the curve does not intersect Oy. 

(8) Writing the equation in the form 

y= Vat —4, 
we see that y is imaginary if x is numerically less than 2. 
Assigning to x values greater than 2, we get the following 
points: 


x 3 4 5 6 
y| +v5 TINS BEV ONG a pere7 Sayan) 
On account of the 
y symmetry with 


respect to Oy, the 
portion of the 
curve correspond- 
ing to negative 
values of x can 
be obtained by 
O reflection. 
The curve is 
shown in Fig. 16; 
it consists of two 
separate branches 
extending to in- 
Fia. 16 finity. 
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EXERCISES 


Without formal proofs, state how many axes of symmetry are pos- 
sessed by each of the following figures. 


1. A circle. 

2. (a) Astraight line; (b) astraight linesegment. Ans. (b) Two. 
3. A triangle. Discuss special cases fully. 

4. A quadrilateral. Discuss all special cases. 

5. A regular hexagon. 

6. Which of the figures in Exs. 1-5 possess centers? 


7. Show that two circles taken together always have one axis of 
symmetry. When are there two such axes? When more than two? 


8. Under what circumstances do two circles have a center of 
symmetry? 
9. When do three circles have an axis of symmetry? When more 
than one? 
10. When do three circles have a center of symmetry? 
11. State and prove the converse of Theorem I, § 17. 
12. Prove Theorem II, § 17. 
13. State and prove the converse of Theorem IT, § 17. 
14. Test each of the curves of Exs. 5-14, p. 21, for symmetry with 
respect to each axis and the origin. 


15. Prove analytically that if a curve is symmetric with respect to 
each of two perpendicular lines, it is symmetric with respect to their 
point of intersection. Show by means of an example that the con- 
verse is not true. 

16. Prove the theorem of Ex. 15 geometrically. 

17. Obtain a test for symmetry with respect to the line through O 
bisecting the first and third quadrants. 

18. Obtain a test for symmetry with respect to the line through O 
bisecting the second and fourth quadrants. 

19. Find the intercepts on the axes of the straight lines in Exs. 
1-4, p. 21. 

20. Find the intercepts on the axes of the curves in Exs. 5-14, 
p. 21. 
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Draw the following straight lines. 


2 — a = 2: 22. 32+y =6. 
23. 52 — by = 0. 24. 20x — 15y = 1. 
25. 2x7+3y+30 =0. 260s 


Trace the following curves accurately, on a suitable scale, applying 
each of the steps of § 19. 


27. 38 y = 2 x. 28. 2% —32+y—-4=0. 
29. 422+ y? = 9. 30. yw =z — y. 
31. 22 —y?+9 =0. 32. v+y=4zn. 
33. 422 — y? = 4, 34. 5022 + 100 y? = 1. 
35. y =x (« +1) (& — 8). 36. zy = 1. 
A 
37. zy +10 =0. 38. Le ROE 
2 
39. Bama Ty i 40. y=i2x—4z2. 
41. zy? = 1. 42. y =tat — 222, 


20. Consequences of the definition of locus. From the 
definition of the locus of an equation we may deduce certain 
rules which are so important that, in spite of their obvious- 
ness, it seems worth while to state them explicitly. 

By virtue of the definition, a point lies on a curve if and 
only af its coérdinates satisfy the equation of the curve. Hence: 


Rue I: To determine whether a given point lies on a given 
curve, substitute its codrdinates for x and y in the equation of the 
curve. 


Example: (a) The point (2, 12) lies on the curve 


y= 327 
because 
12 = 3-4; 
the point (— 1, — 3) does not lie on the curve because 
i te, 


Rute II: To express analytically the condition that a point 
shall lie on a curve, write the equation of the curve with the co- 
ordinates of the point substituted for x and y. 
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Examples: (b) The point (x, y,) lies on the curve 
a + y? = @ 
if and only if 

xy + yi? = a? 

(c) Determine the constant a so that the point (— 1, — 3) 

shall lie on the curve 
y = ax’. 

By merely expressing analytically the data of the problem 

we get 


—3=a'l, 
whence 
a=-—3 
and the equation of the curve is 
y= —32’, 
Check: —3= — 3:1. 


Rute III: To find the ordinate of a point on a curve, being 
given its abscissa, substitute the given abscissa for x in the 
equation of the curve and solve for y. Similarly we may find 
the abscissa when the ordinate is given. 


21. Factorable equations. In algebra, when the product 
of two or more factors is y 
equated to 0, the equation 
thus formed is satisfied 
whenever any one of the 
factors is 0. For instance, 
the equation x 
(1) 3@+2y) (@’—y?) =0 
is satisfied whenever 


zs+2y=0, 
a y = 0, 
or x—y=0. Fia. 17 


Hence, the locus of an equation whose right member is 0 
and whose left member can be broken up into factors con- 
sists of all points whose codrdinates when substituted in 
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the equation cause any one of. the factors to vanish. That 
is, the curve represented by such an equation breaks up into 
several distinct curves, viz. the loci of the equations formed 
by equating the several factors separately to 0. Thus 
equation (1) above represents the three curves (straight lines) 


et2y=0,¢+y=0,2-—y=0. 


22. Algebraic transformation of equations. When an al- 
gebraic operation of any kind is performed upon an equation, 
the locus is evidently unchanged provided that, after the 
transformation, the equation is satisfied by all those pairs 
of values of x and y, and only those, which satisfied it ori- 
ginally. This is clearly the case with such operations as 
transposition of terms from one member to the other, mul- 
tiplication of both members by a constant factor, etc. On 
the other hand, the locus is in general changed by introducing 
or striking out a variable factor, squaring both members, 
etc. For instance, the equation 


yur 
represents a certain straight line; the equation 
y? = 2 
holds not only when y = z, but also when y = — 2, and thus 


represents two straight lines. 


EXERCISES 


Determine whether the given points lie on the given curve. 

1. Curve 22 +3 y = 5; points (1, 1), (5, — 5), (0, §), (13, 6). 

2. Curve y= 27 — 15) points) (— 2583), 54 ca); 
(e By re §). 

3. Curve 2? + y? = 25; points (— 5, 0), (+ 3, + 4), (2 V5, V5), 
(2V3, 32). 

4, Curve y? = 4a2; points (2 a, a), (— a, 2a), (4a, — 4a), (fa, a). 

5. Curve = +% = 1; points (a, b), (—a, 0), (vai — Bb, “). 

6. Determine k so that the straight line z + 2y =k shall pass 
(a) through (4, 1); (6) through (— 6, — 5); (c) through (0, 0). 


tf 
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7. For what value of a does the curve y = az pass through 
(— 1, — 3)? Through (4, 2)? Through (0, 0)? 
8. Determine m so that the line y = ma +- 2 shall pass (a) through 
(1, 3); (6) through (2, — 2); (c) through (0, 2). Can this line be 
made to pass through (0, 0)? 
9. What is the condition that the curve y = az? + br + ¢ shall 
pass through (0, 0)? Through (2, 1)? Through (— 1, c)? 
10. Given that the point (x, y:) lies on the curve y? = 4 az, express 
this fact analytically. 
11. Under what circumstances does the point (h, k) lie on the line 
382+4y =6? 
12. In the curve y = 6 2’, find (a) the point whose abscissa is 2; 
(b) the points whose ordinate is 3. 


13. In the curve y? — x — 3y + 2 = 0, find (a) the point whose 
ordinate is 3; (b) the points whose abscissa is 0; (c) the points whose 
abscissa is 3; (d) the points whose abscissa is — 4. Interpret the 
result (d) geometrically. 

14. Verify that the equation of the straight line joining the points 
(3, 2), (— 2, 5) is8a+5y =19. 

Trace the following curves 

15. x? -—32y =0. 16. xy = 427. 

17. 22 -—42y+4y =0. 8 w—4aey+4y=1. 

19. (22? + y?-—1) yy? -—22) =0. 

20. zy —3y?—22+6y =0. 

21. Given an equation in which z is a factor of every term, how is 
the locus affected if this factor be stricken out? 


23. Points of intersection of two curves. The points of 
intersection of two curves are points whose coérdinates 
satisfy both equations, and there are evidently no other 
points having this property. Hence the points of intersec- 
tion of two curves are found by solving the equations of the 
curves as simultaneous equations. 

After solving two simultaneous equations the results 
should always be tested by substituting the values of x and y 
in both equations and noting whether the equations hold. 
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Example: Find the points of intersection of the straight 


line 

(1) 2x+y=10 
and the circle 

(2) oe Pes 20. 


Substituting the value of y from 
(1) in (2), we get 


xz? + (10 — 2x)? = 25, 
or 
52? — 402+ 75 = 0, 
2—82+15=0, 
whence 
Heer x = 3 or 5. 
By (1), 
y = 4or0, 
and the points are (3, 4), (5, 0). 
Check: 6+ 4 = 10, 
9+ 16 = 25; 
also 
10 + 0 = 10, 
25 + 0 = 25. 


The curves are shown in the figure. 


24. Importance of checks. It may be worth while to 
insert at. this point a remark on the subject of checks. This 
is a matter to which the average student pays far too little 
attention. The habit of verifying results is a most valuable 
one in any line of investigation, and there is no place where 
that habit can be more easily formed than in the study of 
mathematics. In analytic geometry, particularly, there is 
almost always a simple and obvious way of proving results, 
sometimes with only reasonable certainty, but usually with 
absolute certainty. As the course proceeds the student is 
urged to be on the lookout for methods of checking, and to 
apply those methods habitually. 
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25. Non-intersecting curves. When the values of x or 
y found by solving two simul- 
taneous equations are imaginary, 
the curves intersect in imaginary 
points, which means of course 
that in the ordinary sense they 
do not intersect at all. As an 
illustration the student may 
show that the curves 

2x+y = 15, 

ey = 25 
intersect in the points (6 + 2%, 
3—47) and (6— 21%, 3+ 42), 


y 


where 7 = V — 1; the two curves 
are shown in Fig. 19. 
It may happen that two Fic. 19 


equations cannot exist simul- 
taneously for any values of x and y, even imaginary ones, in 
which case they are said to be incompatible. The corre- 
sponding curves not only do not intersect, but they do not 
even have imaginary points in common.* An illustration is 
furnished by the equations 

x + y? = 25, 

ety = 9. 
For, if we subtract the second equation 
from the first, we obtain the absurdity 


0 = 16. 
These curves are concentric circles, as 
Fia. 20 shown in Fig. 20. 


26. Number of points of intersection. In algebra, the 
degree of a term involving x and y is the sum of the exponents 
of x and yin the term. Thus the terms 2”, 3 xy, 2 y? are of 


*In § 125, even this limiting case will be given an analytic inter- 
pretation. 
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the second degree; 3 x‘, 2 xy* are of the fourth degree; ou a is 
of degree — 2. 

The degree of an algebraic equation in x and y is that of 
the term of highest degree when the equation is rationalized 
and cleared of fractions.* Thus the equation 


(1) V38a2+2y=5 
is of the first degree; the equation 


ecm | 
UA a 
is of the third degree; the equation 
y = x3 


is of the third degree. 

A curve whose equation is of the nth degree is spoken of 
briefly as a curve of the nth degree. 

It is shown in algebra that when two equations in x and y 
are solved as simultaneous, the number of solutions (i.e. 
the number of pairs of values of x and y satisfying both 
equations) is not greater than the product of the degrees of 
the equations.t| Hence the number of points of intersection 
of two curves is not greater than the produci of the degrees of 
their equations. 


EXERCISES 


Find the points of intersection of the following curves; check the 
results. 


. 22—2y+6=0, r-—6y=8. 
7x—8y=1, 32+5y+5=0. 
-42+1ly=0, 27+ 6y =8. 
32—3y—8=0, y=2—2. 
e+y=5, 4¢4+y =7. 
e+y=6 2v+y—424+2=0. 


a 


* As regards the variables only: irrational and fractional constants 
may be present, as in (1). 

+ The number of solutions is in general just equal to the product of 
the degrees, but there are many exceptional cases. 
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7 y=3e+52e24+7, 4a+y=1. 
8. a? +y?=10, 224+3y =9. 

9 V+yY+22=9, 82—y=7. 
10. 2%74+5y? = 44, y=1—22. 

ll. y =42?-1627, y=2?-—427 — 15. 
12,42 =22, y=42. 

13. 2?+y=4y, 322+ y? = 30. 


Determine the degree of each of the following equations. 


14. 32 —22y = 6. 15. 2? — y? = 3 cy. 
16. V2 (x — 2) = 3y. 17. y = + V2. 

1 ay 
18. Tres 19. Saal IRN i 


20. Show that the equation x/? + y’/2 = + 1/2 is of the second 
degree. 


21. Show that the equation x?/? + y?/3 = a?/? is of the sixth degree. 


22. Prove that if three lines form an equilateral triangle, ‘the 
equation of at least one of them must contain irrational coefficients. 
(Cf. Ex. 23, p. 13.) 


CHAPTER II 


Loc! 


27. Path of a moving point. Hitherto we have thought 
of a curve as composed of the aggregate of points whose 
codrdinates satisfy a certain equation. A somewhat different 
conception of a curve is obtained by thinking of it as the 
path, or locus, of a potné which moves according to a ceriain 
law. Thus the straight line which bisects the first and third 
quadrants may be thought of as composed of all points whose 
codrdinates satisfy the equation 

y= 2, 
or it may be considered as the path of a point which moves 
so as to remain always equidistant from the axes. The latter 
conception of a curve is of great importance in analytic 
geometry. 

If the equation of a curve is not given it must be found 
before the curve can be studied analytically. When the 
curve is defined as the path of a moving point, the statement 
of the law of motion usually suggests an equality between 
certain distances or other quantities involving the coérdinates 
of the moving point. We always denote the codérdinates of 
the moving point by (x, y), and try to obtain (by the for- 
mulas of analytic geometry) expressions for the distances 
or other quantities involved in the statement of the law of 
motion, after which it is usually a simple matter to write 
out the equation which is suggested by the law. 

Owing to the fact that we have as yet developed only a 
small body of analytic theory, the number of “locus prob- 
lems’’ that we can solve at present is rather limited, but the 
general method of attack is sufficiently well brought out by 
the following simple examples and exercises. 
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Examples: (a) A point moves w 98 to renasin always equi- 
dithant from the points P,: (3, 2) and 
Px: (— 1,5). Find the equation of its 
locus 


The law A motion states that the 
distance from the moving point 
P: &, ¥) to the point G, 2) equals 
the dictance from the point (z, y) to 
the point (— 1, 5). Hence, by the 
forsaula for the distance between two Fis. 2 
posts, 

VE—-WFTY— OF = Vet IP ty —- 

This equation expresses the given law of motion and is there- 
fore te cgwsttion of the locus; it remains only to simplify the 
equstion. Squaring and expanding, we get 

2 -624+94+¢ —4y4+4=274+224+14+F —WytB, 
and this reduces to 

8z—6y+B= 

which shows that the locus is 2 straight line. It is of course 
the pespenticstar Dusector of the line joining the fixed points. 

(b) A point moves so 26 to remain 
equidistant from the line y = —1 
and the point (0,1). Find the equa- 
tion A its locus. 

The distance of any point P: (z, y) 


———__——— from the line y = — 1 is y +1, 36 i 
evident at once from the figure. 
Fu. 22 Hence we have 


P+t2ytiag=LZty—2y7t+h 
go =AY. 
_ To prove strictly that a eurve and its equation as found in 


the presest chapter correspond to each other in the manner 
required by the definition of “locus of an equation” (§ 14), 


it is dearly necessary to show (a) that the wobrdinates of 


~ 
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every point of the locus satisfy the equation; (b) that every 
point whose codrdinates satisfy the equation lies on the locus. 
The method outlined in the second paragraph of this article, 
and applied in the above examples, establishes only the first 
of these statements. However, in most cases the second 
part of the proof can be carried out by merely reversing the 
steps already taken, and therefore will usually be omitted.* 


EXERCISES 


1. Draw the straight line in example (a) above by finding its in- 
tercepts, and verify by measurement that its points are equidistant 
from the given points. 

2. Trace the curve in example (b) from its equation, and verify 
by measurement that its points are equidistant from the given line 
and the given point. 

In each of the following cases, find the equation of the locus, and 
draw the curve. 

3. A moving point is always equidistant from the points (0, 0) 
and (4, 0). 

4. A moving point is always equidistant from the points (4, 0) 
and (— 6, — 3). 

5. A point moves so that its distance from the point (0, 0) is al- 


ways twice its distance from the point (0, — 6). 
Ans. x? + y? + 1l6y + 48 = 0. 


* The second part of the proof in example (6), for instance, is as 
follows. Given the equation 


(1) 4y = 2, 

let us add y? — 2y + 1 to each member, thus obtaining 
We a2 giee aap) 

whence we have either 


(2) y +1 = V2? + (y — 1), 
or . 
(3) yt1 = —vV24+ (y — 12 


But by the conditions of the problem the quantity y + 1 is necessarily 
positive; hence (3) must be rejected. Equation (2) therefore holds 
whenever (1) holds. But (2) states that the point (x, y) is equidistant 
from the line y = — 1 and the point (0, 1); thus that point belongs 
to the locus. 
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6. A point moves so that its distance from the point (3, 2) is 
always one third of its distance from (5, 2). 


7. A point moves so that its distance from the z-axis is three 
times its distance from the y-axis. 


8. A moving point is always at the distance 3 from the origin. 


9. A moving point is always at the distance 6 from the point 
(2, 3). 


10. A moving point is always at the distance a from the point 
, ) (a, 0). 


iY a 11. A moving point remains always equidistant from the line x = 3 
and the point (— 8, 0). Ans. y? +122 =0. 


12. A moving point is always equidistant from the point (4, 3) 
and the line y = 6. 


13. A point moves so that its distance from the point (1, 0) is 
always one half of its distance from the line x = 4. 


14. A point moves so that its distance from the point (0, 5) is 
always two thirds of its distance from the z-axis. 


15. A point moves so that its distance from the point (3, 2) is 
always twice its distance from the y-axis. 


16. The area of the triangle whose vertices are the moving point, 


the origin, and the point (1, 0) is equal to 3. Ans. y = 6, ory = — 6. 
17. A point moves so that the sum of its distances from the points 
/ ; alia kta 
(4, 0) and (— 4, 0) is 10. Ans. 55 + 7 te 
fof 


‘18. A point moves so that the sum of its distances from the points 
' (0, 0) and (0, 2) is 3. y 
19. A point moves so that the difference of its distances from 
(4, 3) and (8, 3) is 1. 
20. A point forms with the points (3, 2), (—1, 5) a triangle of 


area 2; find the equation of its locus. 
Ans. 32 +4y = 138, or32+4y = 21. 


/ 


21. Two vertices of a triangle are (1, 1), (3, 6); the area is 3. Find 
the locus of the third vertex. 


22. The base of a triangle is the line joining (4, 3), (0, 6); the alti- 
tude is 2. Find the locus of the third vertex. 


23. If the triangle of Ex. 22 is isosceles, find the third vertex. 
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24. The base of a triangle joins the points (8, 5), (— 1, 6); the 
altitude is 3. Where does the third vertex lie? 


25. The hypotenuse of an isosceles right triangle joins the points 
(3, 5), (2, 3). Find the third vertex. Ans. ($, $), or (8, $). 


26. Two vertices of a right triangle are (0, 2), (4, 8), with the 
right angle at (4, 8). Find the locus of the third vertex. 


27. In Ex. 26, if the area of the triangle is 4, find the third verte. 


28. The hypotenuse of an isosceles right triangle Joins the points 
(1, 1), (— 3, 3). Find the third vertex. 


29. One diagonal of a square joins the points (3, — 4), (2, 3). 
Find the other vertices. Ans. (6, 0), (— 1, — 1). 


30. A chord of a circle of radius V29 joins the points (7, 2), (1, — 6). 
Find the center of the circle. 


28. Loci defined geometrically. Another important 
method of defining a curve is by means of purely geometric 
data. Thus we may have a curve actually drawn, and be 
required to find its equation from the known geometric 
properties of the figure, as in example (a) below; or a geo- 
metric construction may be given by means of which the 
points of the curve are determined, as in (b) and (c). 

In such cases we assume a point of the curve in a general 
position, and denote its codrdinates by (a, y). Then the 
problem is merely to express some characteristic property 
of the curve by means of an equation involving x, y, and 
the constants of the problem. (By “characteristic property” 
is meant, of course, one that holds for all the points of the 
curve, and for noother points.) 
No matter what property is 
used, the result, must be the 
equation of the curve. 


Examples: (a) Find the 
equation of the straight line 
whose intercepts on the axes 
are OA =3 and OB =2 
respectively. 
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Assume a point P: (a, y) in a general position on the line. 
It is clear that the triangles MAP and OAB are similar if 
and only if P is on the line. Hence if the fact that these 
triangles are similar be expressed by an equation involving 
x and y, that equation must represent the line. Now 


MP _ MA. 

OB OA’ 
that, is, 

aN 

Ty lee ae 


This is the equation of the line. Clearing of fractions and 
transposing, we get the simpler form 


22+3y = 6. 
Check: When y = 0, x = 3; when x = 0, y = 2. 
(b) Find the locus of the centers of circles passing through 
the point P;: (0, 1) and tangent to the line y + 1 = 0. 


Let us draw one* of the circles in question, and call 
its center the point P: (a, y). It appears at once that P is 
equidistant from the line y + 1 = 0 and the point (0, J), 
so that we have here the same locus as in example (6), § 27: 


yt1= Vx + (y — 1), ete. 


* To draw more than one would merely obscure the figure, without 
helping us to find the equation of the locus. 
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(c) A circle of radius 2 is described about the origin; a 
circle of radius 1 rolls on the 
outside of this fixed circle. 
Find the locus of the center 
of the rolling circle. 

The distance of the point 
P: (a, y) from the origin is 3; 
therefore the required equa- 
tion is 


Var + y? = 3, 
or 
x + y*? = 9. 


This is of course a circle of 
radius 3 about the origin (the 
dotted circle of Fig. 25). 


EXERCISES 

1. Solve example (a) by making use of the fact that the triangles 
MAP and NPB are similar. 

2. Solve example (c) if the smaller circle rolls on the inside of the 
larger one. 

8. Find the locus of the centers of circles tangent to both céor- 
dinate axes. 

4. Find the equation of the perpendicular bisector of the line join- 
ing (8, 3) and (5, — 7). Ans.c2 —5 y = 14. 

5. Find the locus of the centers of circles through the points (2, 3), 
(5, = 2). 

6. Find the locus of the centers of circles through the points (4, 0), 
(— 2, — 4). 

7. The base of an isosceles triangle is the line from (2, 4) to (3, — 5); 
find the locus of the vertex. 

8. The hypotenuse of a right triangle is the line from (0, 0) to (0, 8); 
find the locus of the third vertex. 

9. The hypotenuse of a right triangle is the line from (3, — 7) to 
(2, 6); find the locus of the third vertex. 

10. Find the equation of the straight line through the origin and 

the point (6, 4). 
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11. Find the line through the origin and the point (— 7, 3). 

12. Find the equation of the line whose z- and y-intercepts are re- 
spectively % and £. 

13. Find the equation of the line whose intercepts are — 5 and 2. 

14. Find the equation of the line whose intercepts are — 4 and — 6. 

15. Find the equation of a circle of radius 3 with center at (2, 5). 


16. One of the equal sides of an isosceles triangle is the line from 
(4, 2) to (3, 3). Find the locus of the third vertex. 


17. Find the equation of a circle with center at (3, — $) and pass- 
ing through (— 1, — 4). 


18. Find the equation of a straight line through the point (2, 6) - 
making an angle of 45° with Oz. 


19. A point moves so that the lines joining it to the points (a, 0) 
and (— a, 0) are perpendicular Find the equation of its locus. 


20. A variable circle is tangent to two fixed circles of radius 1 with 
centers at (5, 0) and (1, 7). Find the locus of the center of the variable 
circle. 


21. A circle passes through the point (2, 3) and touches the line 
y = 6. Find the locus of its center. 


22. A circle passes through the point (4, — #) and touches the line 
2x +1=0. Find the locus of its center. 


23. A moving circle is tangent to the y-axis and to a circle of radius 
1 with center at (2, 0). Find the locus of the center of the moving 
circle. 


24. Find the equation of a straight line parallel to and at a dis- 
tance 4 from the line joining (8, 5) and (— 1, 2). 
Ans. 34 —4y—-9=0, 8x4—4y+31 =0. 
25. A circle of radius V5 rolls on the straight line drawn through 
the points (2, 0) and (0, 4). Find the locus of its center. 


CHAPTER IV 


THE STRAIGHT LINE 


29. Introduction. Stated broadly, the purpose of plane 
analytic geometry, as already remarked, is to investigate 
the form and properties of plane curves. The first problem 
_ to be solved in beginning the study of a curve is to: obtain 
the equation of the curve from its definition; this problem 
has been studied in the preceding chapter. Unless the 
curve is actually drawn to begin with, which is not usually 
the case, we have next to trace the curve from its equation; 
this we learned how to do in Chapter II. Finally, we ob- 
tain the properties of the curve, investigate its relations 
with other curves, etc., by the methods of analysis; what 
these methods are and how they are applied will appear 
as we proceed. 

To study to advantage curves whose equations are of 
higher than the second degree — the so-called “higher plane 
curves’? — the methods of differential calculus are required. 
Further, the straight line (curve of the first degree), and the 
‘conic sections,’’ as the curves of the second degree are 
called, are of especial importance in the applications. For 
these reasons, we shall study in detail only these two classes 
of curves, taking up the straight line in the present chapter. 


30. Line parallel to a codrdinate axis. Ifa straight line 
is parallel to the y-axis, its equation is evidently 
Liss ik, 
where k is the distance of the line from the axis; and con- 
versely. For, all points on that line, and no other points, 


have the abscissa k. 
42 
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Similarly, a line parallel to and at a distance k from the 
x-axis has the equation 
= k, 
Thus we have the 


THEOREM: An equation of the 
first degree in one variable repre- 
sents a straight line parallel to the 
axis of the other variable; and con- 
versely. 


Fig. 26 shows the lines x = 3, 
y metro ie ; Fic. 26 


31. Line through a given point in a given direction: 
point-slope form. Let us try to find the equation of a 
straight line passing through a given point P:: (21, yi) in a 
given direction, —i.e. having a given slope m = tan a. 
Following the method of § 28, we assume a point P: (a, y) 
on the line in a general position, and try to express some 
property of the figure by means of an equation involving z, 
y, and the constants of the 
problem. Now in the triangle 
P,MP, 


UES ae ae 
MCE pry oe She) 
that is, ge 
4b ——= Aon 
or 
Fia. 27 (4) y—y. = m(x — x). 


This is called the point-slope form of the equation of the 
straight line. It is one of several so-called standard forms 
of the equation of the straight line which will be developed 
in this chapter. 

The point-slope form fails in case the line is parallel to the 
y-axis, since for such a line m = tan 90°, which is non- 
existent. But by § 30, the equation of a line through 
(x1, Y1) parallel to Oy is simply 

v= %. 
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When the slope and one point of a line are given, the line 
can evidently be drawn, if de- 
sired, without writing the equa- 
tion. Thus, to draw the line 
of slope $ through the point 
(4, 2): starting at (4, 2), we 
measure off 2 units to the right 
and then 3 upward (or 4 to the 
right and 6 upward, or 2 to 
the left and 3 downward, 
etc.); through the point thus 
reached and (4, 2) we draw the 
line. 


EXERCISES 
1. Draw the lines (a) x = 0, (6) y = 0, (c) x + 4 = 0, @) 32 =5, 
(e)2y—-1=0,()3+4y =0. 
2. What [fis represented by the equations (a) 2?—3a =4, 
(6) 4y+12¥y+9=0, ©) Yr +2y¥+2 =O 
8. Without writing the equations, draw the following lines: 
(a) of slope 4 through (0, 0); (b) of slope — 2 through (0, 0); 
(c) of slope — 3 through (2, 1); (d) of slope 2 through (3,— 2); 
(e) of slope — § through (— 6, — 2); (f) ofslope § through (— 7,3). 
Write the equations of the following lines, and draw the figures. 
4, Through (4, — 2) (a) parallel to the y-axis; (b) parallel to the 
Z-Axis. 
5. Through (1, 6) (a) parallel to the line 22 + 5 = 0; (6) perpen- 
dicular to the same line. 
6. Through (— 2, 5) (a) parallel to the line 5 — 3y = 0}; (6) per- 
pendicular to the same line. 
7. Through (— 3, 2) with slope 3. 
8. Through (2, 0) with slope — 5. 
9. Through (1, 1) with slope — 2. al’ 
10. Through (1, 5) making an angle of 60° (a) with the z-axis; 
(b) with the y-axis. 
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11. Through the origin with slope m. 

12. Having the slope 5 and y-intercept 3. 

13. Having the slope — 2? and x-intercept — 2. 

14. Through (5, — 1) perpendicular to a line of slope 4. 

' 16. Through (2, — 2) parallel to the line joining (2, — 1) and (3, 4). 
16. Through (0, 1) parallel to the line through (2, — 3) and (4, 1). 
17. Through the origin parallel to the line whose intercepts on the 

axes are a and 6 respectively. 

18. Through (2, 6) (a) parallel, (6) perpendicular, to the line 
through (4, 3) and (— 1, 8). 

19. Through the origin (a) parallel, (6) perpendicular, to the line 
through (2, — 3) and (2, 1). 

20. Through (1, 4) perpendicular to the line through (3, — 4) and 
(3-9. 

21. Through (— 2, — $) perpendicular to the line from (0, 0) to 
(5, ma 2). : 

22. Trace the curve x73 = z. 

23. Trace the curve y3? —6y?+9y =0. 

24. By a new method, find the equation of the perpendicular bisector 
of the line joining the points (8, 3), (5, — 7). (Ex. 4, p. 40.) 

25. Find in two ways the equation of the perpendicular bisector of 
the line from (5, 2) to (— 4, — 3). 

26. Find in two ways the locus of points equidistant from (0, 1) 
and (38, 0). 

27. Two circles of radius 10 are drawn with centers at (7, 1) and 
(— 7, 3). Find the equation of their common chord, and the length 
of the chord. 

28. Does the line of slope 2 through (5, 1) also pass through (20, 32)? 
Through (— 2, — 13)? 

29. Three vertices of a rectangle are (8, — 2), (7, 6), (3, 8). Find 
the fourth vertex by a new method. (Ex. 7, p. 11.) 

30. One side of a square joins the points (5, — 3), (8, — 2). Find 
the other vertices. 

31. Prove that the altitudes of any triangle are concurrent. 
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32. Line through two points. By means of the point- 
slope form the equation of the straight line through two given 
points may be written down at once (unless the two points 
have the same abscissa, in which case the line is parallel to 
Oy). For we can find the slope of the line by the formula 


fin el ania 
Hip al tr 
and can then use this value of m and the coordinates of either 
of the given points in equation (1), § 31. 
When the answer has been reduced to the final form, it 
should always be checked by substituting the coérdinates 


of each of the given. points. 


Example: Find the equation of the line through the points 
(8, — 5), (— 6, — 3). 
In this case z ae 
Maat Te Nita i 
whence the equation of the line is 

y+3= — 2(4+ 6), 
9y +27 = —22- 12, 

2 Dio Ye oor O! 

Check: ~ 6 — 45 + 39 = 0, 

— 12 — 27 + 39 = 0. 


33. Slope form. A very important special case of the 
problem of § 31 is that in which the given point is the point 
where the line crosses the y-axis, so that the line is determined 

by its slope and its y-intercept. 
Given a line of slope m whose 

y-intercept is b, let us assume a 

point P: (x, y) on the line. Then 


whence 
*(2) y=mx+b. 
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This is known as the slope form of the equation of the 
straight line. It appears from this result that when the 
equation of a straight line is in the slope form — i.e. when it 
is solved for y — the coefficient of x is the slope and the con- 
stant term is the y-intercept. 


EXERCISES 
Find the equations of the following lines. 
1. Through the points (4, 3), (6, 2). 
. Through the points (— 1, 0), (— 3, — 4). 
. Through the points (— 2, — 7), (— 3, 3). 
. Through the points (%, §), (3, — 2). 
Through the points (1.2, — 0.3), (0, — 1.75). 
. Through the points (8, 5), (— 1, 5). 
. Through the points (2, 0), (2, — 7). 

8. Through the origin and the point of intersection of the lines 
82+2y4+7=0,4-5y =8. 

9. The vertices of a triangle are the points (8, 1), (2, 5), (— 1, 7). 
Find the point of intersection of two of the medians, and verify that the 
third median passes through this point. 

10. Three vertices of a parallelogram are (2, 0), (1, 3), (8, 4). Find 
the fourth vertex. 
11. Show that the equation of the straight line through two points 
may be written in the form 
Peet ae Yi 
2 — V1 Uy = Up 
12. Derive the formula of Ex. 11 directly, by the method of § 28. 
13. Write the equation of the line having the y-intercept — 3 and 
making an angle of 135° with Oz. 
14. Write the equation of a line of slope 3 and (a) passing through the 
origin; (b) having a y-intercept — 2. 
15. Draw the following lines by making use of the y-intercept and the 
slope: 


Arm oO P w p 


(a)y =%x— 2; by = —32+43; 
(c) y= —22+ 60; (d) y = 0.12 — 0.02. 
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16. Derive the slope form as a special case of the point-slope form. 


17. Write the equation of the straight line through (2, — 1) and (a) 
parallel, (b) perpendicular to y = —$2x+1. 

18. Write the equation of the straight line (@) through (5, 0) parallel 
to y= -—3x; (6) through (— 2, — 8) parallel to y = — $242. 
Draw the lines. 

19. Write the equation of the straight line (a) through (6, 2) per- 
ee reed to y=2x2+4; (6) through (74, — x) Rorpeucucnlas to 
ys— tet. 
| \) 20. Two vertices of a right triangle are (5, — 3), (— 3, 2), with the 
right angle at the former point. Find the locus of the third vertex. 


21. Two sides of a parallelogram are the lines y = 3 x + 1, 
y = 2x -+ 2; the other two sides intersect at (— 2,3). Find the area 
of the parallelogram. 


22. The base of an isosceles triangle joins the points (— 1, 3), (4, 8); 
the vertex lies on Ox. Find the vertex. 


23. One side of a rectangle joins the points (0, — 3), (#, — }). 
Find the loci of the other vertices. 


24. A circle touches the line y = 8 x +3 at (—1, — 5). Find 
the locus of its center. 


25. Can a circle be drawn touching the lines y = 22 +4 and 
y = —x+2at(— 4, — 4) and (5, — 3) respectively? 


\ 

34. The general equation of the first degree. If an equa- 
tion is of the first degree in x and y, it can contain at most 
a term in zx, a term in y, and a constant term: i.e. it can be 
written in the form 


26. Prove that the medians of a triangle are concurrent. 


(3) Ax+ By+C=0. 
Now if B = 0, the equation may be written 
he 
A > 


which represents a line parallel to Oy. If B #0, the equa- 
tion can be solved for y: i.e. it can be written in the form 


= mx + b, 
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which by § 33 represents a line. Hence we have proved the 
important 


TuEorEeM: The locus of every equation of the first degree is 
a straight line. 

The converse of this theorem is also true: 

The equation of a straight line is always of the first degree. 

For, if the line is parallel to Oy, its equation is of the form 

x =k, / 
' which is of the first degree. If it intersects the y-axis, it 
must have a certain slope and a certain y-intercept (either 
or both may of course be 0), and by § 33 its equation may be 
written 
y=me+d, 
which is also of the first degree. 

As suggested above, to reduce the equation of any line to 
the slope form (except a line parallel to Oy, to which the slope 
form does not apply), we have only to solve the equation for y. 

A simple application of the slope form is furnished by the 
following 

Example: Find the equation of a line through (3, — 1) 
perpendicular to the line 3x2 + 2y = 6. 

The given equation when reduced to the slope form be- 
comes 

Ya EO, 
Thus the slope of the given line is — $, whence that of the 
perpendicular must be 3. The equation of a line of slope 3 
through (3, — 1) is 
Yoel 4c — 3), 
2x2—3y=9. 


35. Parallel and perpendicular lines. By reduction to 
the slope form, it is easily seen that the lines 
Ax+By+C=0, 
Az+ By+K=0 


which reduces to 
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are parallel, while the lines 

Ax+By+C=0, 

Br —- Ay+K=0 
are perpendicular. Hence, if a line is to be parallel to a 
given line, the coefficients of x and y in the required equation 
may be taken the same as those in the given equation; if a line 
is to be perpendicular to a given line, the coefficients of x and y 
in the required equation may be found by interchanging the 
coefficients of x and y and changing the sign of one of them. 
In each case, of course, the constant term must be determined 
by an additional condition. 


Example: Write the equation of a line through (8, — 1) 
perpendicular to the line 32+ 2y = 6. 

The left member of the required equation will be 2 x — 3 y; 
if the new equation is to be satisfied by the codrdinates 
(3, — 1), the right member must be what the left member 
becomes when those coérdinates are substituted. Hence the 


answer is 
2x—3y=6+4, 


or 
22—3y = 9. 
EXERCISES 
Reduce the following equations to the slope form, and draw the lines. 
1. 34-—y+6=0. 2. 22 --5y = 0, 
38. ¢=5y4+3. 4, 3x+7y+6=0. 
6 8y¥y+4=0. ~6. 3—-—5y =0. 
7 V32—y=2. 8. #2+2y4y+4=0. 


Find the equations of the following lines. 
9. Through (0, 0) perpendicular to the line 32 —5y +6 =0. 


10. Through (5, — 2) perpendicular to the line z +6 y = 3. 

11. Through (— 3, — 4) perpendicular to the line 62 — y = 1. 
12. Through (— +s, 75) perpendicular to the line $2 —$y +1, = 0. 
13. Through (2, 0) perpendicular to the line 4 z = 7. 
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14. Through (— 1, 5) perpendicular to the line 5 y + 8 = 0. 
15. Through (3, — 2) parallel to the line 32 —2y +5 =0. 
16. Through (1, 6) parallel to the line y = 5 x — 5. 
17. Through (2, 0) parallel to the line 42 —3y =7. 
18. Through (— 3, — 1) parallel to the line 42 =5y+6. 
19. Through (2, — 3) parallel to the line 32 — 5 = 0. 
20. Erect a perpendicular to the line 3 + 2 y = 5 at its point of 
intersection with the line 22+6y+9 =0. 
/ 21. Write the equations of the lines (a) parallel, (6) perpendicular 
to the line 3 y + 2 = 0 and passing at a distance 2 from the point 
(5, — 3). 
22. In the equation Ar + By +C =0, what is the geometric 
meaning of the condition A = 0? B= 02 C =0? fuer / 
23. Two vertices of a right triangle are (2, 1), (3, — 3), with the 
right angle at the former point. Find the locus of the third vertex. 
24. One side of a rectangle is the line from (5, — 6) to (— 2, — 3); 
find the loci of the other vertices. 
25. Find the area of the triangle whose sides arex = 1,34 —2y =8, 
2x2+3y =1. Solve by two methods. 
26. Trace the curve x? —2ay+y?=2—y. 
27. Trace the curve 8 2? — 10 zy —3 7? = 0. 


28. Prove that the lines r+2y+1=0, 64-—-3y—5=0, 


y=22—l1,and4z2+8y+7 =0 form a rectangle. y 


36. Equations containing arbitrary constants; families of 
curves. An equation containing y 
an arbitrary constant — i.e. a con- oe 
stant to which any value may be 
assigned at pleasure—may be 
thought of as representing an 
infinite number of curves, since 


infinitely many values may be % % 
assigned to the constant and each 
value determines a definite curve. Fic. 30 


Such a system is often spoken of as a family of curves. 
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For instance, the equation 
y= mz + 3, 
where m is arbitrary, represents the family of straight lines 
(Fig. 30) that intersect the y-axis at (0, 3); the equation 
ety = a, 
where a is arbitrary, represents all the circles that can be 
drawn with center at O. 

From a slightly different point of view, an equation con- 
taining an arbitrary constant may be considered as repre- 
senting a single curve that is not as yet completely deter- 
mined. Such a curve may be made to satisfy an additional 
condition of some sort: for example, to pass through a given 
point. The codrdinates of this point may be substituted for 
x and y in the equation of the curve; this gives an equation” 
that determines the constant, whose value may then be sub- 
stituted back in the original equation. Evidently any con- 
dition whatever may be imposed upon the curve, provided 
that this condition when expressed analytically gives an 
equation which determines the constant. 

For instance, to determine that one of the family of lines 


y=mre+3 
that passes through (1, 7), we substitute the codrdinates 
1, 7 for x and y: 


7=m+3, 
whence 

m = 4, 
and the answer is 

y=42+3. 


More generally, an equation may involve two or more 
arbitrary constants: e.g. ; 
y=mz+5, 
y=ar+br+e 
The number of arbitrarily assigned points through which 
a curve may be made to pass, or in other words, the number 
of points required to determine the curve, 1s equal to the number 
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of independent constants in the equation of the curve. For 
upon substituting the codrdinates of the points in turn, the 
number of equations obtained involving the constants is 
in general just equal to the number of constants; i.e. we have 
just enough equations to determine the unknowns. Thus 
the number of points required to determine a curve may be 
found by merely counting the number of independent con- 
stants in the equation of the curve. 

However, in counting the number of constants, care must 
be taken to make sure that all of them are really “essential’”’ 
—i.e. that the number appearing cannot be replaced by a 
smaller number without loss of generality. An illustration 
of what is meant appears in the second paragraph of the 
next article. 

37. Straight line determined by two conditions. The 
equation of a straight line in the slope form, viz. 

y= me +b, 
contains two constants, m and 6, so that a straight line is 
determined by two points or other conditions. 

The general equation of the straight line 

Axz+By+C=0 
appears at first sight to contain three constants, A, B, C, 
which would lead us to suppose that a line is determined by 
three points. But we may divide the equation through by 
any one of the constants which is not 0, thus introducing 
the ratios of the other two constants to this one, and these 
two ratios are the only essential constants appearing. 


EXERCISES 
Write the equations of the following families of lines. 
1. Parallel to3x2+5y+7 =0. 
2. Having the y-intercept 2. 
8. Having the slope 3. 


4, Perpendicular to the line x — 3 y = 6; determine that one of 
the family that passes through (5, — 1). 
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5. Having the x-intercept 6. 


6. Passing through (— 1, — 3); determine that one of the family 
that passes through (— 2, 5). 


7. Passing through (5, — 2); determine that one of the family 
that crosses the line 32 + 8y +7 = 0 at right angles. 


8. Parallel to the y-axis. 
9. By direct substitution, determine m and b so that the line 
y = mx + b shall pass through (2, 4) and (— 8, — 5). 

10. For what value of A does the line Av +3y+1 =0 pass 
through (2, 2)? Have a slope 3? A y-intercept 2? 

11. Determine B so that the line x + By +3 =0 shall have a 
y-intercept 6. 

12. Express analytically the condition that the line y = mz +b 
shall pass through (2, yi). 

How many points are required to determine the following curves? 

138. 82+2y+C =0. 14. Ax + By =0. 

15. «2+ y? = 2az. 16. y =az?+bre4+e. 

17. Az? + Bry + Cz? + Dz + Ey + F =0. 

18. y = az? + be? + cx +d. 

19. az? + be +c =0. What is represented by this equation? 

20. Determine a and b so that the curve y = ax? + bz shall pass 
through (2, 1), (1, 4). Plot the curve. 

21. Make the curve y = az? + bz? + cx +d pass through the 
points (0, 0), (— 1, 5), (1, — 11), (2, — 22), and plot the curve. 

38. The intercept form. Let the intercepts of a straight 
line on the axes be OA = a and OB = b respectively. Choos- 
ing a point P: (a, y) in a general 
position on the line, we see that 
the triangles MAP and OAB are 
similar. Whence 


MP MA 

OB OA” 
or 

yY_ @-2 

b. = xa 
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This is the equation of the line; it is usually written in the 
equivalent form 


x ,Y_ 
(4) £4 bat, 


This very important formula is called the intercept form of 
the equation of the straight line; it is especially useful in 
problems in which the intercepts of a line are given, or are 
involved in the data in some way. 

To write the equation of any line in the intercept form we 
have merely to find the intercepts and substitute in (4). 
This form evidently fails in case the line passes through the 
origin or is parallel to either axis. 


EXERCISES 


Reduce the following equations to the intercept form, and draw the 
lines. 

1, 32-2y+7 =0. 2,242—Ty =8. 

3. 42+ ty =1. 4, 122+15y¥+2=0. 


5. Derive the intercept form from the fact that, in Fig. 31, the 
area of the rectangle plus the area of the small triangles equals the area 
of the large triangle. ; 


6. Apply the method of Ex. 5 to a figure in which a is negative, 
b positive, and P lies in the third quadrant. 


7. Derive the intercept form by the method of $ 38, using a figure 
in which « and b are both negative and P lies in the second quadrant. 


8. Derive the intercept form from the fact that the area of the 
triangle APB is 0. 


9. Derive the intercept form from the fact that the segments AP, 
PB have the same slope. 


10. Derive the intercept form from the fact that AP + PB = AB. 


11. A line makes equal intercepts on the axes and passes through 
(3, 2). Find its equation. 


12. Solve Ex. 11 in another way. 


13. A line makes equal intercepts on the axes and passes through 
(2, —1). Find its equation. 


| 
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14. The intercepts of a line are numerically equal but of opposite 
sign; the line passes through (1, — 5). Find its equation by two 
methods. 


15. A line makes equal intercepts on the axes and passes at a dis- 
tance 3 from the origin. Find its equation. 


16. Write the equation of the family of straight lines for which 
the y-intercept is twice the x-intercept. Determine that member of 
the family that passes through (7, 3). 


17. The x-intercept of a line is — 5 and the line passes at a dis- 
tance 4 from O. Find its equation. 


18. Determine a so that the line : +- oe = 1 shall intersect the 


line 22+ 3y = 8 at right angles. 


19. What is the condition that the line - a 3 == 1! shall pass through 
(1, 2)? Through (x1, y1)? 

20. A circle touches the linest + 3y =6,22%2+6y+3=0. Find 
the locus of its center. 


21. A circle touches the lines 3,2 —Zy +% =0,42 —8y+4=0. 
Find the locus of its center. 
22. A rectangle is inscribed in a right triangle of base b and height 


h. What relation must hold between the base and altitude of the rect- 
angle? 


23. A right circular cylinder is inscribed in a right circular cone of 
radius r and height h. What relation must hold between the radius 
and height of the cylinder? 


24. In Ex. 23, find the volume of the cylinder if its height is half 
that of the cone. ; 


39. The normal form, A straight line is determined if we 
know the length p 
of the perpendicular 
from the origin to 
the line, together 
with the angle 6 
which this perpen- 
dicular makes with 
Ox. To find the 
equation of a line 
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determined in this way, assume a point P: (x, y) on the line 
(the line KPL in Fig. 32) and draw auxiliary lines as shown. 
Now 


OR + RN = ON, 
or 
OR + QP = ON. 
But 
OR = xcos 8, QP = ysin B, ON = p, 
so that 
(5) xcosB+ysinB = p. 


This is the normal form of the equation of the straight 
line. We shall find it very useful in problems involving 
the distance of a point from a line, the distance between 
parallel lines, ete. 

For definiteness we shall adopt the conventions that p 
is always positive and @ is a positive angle less than 360°. 

To reduce the general equation 


(1) Axz+By+C=0 
to the normal form, we note that the slope of this line is 


- q, so that the slope of a line perpendicular to this is 
=. But the perpendicular makes the angle 8 with Oz: thus 


tan 6 = 5, 


oe hp 
‘ Wy Gea + VAP + B 


This shows that to reduce (1) to the normal form we must 
divide through by + VA? + B?, choosing signs so that 
p shall be positive. In words, the rule is as follows: 

To reduce the equation of any line to the normal form, divide 
through by the square root of the sum of the squares of the co- 
efficients of x and y, and choose signs so that the constant term 
is positive in the right member. 
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40. Distance between parallel lines; distance of a point 
from aline. To find the distance between two parallel lines 
we evidently need only to 
reduce the equations of the 
lines to the normal form, 
and take the sum or the 
difference of the p’s accord- 
ing as the lines are on op- 
posite sides, or the same 
side, of the origin. 

To find the distance of a 
point P from a line X, we 
write the equation of a line \’ through P parallel to \, and 
then find the distance d between ) and 2. 


Fig. 33 


EXERCISES 


1. Reduce the following equations to the normal form, and find 
the distance of each line from the origin: 


(a) 8x—4y—8=0; (6) 4a +y+2 =0; 
(c) 2x —3y+6 =0; (dq) «+2y =0; 
OQ) Wy S55 (ff) 2e¢+7 =0. 


2. Write the equation of a line if its distance from the origin is 5 
and the perpendicular upon it from the origin makes with Oz an angle 
of (a) 0°; (6) 60°; (c) 90°. 

8. Solve Ex. 2 if the angle is (a2) 120°; (6) 180°; (c) 270°; (d) 315°. 


4, A line makes an angle of 45° with Ox and passes at a distance 
3 from the origin. Find its equation. Ans. y =x +3Vv2. 


\ 5. A line passes at a distance 4 from the origin and its slope is 
— 5. Find its equation. 


6. In Fig. 32, what are the codrdinates of K? Of L? Solve by 
trigonometry directly from the figure, without using the equation of 
the line. Ans. K: (p sec B, 0); L: (0, p ese B). 


7. Using the result of Ex. 6, derive the normal form from the fact 
that the area of the triangle KPL is 0. 


8. Derive the normal form by use of the intercept form. 
9. Derive the normal form by means of similar triangles. 


10. Derive the normal form by equality of areas, 
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11. In Fig. 32, what are the codrdinates of N? 
12. Derive the normal form from the fact that ON® + NP? = OP’. 


13. Derive the normal form from the fact that ON is perpendicular 
to NP. 


14. Derive the normal form from the fact that the midpoint of OP 
is equidistant from O and N. 


Find the equations of the following lines. 


15. Parallel to zc +3y + 2 =0 and passing at a distance 3 from 
the origin. Ans.2 +3y = +3V10. 


16. Parallel to 3x -+6y =7 and passing at a distance 5 from O. 


17. Parallel to 2x — y = 6 and (a) half as far from O; (6) three 
times as far from O; (c) 2 units farther from O. 


18. Parallel to x — y = 1 and at a distance 2 V2 from that line. 


19. Parallel to 3x — 2y =6 and passing at a distance 2 from the 
point (5, 3). Ans. 32 —-2y =9 +2 v113. 


20. Parallel to 52+ 12y-+1 = 0 and passing at a distance 2 from 
(0, 6). 


21. Find the locus of points at the distance 4 from the line 


. 4x2 +3y4+6 =0. 


22. A circle of radius 5 touches the line 22 —y+3=0. Find 
the locus of its center. 

23. One side of a square is the line from (0, 5) to (8, 1). Find the 
other vertices. 


24. Two sides of a square of area 9 lie in the lines 327 — 4y = 0, 
4x +3y+10=0. Find the vertices. 


25. The base of a triangle is the line from (6, 4) to (5, 2); the area 
is V10. Find the locus of the vertex by two methods. aed 
Ans.22—-y =8 +2v10. 


26. In Ex. 25, if the triangle is isosceles, find the vertex. ee 
Ans. (i¢ + #V10, 3 = 2 V10). 


27. The base of an isosceles triangle is the line from (0, 0) to 
(8, — 6); the equal sides are of length 13. Find the vertex. 


28. A point is equidistant from the points (4, 4) and (5, 7), and 
is at a distance 3 V2 from the line 2x —2y +3 =0. Find its coér- 
dinates. 
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Find the distances between the following pairs of lines. 

29. 22 —5y =3, 2x —5y =6. Ans. #5 V29. 

30. ¢+38y4+7=0, c+3y—4=0. 

31. 27 —y = 10,6%—3y+1=0. 

32. ¢+5y+4=0, 2x+10y4+7 =0. 

’ 33. Two sides of a square lie in the lines zx + y = 0,2 +y +6 =0. 

_\. Find the area of the square. 

. 84. Find the area of the rectangle whose sides lie in the lines 
x—6y+3=0, ¢—-6y+1=0, 64+y =5, 122+2y4+3=0. 
Find the distances between the following points and lines. 

35. (5,1), 8 +2y+6 =0. Ans. 238V‘13. 
86. (0, —3),27+2y =3. 

87. (4,1), c+2y =6. 

38. (0,0), 2¢—y+3=0. 

39. (4,2), 3y+4=0. 

40. Determine p so that the line 232% — ¢y = p shall pass through 

(2, — 5). 

41. By two methods, find the area of the triangle whose vertices 

are (0, 0), (5, 6), (8, 2). 

42. A circle touches the lines 3x —5y+7=0, 32—5y =9. 

Find its radius and the locus of its center. 

43. Write the equation of the family of lines tangent to the circle 

of radius a@ with center at O. 

44, A circle of radius 5 is drawn with center at O. Find the tan- 
gents to this circle through (11, 2) by writing the equation of any line 


_ through (11, 2) and making the line pass at a distance 5 from O. 
Ans. 3x —4y = 25,72 + 24y = 125. 


41. A formula for the distance of a point from a line. 
Given a line \ (Fig. 34) whose 
equation in the normal form is 
x£ cos 6 + y sin 6B = p, 

and a point P: (2, y) not on that 
line, it is clear that the expres- 
sion x cos 8 + y sin B represents 
the projection of OMP upon the 
Fia. 34 perpendicular to \ through O: i.e. 


z cos B + y sin B = OO.r QS = OS. 
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Hence 
x cos 8 + ysin 8B — p = OS — ON = NS = TP; 
or, the distance of the point (x, y) from the line 
zeosB +ysinB -—-p=0 

is given by the formula 
(6) d=xcos8B+ysinB — p. 

This formula might of course be used instead of the method 
of § 40. It is clear that the distance as given by the formula 


will be positive if the point and the origin are on opposite 
sides of the line, negative if they are on the same side. 


42. Angle bisectors. The bisector of the angle between 
two lines is the locus of 
points equidistant from the 
two lines. Given the equa- 
tions of two lines \y, Az, in 
the normal form, 

x cos Bi + y sin Bi = pi, 
x cos Bo + y sin Bz = pr, 
let us assume a point P: 
(x, y) in the bisector of that 
angle in which the origin 
lies. Then the distances 
M,P and M,P are numeri- 
cally equal; they are also 
algebraically equal since in both cases O and P are on the 
same side of the line and both distances are negative, or 
when P is in the position P’ both are positive. But, by the 

result of the preceding paragraph, 


M,P =x cos 6, + y sin Bi — pr 
M:2P = x cos Bo + y Sin Bo — Pa, 
so that the equation of the locus of P is 
x cos 6; + y sin Bi -- pi = x cos Bo + y Sin B2 — po. 


Fic. 35 


i 
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In a similar way the equation of the other angle bisector 
is found to be 
x cos Bi + y sin Bi — pi = — (% cos Be + y Sin Be — pr). 
In summary, we have the following result: 
The equations of the lines bisecting the angles between the 
lanes 
x cos Bi + y sin Bi = pi, 


© cos B, + y sin Bz = pe 
are 
x cos Bi + y sin 6, — pi = £ (x cos Bo + y Sin Bo — pr). 
If neither of the gwen lines passes through the origin, the bi- 
sector of the angle in which the origin hes 1s found by using 
the positive sign. 


EXERCISES 


1. A point moves so as to remain equidistant from the point 


\ it 


\ (1, 0) and the line x — y = 0. Find the equation of its locus. 


Ans. 2? +2ay+ty?—42+4+2=0. 


2. A point moves so as to remain equidistant from the origin and 
the line x + 4 y = 3. Find the equation of its locus. 
Ans. 1622 —8ay+y?+62+ 24y —9 =0. 


3. A circle passes through the point (1, 1) and touches the line 
32 —y =6. Find the locus of its center. 


4, A point moves so that its distance from the line x + y = 31s 4 
times its distance from the line 7x —y +1 =0. Find its locus. 


Find the bisectors of the angles between the following lines. 
5. 38a2t+yt6=0,227+6y =5. 
Ans.8%+8y+7=0, 4x2 —4y+4+17 =0. 
6. 42—5y=6, r+7y =8. 
% 32—y=0, «+y¥+1=0. 
8 «© =5, 34—4y =0. 
9 «c£=0, y =6. 
10. A circle touches the lines 227 + y = 5, x +2y =8. Find the 
locus of its center. 


11. A circle touches the lines 82 +2y =3, 74 —2y+6 =0. 
Find the locus of its center. 
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12. Find the center of the circle inscribed in the triangle formed by 
the linesz +y = 3,72 —y = 10,47 —y +6 =0. 

13. Prove analytically that the bisectors of the angles formed by 
two lines are perpendicular. 


14. What result is obtained by applying the theorem of § 42 to 
two parallel lines? 


15. Solve Ex. 20, p. 56, by the method of § 42. 


16. A point moves so that the sum of its distances from the lines 
z—y+3=0,r2+y =0 is equal to V2. Find the equation of its 
locus, and trace the curve. 


17. If a point moves so that the sum of its distances from two fixed 
lines is constant, prove that its locus is a straight line. 


18. A point moves so that its distances from two fixed lines bear 
a constant ratio to each other. Prove that its locus is a straight line. 


19. A point moves so that the product of its distances from two 
parallel lines is constant. Prove that its locus consists of two lines 
parallel to the given lines. 


43. Angle between two lines. By the angle from a line 
» to another line ), we shall 
understand the acute angle through 
which \; must be rotated to come 
to coincidence with d. This 
angle will be considered positive 
if measured counter-clockwise, 
negative clockwise. In case we 
are concerned only with the mag- 
nitude of the angle without regard 
to sign, we may speak merely of 
the angle between the lines. mee 

Let the lines \x, \: make the 
(positive or negative) acute angles a, a with Ox, and denote 
by ¢ the angle from ); to 4». Then we have 


op = a — a1, 


y v 


and 
tan a2 — tan ay 


tan @ = tan (a, — a) = 1 + tan a tan a 
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But the slopes of the lines are 
tan ay = mi, tan az = M, 
so that the angle between* two lines of slopes m1, me is given by 


the formula 
Mz — mM, 
wf) tan ¢ = herinin 
This formula evidently fails if either of the lines is parallel 
to Oy, but in that case the required angle is readily found 
directly. 
An important application of (7) is to find the slope of a 
line making a given angle with a given line, as in the following 


Example: Find the equations of the lines passing through 

P: (5, 3) and making with the line 
3z2+y=6 

an angle} ¢ = arctan 2. 


y 


For definiteness, let us measure ¢ 
P from the given to the required line. 
Then tan ¢ = 2, m = — 3, so that, 
when ¢ is measured in the positive 
sense, 
R= Mo + 3 
Fig. 37 1 — 3m,’ 


whence m;, = — +, and the desired equation is 
y—3=—4 (2-5), 
or 
e+Ty = 26. 


Similarly, measuring ¢ in the negative sense, we write 


* More precisely, the angle from the first line to the second. 
t+ The symbol arctan k (also written tan“! k) means the angle whose 
tangent is k: i.e. the statement 
¢ = arctan k 
is equivalent to the statement 
tan ¢@ =k. 
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so that m2 = 1, and the second required line is 


y—3s=2-—5, 
or 
«—y = 2. 


44, Infinite roots of an algebraic equation. Given an 
algebraic equation of the nth degree in one unknown, 


(1) aoe” + ar t+... + Qn4% + 4d, = 0, 


let us put x = 


An-1 


att + +a, = 0, 


gant Zz 
or after clearing of fractions, 
(2) One” + Gna 2"! + > -- + ae + dm = 0. 


Now in equation (2), if a approaches 0, one value of z evi- 
dently approaches 0, and: the corresponding value of x in- 


: : ‘ 1 ‘ 
creases indefinitely, since a = 7 oF in other words, when do 


approaches 0, one root of equation (1) becomes infinite. 
Further, if both a and a approach 0, two roots of (2) become 
0, and two roots of (1) become infinite; etc. ‘These results 
are expressed by the following 


THEOREM: In an algebraic equation in one unknown, if 
the first coefficient * becomes 0, one root becomes infinite; if the 
first two coefficients become 0, two roots become infinite; etc. 

A typical application of this theorem ‘is furnished by the 
following 


Example: Find the equation of a straight line through 
the point P: (1, 1) making with the line x — 2y = 3 an 
angle ¢ = arctan 2. 


* That is, the coefficient of the highest power. 
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The slope of the given line is 3; hence, when ¢ is measured 


y as in the figure, 
oe lobes 
8) ae 1+ 3m,’ 
2+ mM, = m — 3, 
or 
(4) 3 = 0. 


This result, absurd when 
taken literally, can be inter- 
preted in view of the fact, 
known beforehand, that equa- 

Fia. 38 tion (8) must be a linear 
equation in m2: we conclude from (4) that the root is infinite, 
or in other words that the required line is parallel to Oy. Its 
equation is therefore 


49 = II, 


EXERCISES 
Find the angle between the given lines. 
ly =22—-1, y=52+4. 
382—-2y=0, 447+38y+5=0. 
at4y=5, 12y=1-382. 
yt5be=5, 24—5y =4. 
82+y=6, 227—-—8y7y4+7=0. 
~-22-4y=5, 2z2+y4+3=0. 
~-x2=6y, c+2y =7. 
. 22+3=0, 34-—5y—5 =0. 


9. Find the area of the triangle whose vertices are (3, 4), (2, 3), 
(1, — 2), using the formula 
A = }j be sin a, 
where a is the angle between the sides }, c. 


eo AP 7 Rw bw 


10. Using the formula of Ex. 9, find the area of the triangle whose 
vertices are (— 1, 5), (4, 2), 1, — 8). 


11. Find the equations of the lines through the point (6, —°2) 
making with the line x +6 y + 5 = 0 an angle ¢ = arctan 3. 
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12. Find the equations of the lines through the origin making with 
the line 7x + 2y = 1 an angle arctan }. 


13. The base of an isosceles triangle is the line from (6, 3) to (7, 1); 
the altitude is 15. Find the third vertex by using formula (7). 
Describe several other methods for solving this problem. 


14. One side of a square is the line from (0, 5) to (8, 1). Find the 
other vertices by a new method. (Ex. 23, p. 59.) 


15. Solve Ex. 27, p. 59, in a new way. 

16. Find the equations of the straight lines through (9, — 6) pass- 
ing at a distance 1 from the point (4, — 1). 

17. Find the lines through (38, 2) passing at a distance V5 from 
(5, 3). 


18. One side of an isosceles right triangle is the line from (— 2, 16) 
to (— 10, 10), with the right angle at (— 2, 16). Find the third ver- 
tex by several methods. 


19. Solve Ex. 44, p. 60, by a new method. 
20. Find the equations of the lines through (0, 0) making with the 
line 42 — y = 1 the angle arctan j. 


21. Find the equations of the lines through (2, — 3) making with 
the line 3x — 5y = 6 the angle arctan $. 


22. A circle of radius V2 is drawn with center at (6, 4). By two 
methods, find the tangents to this circle through the origin. 


23. A circle of radius 2 is drawn with center at (3, 1). By two 
methods, find the tangents to this circle through (1, — 5). 


24. What becomes of the straight line Ax + By + C = 0 when A 
approaches 0? When both A and B approach 0? 


25. Solve the quadratic equation az?+bx-+c=0 and prove 
directly that one root becomes infinite as a approaches 0, two roots 
become infinite when both a and 6 approach 0. 


CHAPTER V 
THE CIRCLE 


45. Definitions; standard forms. A circle is the locus of 
a point that moves at a constant distance from a fixed point. 
The fixed point is called the center, and the constant distance 
is the radius. The radius as thus defined is of course 
merely a number of linear units; the term is also used, as in 
elementary geometry, to mean a line-segment joining the 
center and a point of the curve. A diameter of a circle may 
mean either a straight line through the center, or the seg- 
ment of such a line lying inside the curve. 

From the definition the equation of a circle with given 
center and radius may be 
written down at once. For 
the circle with center at O and 

Pp radius a, we have for any 
position of the moving point 


Vai +y =a; 
if the center is at any point 
h 3 C: (A, k), as in Fig. 39, 
V(a — h)? + (y — bk)? = a. 
Hence the equation of a circle 
of radius a is, if the center is the point (0, 0), 


y 


Fic. 39 


(1) Lye 
if the center is the point (h, k), 
(2) (XR) EY ik) a Gee 


Equations (1) and (2) are called standard forms of the 
equation of the circle. Of course (1) is merely a special 
case of (2): the case h = k = 0. 
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46. General equation. It appears from (2) that the 


equation of a circle is always of the second degree. 

The most general possible equation of the second degree in 
x and y may contain, at most, terms in 2”, xy, y®, x, y, and a 
constant: i.e. it may be written in the form 

Az’? + Bry + Cy + Dx + Ey + F =0.* 
Consider now the special case in which A = C and B = 0: 
(3) Ax’? + Ay?+ Dx + Ey+ F=0. 
We may evidently always divide this equation through by * 
A, transpose the constant term to the right member, and 
complete the squares in x and y; the equation then has the 
form 
(x — h)? + (y — k)? = a’, 

and consequently represents a circle. (If this statement is 
to hold in all cases, we must agree to consider the term “circle” 
as including certain limiting forms discussed in the next 
article.) Equation (3) is called the general form of the 
equation of the circle. 

Conversely, the equation of every circle may evidently be 
put in the form (8). We have therefore the 


THEoREM: Every equation of the second degree in which x? 
and y* have equal coefficients and the xy-term is missing repre- 
sents a circle; and conversely. 


Example: Find the center and y 
radius of the circle 
42°+4y—42 
+2y+1=0. O x 
First transpose the constant 
term to the right member and 
divide by 4: 
e+y—re1tsy= — 7. Fia. 40 


*If A were equal to 0, we should no longer have a second degree 
equation. 
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Then complete the squares in x and y: 
Ot bE aa 0 en a ae ee 
| (o— 3+ y+ PP = te 
The center is the point C: (4, — }), and the radius is 4. 


or 


47. Point circles; imaginary circles. It may happen 
that when the equation of a circle is reduced to the form (2) 
the right member becomes 0: i.e. the equation takes the form 

(z — h)? + (y — k)? = 0. 
This may be thought of as the equation of a circle with center 
at (h, k) and radius 0, a so-called “point circle’: the locus is 
the single point (h, k). The fact that the locus is the point 
(h, k) also appears directly from the fact that the sum of 
two squares can equal 0 only when the two squares vanish 
separately, or in this case when x = h and y = k. 

Again, after reduction to the standard form the right 
member may be negative. Since the right member equals 
the square of the radius, the radius itself is imaginary in this 
case, and the equation represents an imaginary circle. The 
fact that there is no real locus appears also from the fact 
that in the domain of real numbers, the sum of two squares 
cannot be negative. 

In most applications these cases are of little importance. 


EXERCISES 
Write the equations of the following circles; draw the figure in each 
case. 
1. With center at (0, 3) and radius 4. 
2. With center at (— 1, — 3) and radius 1. 
3. With center at (— 4, 4) and radius 4. 
4. With center at (2, 5) and touching the z-axis. 
5. With center at (— a, 0) and touching the y-axis. 
6. With radius 5 and touching both axes. 
7. With center at (3, 3) and passing through the origin. 
j 


f i E 
ag = at 
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. With center at (5, 2) and passing through (6, — 1). 
9. With the points (2, 2) and (0, — 5) as ends of a diameter. 
10. With center at (0, 0) and touching the line 3x — y = 6. 
11. With center at (4, 3).and touching the line y = 22. 
12. With radius 1 and center on the lines ?z + 2y=1,42—i4y=2. 


vA 13. The hypotenuse of a right triangle is the line from (25-3) to 
(5, — 1); the vertex lies on the z-axis. Find the vertex. (Two answers.) 


14. Using equation (2), find the condition that a circle shall 
(a) touch the x-axis; 
(6) touch both axes; © & 
(c) pass through the origin; @~ | 
(d) have its center on the y-axis and pass through the origin; } 
(e) have its center on the line y = z; 
(f) have its center on the line 3x + 2y = 5; 
(g) have its center on the line + y = 0 and pass through the origin. 
Draw the following circles. 
15. ’+y+42-8y=0. 
16. 3224+ 3y°+52+6y4+2 =0. 
17. 2+ y? =62. 
18. e+y+5=6y. 
19. 622°+6y —22—y =10. 
20. 2 +y—27+4y7y+5=0. 
21. 7274+7y4+32¢—-y+6=0. 
_ 22. Find the locus of a point which moves so that the square of its 
distance from the origin is numerically equal to its distance from the 
line x = k. Draw the curve. 
23. Find the locus of a point which moves so that the square of its 
distance from (3, 2) is numerically equal to its distance from the line 
8a —4y+15 =0. -Draw the curve. 
24. A point moves so that the sum of the squares of its distances 
from the points (0, 0), (1, 0) is constant. F ind its locus. 
25. A point moves so that the sum of the squares of its distances 
from two fixed points is constant. Prove that its locus is a circle. 
fo 26. A point moves so that its distance from the point (1, 0) is al- 


ways twice its distance from the point (3, 5). Find the equation of its 
locus. Ans. 322+ 3 y? — 224 —40y+ 1385 = 0. 
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ad 1 27. Find the locus of a point which moves so that its distances 
from two fixed points are in a constant ratio k. What kind of curve is 
described? Investigate the cases k = 0, k = 1. 
Ans. (1 — k*)(a? + y*) — 2(a1 — k%re)e — 2(y1 — k*ye)y + v1? + yi? 
dime k2 (22 + Y2?) = 0. 
28. Derive equation (1), § 45, from the fact that an angle inscribed 
in a semicircle is a right angle. 


v¥ 29. Prove analytically that an angle inscribed in a semicircle is a 
right angle. 


30. Prove analytically that a circle is symmetric with respect to a 
diameter. 


31. Prove analytically that two circles are symmetric with respect 
to their line of centers; also that two equal circles are symmetric with 
respect to the perpendicular bisector of their line of centers. (Write 
the single equation representing the two circles; cf. § 21.) 


, 32. Prove that the circles 2? + y? —-10%2—-—8y—-4=0,7+yY 
/ —2a”—4y = 0 are tangent. 


33. Prove that the line 52 — 12 y = 152 is tangent to the circle 
‘g2t+y? —32+10y —15 = 0, determine the point of contact, and 
«find the equation of the other tangent parallel to this line. 


48. Circle satisfying three conditions. We know from 
elementary geometry that a circle is determined by three 
points. This is proved analytically by the fact that the 
equation 

(eh? Yk) ar? 
contains three independent constants, h, k, and a. 

More generally, a circle may be made to satisfy any three 
conditions which when expressed analytically lead to three 
simultaneous equations for determining the constants. Thus 
three tangents may be given, or two points and the radius, 
etc. It may not, however, be uniquely determined; there 
may be two or more circles satisfying the given conditions. 
For instance, we know that four different circles can be drawn 
touching three given lines. 

The general method of finding the equation of a circle 
satisfying three conditions is, as suggested above, to express 
the conditions analytically by means of three simultaneous 
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equations which may be solved for the constants. The con- | 
ditions may be expressed most simply in some cases by using 
equation (2), in other cases by using (3). Very often, how- 
ever, special methods may be devised which are shorter 
than the general method and are more easily interpreted 
geometrically. Such methods can usually be found by re- 
calling the construction of elementary geometry for the 
center and radius and carrying out that construction ana- 
lytically (cf. the second method below). 


Example: Find the equation of the circle through the 
points P,: (1, 1), Pe: (2, — 1), and Ps: (2, 3). 

One method is to assume the equation of the circle in the 
form* (8), takingf A = 1: 

e+yt+ D«e+Fy+F =0. 
Substituting the codrdinates of the given points in turn, we 
obtain the equations 
DA), ee FeO, 
5+2D-—EH+F =0, 
13+2D+3EF+F=0; 
these equations may be solved for D, E, and F. 

A second method, which is to be preferred on account of 
its more direct geometric in- 
terpretation, is as follows. 
The center lies on the per- 
pendicular bisector of PiP2, 
whose equation is_ readily 
found to be ¥X#2-7 =3 

24 —Ay = 3; 
it also lies on the perpendicular 
bisector of P.P3, whose equa- 
tion is 


\ 
&, 
22+4y = 11. Fia. 41 
*TIf we were to use (2) the equations obtained in h, k, and a would 


be of the second degree, and less convenient to solve. 
+ This involves no loss of generality, since the coefficient of x? and 


y? may always be made 1 by division. 
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The center is therefore the point of intersection of these 
lines, viz. (3, 1). The radius is the distance from (3, 1) to 
any one of the given points, which is found to be §. The 
equation of the circle is 


(2 — $+ (y — 1? = 38, 


Ve+y—Te«—-2y+7=0. 

Check: l+1-— 7-—24+7=0, 
AAS Ao dF SU. 
4+9-—14-—-6+7=0. 


or 


EXERCISES 


Find the equations of the following circles, drawing a figure in each 
a: Check the answers. 


. Through the points (8, 5), (— 1, — 4), (6, 3). 

. Through the points (2, 0), (0, 0), (1, 3). 

. Through the points (6, — 5), (4, — 3), (— 2, — 1). 
Circumscribed about the triangle (0, 5), (4, — 3), (— 3, — 4). 
. Circumscribed about the triangle (3, 2), (1, — 1), (— 2, 1). 


6. Through the points (2, 2), (4, 3), and having its center on the 
y-axis. 


ao fF WO DS 


_| 7. Through the points (1, 3), (5, — 2), and having its center on 
the line 62+ 5y = 10. 
8. Touching the line x — 3 y = 4 at (1, — 1) and passing through 
— 2, 8). 
9. Touching the line 32 +2 y-+6 =0 at ( — 2, 0) and passing 
through (4, — 1). 
10. Touching the line x — 5y + 3 = Oat (2, 1) and passing through 
f11. Touching the line x + y = 6 at (2, 4) and having a radius V2. 
Solve by two methods. 
12. Touching the line 3 x —y =0 at (— 1, — 8) and having a 
radius 5. 
18. Touching the line 5 « — 12 y + 13 = 0 at (7, 4) and having a 
radius 2. 
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_ 14. Touching the lines x + 3 y = 5, x +83 y =8 and having its 
center on the line 22+ y+1 = 0. 


15. Touching the lines 2x —y —6 =0, 22 —y +4 =0 and 
passing through the origin. 


16.. Touching the lines = 3, 8 x — 4 y = 0 and having its center 
on the line x +2 y = 6. 


17. Touching the lines e + 3 y = 6, x — 3 y = 10 and having its 
center on the line y = 2 x. 


18. Inscribed in the triangle formed by the lines 32 —4y = 5, 
4x—3y+10=0,y =2. 


19. Inscribed in the triangle whose sides lie in the lines'3 x + 4 y = 5, 
y =0,12%—5y =0. 


20. Touching the linesx + 4y+4=0,2+4y =2,y =42+4+8. 


21. Having a radius V10, touching the line 2x4 +6y = 3, and 
having its center on Oz. 


22. Having a radius 2V2 and touching the lines x + y = 0, 

x—y=0 
23. Having a radius V5 and touching r —2y = 3,424 +2y =1. 
Ans. Centers at (= eeu. iar Yo), (8, $$); (= Ob a 44), Ce, ee 25). 


24. Having its center at (5, 4) and touching the circle 2? +'y? = 4 x. 
25. Touching the circle x? + y? = 100 at (6, — 8) and having a 
radius 12. 


26. Tangent to the circles 7? + y2 = 102, 22 + y2 = — 102 and 


having a radius 20. a 
Ans. x2 + (y = 10 V6)? = 400; 22 + (y ¥ 10 V2)2 = 400. 


27. Having a radius V10, through the points (2, 2), (4, 4). 
28. Having a radius 1 V5 and touching the lines x +2y = 3, 
2e+y =4. 

' 29. Having a radius V26, through the points (1, 1), (— 7, — 5). 
80. Touching the circle 22 + y2 +22 —6y+4+5 = 0 at (1, 2) and 
passing through (5, — 4). 

49. Quadratic equations. A quadratic equation in one 
unknown x can contain, at most, terms in 2?, x, and a con- 
stant: every quadratic equation in x can therefore be put in 


the form 
az? + br +c = 0. 


76 ANALYTIC GEOMETRY 


Every quadratic equation has two roots. The student is 
assumed to be familiar with the usual methods of finding 
the roots: by inspection, by completing the square, and by 
use of the formula 


—b+ Vb? —44¢ 
(4) x= io 
From formula (4) it appears that the two roots, 
—b, Ve —4ac 
amipyenP Toye f 
_-b_ VP =4a¢ 
MAAS Deg es 


are 


real and different if b? — 4ac > 0; 
real and equal if b? — 4ac = 0; 
imaginary if b> —4ac < 0; 


a 


and conversely. The quantity 6? — 4ac is called the dis- 
cruminant of the quadratic. 


Example: Determine k so that the equation 
227—5ka+h?+34=0 
shall have equal roots. 
The condition for equal roots is 


b? — 4ac = 0, 
or in this case 
(— 5k)? — 4-2 (k? + 34) = 0, 


which reduces to 
Vi = "272. 
Whence 
k= +4, 


If the first coefficient in a quadratic equation is unity, the 
equation can be written in the factored form 


(x — 21) (x — a) = 0, 
where 2; and 2; are the roots. When expanded, this becomes 


x? — (4, + m2) e+ M22 = 0. 
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? 
Thus in a quadratic equation where the first coefficient is 
unity the sum of the roots is equal to the second coefficient with 
the sign changed, and the product of the roots is the constant 
term. 


50. Intersection of a line and a circle; of two circles. 
To find the points of intersection of a line and a circle, we 
must evidently solve two simultaneous equations in x and y, 
of which one is linear and the other quadratic. The first 
step, of course, is to substitute in the quadratic equation 
the value of y (or x) from the linear equation; this gives a 
quadratic in x (or y) whose roots may be found; these roots 
when substituted back in the linear equation give the values 
of y (or x). According as the pairs of values of x and y 
thus obtained are real and different, real and the same, or 
imaginary, the line and the circle intersect in distinct real 
points, are tangent to each other, or do not intersect at all 
in real points. 

To find the points of intersection of two circles we may 
eliminate x? and y? between the two equations, thus obtain- 
ing (unless the circles are concentric) a linear equation which 
may be solved with either of the original equations in the 
way described above. 


EXERCISES 
Solve the following equations by various methods. Check the results. 
1. 2 —-—T2—-—8 =0. 2. 2+27—-—2=0. 
3. 322-427 = 5. 4. 2227-32742 =0. 
5. 2y —3y? =7. 6. 4227-2 =0. 
7. m@+8m+16 =0. 8 52 —222 =0. 


Without solving, determine the nature of the roots of the following 
equations (whether real and different, real and equal, or imaginary); 
also find the sum and product of the roots. 


9. 2%? —82+13 =0. 10. 2@+2+1=0. 
11. 32° +42-1=0. 12. 9227 -62+1=0. 
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13. Determine k so that the equation x? — 3 kx + 7 = 0 shall have 
equal roots. 


14. Determine k so that the equation 22? —-5kxr +k? —-3 =4k 
shall have equal roots. Ans. k = —}$ + & V— 38. 


15. Determine m so that the equation ma? — 3 mz +1 =0 shall 
have equal roots. 


16. Determine k so that the sum of the roots of the equation 
v+ke —2x2+kh? +3 =0 shall be 0. 


17. Without solving, show that for all values of a, one root of the 
equation x? + ax + 1 = 0 is the reciprocal of the other. 


18. If the slopes of two lines are determined as the roots of the 
equation m? + km — 1 = 0, show that the lines are perpendicular for 
all values of k. 

Find the points of intersection of the following lines and circles. 

19. <+3y=3,2+y = 37. 

20. 32-—2y=5,2%+y—zrz+y —20=0. 

21. e+ y=13,e%+y-—37¢1-—4y4+4=0. 

22. 22° 4+2yY+2=0,324+3y-—5r4-4y=0. 

23. 2+y=9,r+y =2. 

24, a? + y? = 25,32+4y = 25. 

25. e@+y=a,r+y =a. 

26. Find the intercepts of the circle 2? + y2 —32+2y =40n the 
coérdinate axes. 


27. Find the intercepts of the circle 2? ++ y27-627+2y+4=0 
on the axes. 


28. Find the condition that the line Ax + By + C = 0 shall inter- 
sect the circle x? + y? = a? in two real points. Solve by two methods. 
Ans. C2 < a? (A? + B?), 


29. Find the condition that the circles (x — h)? + (y — k)? = B?, 
x? + y? = a* shall intersect in real points. 


30. Find the equation of a circle of radius 2 V5 touching the circle 
x? + y? = 45 and having its center on the line x + y = 3. 
Ans. (1 — $ ¥ 4V241)? + (y — 2 + $V241)? = 20, 
(w — 1)? + (y — 2)? = 20, (@@ — 2)? + (y — 1)? = 20, 
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51. Tangents to plane curves. A straight line that inter- 
sects a curve in two or more distinct points is called a chord, 
or secant. The term “chord”’ is also used as in elementary 
geometry to denote a line-segment terminated by two 
points of a curve. 

Let P be a fixed point of a plane curve, and P’ a neighbor- 
ing point. If P’ be made 
to approach P along the 
curve, the secant PP’ 
evidently approaches, in 
general, a definite limiting 
position (PT in the figure), 
and in this position, at the 
instant when P’ coincides 
with P, it is called the tan- 
gent to the curve at P, or is 
said to touch the curve at P. The point P is the point of contact. 

The slope of a curve at any point is defined as the slope of 
the tangent at that point. Two curves intersecting in a 
point P are said to be tangent at P if they have the same 
slope — i.e. if they have a common tangent — at that point. 

The angle between two curves at a point of intersection is 
the angle between their tangents at that point. 

In elementary geometry a tangent to a circle is usually 
defined as a line which intersects the circle in one point. 
Such a definition would not hold for curves in general, as is 
shown by Fig. 42, where the line QR is both a secant and a 
tangent. The definition given above holds in general. An- 
other reason why the definition given in elementary geometry 
- is objectionable in our present work will be pointed out in 
the next article. 


52. The condition for tangency. It is obvious from the 
definition of tangent that when the equation of a curve and 
that of a line tangent to it are solved as simultaneous equa- 
tions, two of the pairs of valnes of x and y will be the same: 
i.e. two of the points of intersection will coincide. 


R 


Fia. 42 


80 ANALYTIC GEOMETRY 


Let us now confine our attention to curves of the second 
degree.* If the line and the curve are tangent, the quadratic 
in x (or y) obtained by substituting in the equation of the 
curve the value of y (or x) from the equation of the line will 
have equal roots: i.e. it will have 


b? — 4ac = 0. 


Conversely, if this quadratic has equal roots the line is tangent 
to the curve, since the points of intersection then have equal 
abscissas (or ordinates) and must coincide.f The condition 


(5) b?— 4ac=0 


applied to the quadratic obtained in this way is called the 
condition for tangency of the line and the curve.{t If either 
the equation of the line or that of the curve contains an un- 
determined constant, the condition for tangency serves to 
determine that constant. 

From what has been said it appears that the connection 
between algebra and geometry is much more clearly preserved 
if we think of a tangent as the limiting position of a secant 
in which the two points of intersection have come to coin- 
cidence, rather than as a line intersecting the curve in one 
point. 

It is possible to solve problems involving tangents to circles 
by means of special methods based on the special properties 
of that curve, and we shall use such methods to some extent 
in the next few articles. On account of its generality, how- 
ever, the method above described will also be emphasized. 


* For the determination of tangents to higher curves the differential 
calculus is required. 

j If the line is parallel to the y-axis the points have equal abscissas 
without necessarily coinciding. But in that case the equation of the 
line is x = k, so that in the process of solving the simultaneous equations 
we are led to a quadratic in y, and if this has equal roots the line is a 
tangent. 

t This condition evidently applies only to curves of the second 
degree, since it is only in this case that the process outlined leads to a 
quadratic equation in z or y. 
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53. Tangents having a given slope. The way in which 
the theory of the preceding section may be applied to find 
tangents whose slope is given will be explained by means of 
the following 

Example: Find the tangents to the circle z?+y? = 1 
parallel to the line 
y =x — 3. 

The equation of any 
line parallel to y=a—4 
is 
GQ) york. 

We wish to determine k 
so that this line shall 
intersect the circle in 
two coincident points. 
To do this, substitute 
the value of y from (1) 
in the equation of the circle: 


2 + (2 + kb)? = 1, 


22°+2ke +h? -—1=0. 
The roots of this quadratic in x are the abscissas of the 
points of intersection of the line (1) with the circle; if these 
roots are equa! the points will coincide. We therefore set 
b? — 4ac = 0; 1e. 
(2k)? — 4-2 (kh? — 1) = 0. 


or 


This reduces to 


—h?+2=0, 
whence ‘ 
k= + V2, 

and the required tangents are 
y=Hur V2. 


It may be objected that the above process does not rest 
squarely upon the definition of tangent, since the tangent 
here appears as the limiting position of a secant which 
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moves parallel to its original position until the two points 
of intersection coincide. It is geometrically obvious, ,how- 
ever, that in the case of the circle the same limiting position 
is obtained by this manner of approaching the limit as by 
the method used in the definition (§ 51), and the same is 
true for all the curves with which we shall have to deal. 
An analytic proof of this statement may be written out by a 
method to be developed in § 98. 


EXERCISES 
1. Find the tangents to the circle x? + y? = 10 parallel to the line 
8a +2y=5. 
2. Find tangents to the circle 3 2? + 3 y? = 5 perpendicular to the 
line ze — 5y = 6. 
3. Find tangents to the circle 2 x2 + 2 y? = y making an angle of 
_ 45° with Oz. 
A 4. Find the tangents to the circle 22? +y2?+24—8y+6=0 
| “perpendicular to the line 32 +y+1=0. 
5. Find the tangents to the circle 422+ 4y? +2 + y = 1 parallel 
to the line 3x — 2y = 5. 


6. Devise several other methods for finding the tangents to a circle 
having a given slope, and apply one or more of them to the example 
of § 53. 

7. By two methods, find tangents to the circle x2 + y2 +22 =0 
perpendicular to the line x — 2y = 6. 


8. Find tangents to the circle 2? + y? + 102 — 6 y = 2 parallel to 
the line 2% —y =0. Solve in two ways. 


/ 


9. Prove in several ways that the line 42 — 3 y 
to the circle x? + y? + 4a = 21. 


10. Determine a so that the circle x? + y? + 2ax = 0 shall touch 
the line y=2-+1. Ans. a = —14+ V2. 

11. Determine c so that the circle x? + (y — c)? = 1 shall touch the 
linex + 2y = 0. 

12. Find the tangents common to the circles 2? + y? = 25, 
ev+y=62+ 8y. 


13. Find tangents common to the circles z? + y2 —-4z2 — 2y = 10, 
4e7+4y? — 242 —4y — 23 = 0. 


17 is tangent 
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14. For what values of A will the line Ax + y + 2 = 0 touch the 
circle 2? + y? =2y? Ans. A = +2V2. 

15. The y-intercept of a line is twice its x-intercept, and it touches 
the circle z? + y2 +42 =0. Find its equation. 


16. Find the tangents to the circle x? + y? = 20 at the ends of the 
diameter of slope 2. Solve in two ways. 


17. Prove in two ways that the circles 27+ y? —2¢ —-1=0, 
Y+y+6r—8y+7 = Oare tangent. 
18. Prove that the lines 
y= me +aVi +m 
are tangent to the circle 2? + y? = a? for all values of m. Hence show 
that, two tangents may be drawn to any circle parallel to any line. 


19. By the method of § 53, find the tangents to the circle 
222+2y* = « parallel to the y-axis. Check by solving in another way. 


20. Find the equation of a circle with center at (1, 7) tangent to 
the circle x? + y? = 2. (Two answers.) 


21. Find the equation of a circle with center at (1, — 2) touching 
the circle z? + y* = 45. (Two answers.) 


54. Tangent at a given point of contact. The general 
method of § 52 may be 


used to find the equa- y 


\, tion of the tangent to a 


circle when the point of Pp 


‘ contact is given. It is 


simpler, however, to 

make use of the fact that 

the tangent is perpen- a 
dicular to the radius 
drawn to the point of 
contact. 

As an illustration, let 
us find the tangent to 
the circle 

gt + y? — a? 
at any point P: (x, y:) onthe curve. The slope of the radius 


Fic. 44 


/ 
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through (a1, y1) is evidently 2 ; the equation of the required 
1 
tangent is therefore 
Maal 
Yeats yf ee 


or, after clearing of fractions and transposing, 
(1) ae + yy = 22 + yy’ 
But we have not yet introduced the condition that the 
point (a1, y:) is on the curve, viz. 
ay? + yi? = a. 
Substituting in (1), we obtain the following result: 
If the point (x1, y:) lies on the circle 


a? + y? = a? 
the tangent to the circle at that point is the line 
(6) xx+ yy = a’. \ 


It should be noted carefully that this formula applies 
only when the center of the circle is at the origin. 


55. Tangents through an external point. Various methods, 
based on the known properties of the circle, readily suggest 
themselves for finding the tangents to a circle through an 
external point. This problem may also be solved by use of 
the quadratic discrimi- 
nant, asin the following 


Example: Find the 
tangents to the circle 


y 


e C1) Niet) 
is through the point P: 
(3, 1). 


The equation of any 
line through (8, 1) is 
(2) Us 1=m (x — 3), 
or 
Fig. 45 y=m—-3m+1. 
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Substituting this value of y in (1), we get 
xv+ (mz —3m+ 1)? = 5, 

which after expanding and collecting terms becomes 

1+m’)2’+2m(—-3m+1)2+9m —6m—4=0. 
This quadratic will have equal roots, and the line (2) will 
be a tangent, if b? — 4 ac = 0: ie. if 

4m (—3m+1)?—4(1+ m’) 9m —6m— 4) =0. 
This reduces to 

2m —-3m—-2=0, 

or 


Whence 


(2m + 1) (m — 2) = 0. 


m= —zor2, 
and the required tangents are 
y—1= — 5 (t 3), 
y—1=2(@—83). 


EXERCISES 
Find the tangents to the following circles at the given points. 
1. 2 +7? = 20 at (— 2, — 4). 
2. 427+4y47? = 37 at (3, — §). 
3. 2 +7? =5zat (1, — 2). Ans.32+4y+5=0. 
4, 7+ 47? = y at (0, 1). 
5. 2? +y* —42 —6y =0 at each of the points where it crosses 


he axes. © 
6. g+y—32—5y = 12 at the points z = 1. 
7. 2+y+22+y =0 at the points = —1. 


Ans. y = —4 £3¥V5. 


8. Derive formula (6), § 54, by the method of § 52, and then 
prove analytically that every tangent to a circle is perpendicular to 
the radius drawn to the point of contact. 

9. State and prove the converse of the result of § 54. 

10. Devise several other methods for finding tangents through an 
external point. 
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Solve the example of § 55 by another method. 


Find the tangents to the following circles through the given points, 
using various methods. 


12. 
13. 
14. 
15. 
16. 
Li. 
18. 


x? + y? = 20 through (— 6, — 2). 

x? + y* = 1 through (8, 1). 

382+3y? +52 —y +2 = 0 through the origin. 
227 +2y? + 8y = 1 through (0, 4). 

x? + y* = 2 x through (0, 6). 

16 x? + 16 y? — 40 2 — 32 y + 37 = 0 through (4, 0). 


Show how to construct geometrically the common tangents to 


two circles. Discuss special cases. 


Find the common tangents to the following circles. 


19. 


20. 
21. 
22. 
23. 


Y+y=4y,7+y = 22 +3. 
Ans. y = —2%+2(1 + V5). 


4x°+4y?=1,@ +9? + (y—22=4. 
CE IE Bs Hs ss (8 > te) 17) eo PAL (0 
a? + y? = a, (e+ 2a)? + (y + 20)? = a’, 


Given two points Pi, P, on a circle, prove analytically that the 


distance from P; to the tangent at P2 equals the distance from P» to 


the tangent at P;. What is this distance? Ans. 


24. 


Xi te + 1 Yo — a? 
a 


Find the tangents to the circle 7? +y2?+2—4y+2=0 


through the point (— 2, 4), using the method of § 48. 


Find the angles between the following curves at their points of in- 


tersection. 
25. 42 -—-y+t2=0,274+2y+4+2=0. Ans. ¢ = arctan }. 
26. 2&+y—-r714+3y=4,3¢+y =7. Ans. @ = arctan #. 
27. 2 +y? =10,227+2y?+5y = dz. Ans. @ = arctan 3. 
28. 2+ ya=let+y—4z¢24-—-2y4+1=0. Ans. 5: 
29, a +y+2e2=1, 2 +y?—22—4y =18. Check the re- 
sult. 
30. What is the analytic condition that the line Ax + By + C =0 


and the circle (x — h)? + (y — k)? = a? intersect at right angles? 


Ans. Ah + Bk +C =0. 
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31. When do two circles intersect at right angles? 
32. Solve Ex. 28 by a second method. 
33. Prove that if a line passes at the distance / from the center of 


a circle of radius a, the angle between the line and the circle is given 


by the formula cos ¢ = : : 
34. Check the answers to Exs. 25, 26 by the formula of Ex. 33. 


56. Chord of contact. If a point P lies outside a circle, 
the line joining the points of contact of the tangents to the 
circle through P is called the chord of contact corresponding 
to P, with reference to the given circle. 

Given the circle 

ety=@ 

and an external point P: (2, y:), 
we proceed to find the equation 
of the chord of contact corre- 
sponding to P. Let the points of 
contact of the tangents through 
P (whose coordinates of course 
are entirely unknown) be denoted 
by Q: (x, ye) and R: (x3, ys). 
Now the line QP is the tangent to the circle at Q; therefore 
its equation, by § 54, is 

Lox + yoy = a. 
Similarly the equation of RP is 

rsx + ysy = a. 
By hypothesis, both these lines pass through P; the co- 
ordinates of P may therefore be substituted in both equa- 
tions, and we obtain the relations 


(1) Lol + Yor = a’, 
(2) 3X1 + Y3Yi = a. 

Consider now the straight line 
(3) wx + Yry 


Fig. 46 


I 
Q 
a 
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This straight line passes through the point Q, since if the 
coérdinates of Q be substituted in (8) for x and y, we obtain 
the relation 
LyX + Yiy2 = a’, 

and this is identical with (1), which is known to be true. 
Similarly, by (2), the line passes through R. Since the line 
(3) passes through Q and R, it is the required chord of contact. 

Thus we have the following result: 

If the point P: (a, y1) Ves outside the circle 


a? + y? = a, 
the equation 
(7) xx + yy = a? 
represents the chord of contact corresponding to P. 

It must not be forgotten that this formula applies only 
when the center of the circle 1s at the origin. A convenient 
method for finding the chord of contact in the general case 
will be pointed out in § 59. 

By means of the chord of contact, a new method may be 
devised for finding the tangents to a circle through an ex- 
ternal peint. We need only to get the equation of the chord 
of contact, find the points of intersection of the chord with 
the circle, and write the equations of the tangents at those 
points. 


EXERCISES 


Write the equation of the chord of contact corresponding to the 
given point, with reference to the given circle. 


1. 22 +y? =4, (3, 5). 2. 22 +4? = 1, (0, 2). 
3. 222+ 242=75, (6,-2). 4 322+3y°=7, (—5, —9. 


5. By a new method, find the tangents to the circle x? + y? = 20 
through (— 6, — 2). (Ex. 12, p. 86.) 


6. By a new method, find tangents to the circle zx? + y? = 
through (3, 1). (Ex. 13, p. 86.) 


7. Find the tangents to the circle x? + y? = 12 through (0, 6). 
8. Find the tangents to the circle 4 2? + 4 y? = 9 through (— $, $). 
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9. Prove geometrically and analytically that the chord of con- 
tact corresponding to a given point is perpendicular to the diameter 
through that point. 

10. Prove that if the chord of contact of a point P with respect to 
the circle x? + y? = a? touches the circle 4 x? + 4 y? = a’, then P lies 
on the circle x? + y? = 4 a2. 

11. In Fig. 46, draw the line OP intersecting QR at a point K, and 
prove geometrically that OP - OK = a’. 

12. Prove the theorem of Ex. 11 analytically. 

13. From the theorem of Ex. 11, devise a geometric construction 
for the chord of contact corresponding to P, and hence for the tan- 
gents to the circle through P. 

14. Given two points P:, P, external to a given circle, prove that 
if the chord of contact of P: passes through P», then the chord of con- 
tact of P2 passes through P}. 

15. From the theorem of Ex. 14 obtain a geometric construction 
for the tangents through an external point. 

16. Derive formula (7) from the theorems of Exs. 9, 11. 


57. Curves through the intersections of two given curves. 
Let there be given any two 


curves, whose equations we will P, 
denote by 
(1) «© w=0, v=0, 


where wu and v represent certain 

unspecified expressions involving 

x and y. (The student should Pr 

make sure that he understands Fic. 47 

the meaning of the abbreviated 

notation here used. The letters u and v stand for any 
expressions in x and y whatsoever, not necessarily of the 
first or second degree. The discussion is entirely general.) 
Suppose these two curves to intersect in certain points Pi, 


P», ete. 
We now take for consideration the locus 
(2) u+ kv = 0,5 


where k is an arbitrary constant, and proceed to show that, 
for all values of k, this curve passes through the points of 


w’ 
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intersection of the two given curves. Since P; lies on the 
curve u = 0, its codrdinates when substituted for x and y 
in the expression u, no matter where wu is found, will make 
that quantity identically zero. Similarly, since P; lies on 
the curve v = 0, its codrdinates will make v vanish. Sub- 
stituting the codrdinates of P; in (2), we therefore get 
0+ k.0 = 0, 

which is true for all values of k; hence P, lies on the curve (2). 
By the same reasoning this curve passes through all the 
other points of intersection of the given curves. 

In summary, we have proved the 

THEeorEeM: If u = 0 and v = 0 are two intersecting curves, 
the equation 
(8) u+kv=0, 
where k is an arbitrary constant, represents a family of curves 
through the points of intersection of the gwen curves. 

It should be noted that this theorem holds, analytically, 
even when the original curves intersect only in imaginary 
points. However, when the equations (1) are incompatible 
the theorem no longer applies, although in the more advanced 
theory of curves even this case can be interpreted. 

Since equation (8) contains one undetermined constant, 
the curve may be made to satisfy one condition — for in- 
stance to pass through a given point or to touch a given line. 


58. Circle through the intersections of two given circles. 
Let there be given two circles whose equations may be de- 
noted by * 

C; as 0, C, = 0. 
Then the equation 
(1) Ci + kC, = 
represents a curve through the points of intersection of the 
two circles; further, it is easily seen that in general this last 
curve is also a circle. 

* That is, the letters Ci, C2 stand for two expressions of the form 
Av + Ay? + De + Ey + F. 


THE CIRCLE 91 


The circle (1) is already subject to two conditions, viz. 
that it must pass through the two points of intersection of 
the given circles; it may therefore be made to satisfy one 
more condition. This is also shown, of course, by the fact 
that (1) contains a single constant, k. 


y 
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Example: Find the circle through the points of intersec- 
tion of the circles 
Ooi emanate) eas 
and through the point P: (1, 3). 
The required equation may be’ written in the form 
(2) V+y—-ytk(et+y —2)=0. 
If this circle is to pass through (1, 4), those codrdinates may 
be substituted for x and y: 
1+ 3-F4+h0+43-1 =0, 
k= —3. 
Substituting this value of & in (2), we get 
Te ye = af — oe? — 2) = 0 


whence 


or 
ie a teeara o bot Y= 0 


which is the desired result. 
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EXERCISES 
1. Write the equation of the family of straight lines through the 
point of intersection of the lines 52+6y =1,7x—5y = 
2. In Ex. 1, find that line of the family that passes through (2, — 1). 
3. In Ex. 1, find the line that is parallel to the y-axis. 
4, In Ex. 1, find the line perpendicular to x — 2y = 6. 
5. Find the line through the intersection of the lines  — 3y = 6, 
4x -+y =0 and through the point (4, 1). 
6. Find the line through the intersection of 3% +2y =1, 2 =5 
and passing at a distance 2 from the origin. 
7. Find the line through the intersection of the lines 
ze-—-5y+5=0,22+y = 8 and through (1, 1). 
8. Find the line through the intersection of + —5y = 6, 
22 =10y-+1 and through (4, — 3). Interpret geometrically. 
9. If C = 0 represents a circle and L = 0 represents a line, what 
is the locus of the equation C + kL = 0? 
Find the equations of the following circles. 
10. Through the intersections of the circles 2? + y? = 22, 
x? + y? = 2y and through (1, — 2). ~ 
11. Through the intersections of the circles of Ex. 10, with center 
on the line y = 2. 
12. Through the intersections of the circles x? + y2 —42 = 10, 
4e4+4y =2427+4y + 23 and through (1, 0). 
13. Through the intersections of the circle x? + y? = 25 and the 
line 832 + 4y = 1, and through the point (8, 2). 
14. Through the intersections of the circle 2? + y? — 2x2 =1 and 
the line x + 2 y = 3, with center on the y-axis. 
15. Through the intersections of the circles 2? + y? = 20y, 
227+2y?+2+y =0, with center on the z-axis. 
16. What is represented by equation (8), § 57, when the original 
curves are two parallel lines? 
17. Prove the statement that equation (1), § 58, represents a cir- 
cle. Are there any exceptions? 


18. Show that the reasoning of § 58 fails when the circles are con- 
centric. What is represented by (1) in that case? 


THE CIRCLE 93 


19. Prove geometrically that the center of the circle C, + kC, = 0 
is on the line of centers of the circles C; = 0, C2 = 0. When does the 
proof fail? 


20. Solve Ex. 19 analytically. (For convenience, take the given 
circles with centers on Ox. Is the proof still general?) What is the 
advantage of the analytic over the geometric proof? 


59. Common chord. Given the equations of two inter- 
secting circles 
64 i 0, Cz oS 0, 
we can make the coefficients of x? and y? the same in the two ~ 
equations if they are not already so. If then we subtract 
one equation from the other, member by member, the terms 
of the second degree drop out, so that the resulting equation 


(1) Ci —Cz=0 


is of the first degree and therefore represents a straight line. 
But since equation (1) is merely that case of (8), § 57, in 
which k = — 1, this line passes through the points of inter- 
section of the two circles and is their common chord. Hence, 
to find the equation of the common chord of two intersecting 
circles we need only to eliminate x? and y? between the equations 
of the circles. 

The above theory gives a convenient method for finding 
the equation of the chord of contact 
corresponding to a point P with 
reference to a given circle. Suppos- 
ing the center of the circle to be at 
the point Q, let us write the equation 
of another circle having the points 
P, Q as ends of a diameter, and find 
the common chord of this and the 
given circle. It is easily seen that 
this common chord is the required chord of contact. 
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60. Radical axis. Whether two circles intersect or not, 
the equation obtained by eliminating the second degree 
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terms represents a real straight line*, and this line is called 
the radical axis of the two circles. The common chord is 
merely that case of the radical axis in which the circles 1 in- 
tersect in real distinct points. 

The three radical axes of three circles taken in pairs in- 
tersect in a point f, called the radical center of the three 
circles. The proof of this theorem is left to the student. 


61. Length of tangent. The length of the tangent from an 
external point P to a circle is defined 
as the distance from P to the point of 
contact 7. When the point and the 
circle are given, the distances QT and 
QP (Fig. 50) are readily determined, 
after which the length PT’ may be 
found at once. 

The idea of length of tangent has a 
number of applications, some of which 
Fie. 50 are brought out in the exercises below. 


P 


EXERCISES 
1. Find the common chord of the circles x? + y? = 10, 
fe SP OP SO Bi] SS Pe 
2. In Ex. 1, find the length of the chord. Ans. fs V5402. 
3. Find the common chord of the circles 222+2y2+ 32 
+5y =9,627+6y4 1lla2+13y = 23. 
4, Find the chord of contact corresponding to the point (3, 5) with 


reference to the circle x? + y*? = 2 y; also find the length of the chord. 
Ans. 3x2+4y =5;4V6. 
5. Find the chord of contact corresponding to (2, 2), with reference 

to the circle 2? + y? +32+2y+2 =0. 


6. By a new method, find the tangents to the circle 22 + y? = 22 
through (0, 6). (Ex. 16, p. 86.) 


* There is one exceptional case. In Ex. 13 below the student is 
asked to discover this case. 
j Again there is an exception. See Ex. 17 below. 
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7. By anew method, find the tangents through (4, 0) to the circle 
16 x? + 16 y? — 402 — 32y¥ +37 =0. (Ex. 17, p. 86.) 


8. Find the chord of contact corresponding to the point (6, — 4) 
with reference to the circle 22? +2y?+2x2—6y+1=0. 
Ans. 13x —1ly +19 =0. 


9. Derive (7), § 56, by a new method. 

10. What is represented by (1), § 59, when the circles are tangent 
to each other? 

11. Find the radical axis of the circles 2? + y? = 1, 
(@- 32+ —29=4 

12. Find the radical axis of the circles 2? + y? = zg, 
22+2y?—10y+11=0. 

13. In what case do two circles have no radical axis? 

14. Prove that the radical axes of three circles taken in pairs, meet 
in a point. 

15. Give a geometric construction for the radical axis of two non- 
intersecting circles, based on the theorem of Ex. 14. 


16. Prove analytically that the radical axis of two circles is per- 
pendicular to their line of centers. Hence vary the construction of 
Ex. 15. 

17. In what case (beside that of concentric circles) do three circles 
have no radical center? 

18. Where is the radical axis of two equal circles situated? Prove 
analytically. 

19. Find the radical center of the circles 2? + y® = 4,2 + y? =42, 
e+y+8e+6y+24 =0. Draw the figure. 

20. Find the radical center of the circles 222+ 2y? = 5, 
ety —42—-8y +21 =0,32+3y4+ 1524+ 12y +28 =0. 

21. Find the radical center of the circles x? + y2 -6y+8 =0, 
ety=1,22+2y+y=0. Draw the figure. 

22. Find the radical axis of two point circles (i.e. circles of radius 0). 
Cf. Ex. 18. 

23. Solve example (a), § 27, by a method based on the result of 
Ex. 22. Compare the algebraic work of the new method with that of 
the original method. 

24, By a new method, find the perpendicular bisector of the line 
joining (— 1, — 2), (5, — 4). 
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25. Prove that the perpendicular bisectors of the sides of a triangle 
meet in a point. 


26. Devise a method for finding the equation of the tangent at a 
point on a circle by considering the given point as a point circle. 


By the method of Ex. 26, find the tangents to the following circles 
at the given points. 


27. a? + y? = 2 at (— 1, 1). 

28. 2274+ 2y?—32 —4y —8 = Oat (2, 8). 

29. 22?+y2+22+3y =1at(1, —1). 

30. 2? + y? = a? at (r1, y1). 

31. Az?+ Ay?+ Dr + Hy + F = 0 at (x, yi). 

Ans. Amx+Ayny+3D(e+a)+7Fyty)+F =0. 

32. Find the radical center of the circles 2? + y? = 0, 
e+y—22+2=0,2+y? —2y+2=0. Draw the figure. 

33. Find the length of the tangent from the point (38, 3) to the circle 
YV+y=3. 

34. Find the length of the tangent from (— 1, 0) to the circle 
2+y—2¢—6y+6 =0. 


35. Find the length of the tangent from (0,0) to the circle 
e+y—32+5y+8=0. 


36. Find the length of the tangent from (— 5, 6) to the circle 
38e+3y=42r4+5y. 


37. If P: (2, y) is a point outside the circle (x — h)? + (y — k)? = a?, 
show that the length of the tangent from P to the circle is given by the 
formula 

L=V(e —h)? + (y — hk)? — a2. 


88. Prove that if the tangents to two circles from an external point 
are of equal length, the point lies on the radical axis. Hence devise 
a new construction for the radical axis of two circles. Is this construc- 
tion general? 


39. Using the length of the tangent, develop a new method for 
finding the chord of contact corresponding to an external point. 


40. Solve Ex. 5 by a new method. 


41. Find the chord of contact corresponding to the point (6, — 6), 
with reference to the circle 222? +2y2?+82—4y+9=0. 


42. Derive formula (7), § 56, by another method. 


THE CIRCLE 97 


43. Employ the method of Ex. 39 to find the tangents to the circle 
x+y? —62 —1 = 0 through (2, 3). 


44. Solve Ex. 43 by using the quadratic discriminant. 
45. Solve Ex. 43 by a method based on the formula of § 43. 


46. By the three methods of Exs. 43-45, find the tangents to the 
circle x? + y? — 4y — 5 = 0 through (38, 2). 


47. A point P moves so that the lengths of the tangents from P to 
two given circles are in a constant ratio. Prove that the locus of P 
is a circle through the points of intersection (real or imaginary) of the 
given circles. 


4 


CHAPTER VI 
POLAR COORDINATES 


62. Polar codrdinates. Hitherto we have always de- 
termined the position of a point by means of its distances 
from two perpendicular straight lines — i.e. by rectangular 
cartesian codrdinates. Many problems, however, may be 
much simplified by the use of polar coérdinates, which will 
now be defined. 

Let us choose a fixed line Ox in the coérdinate plane, and 
a point O on this line. The 
position of any point P in 
the plane is evidently de- 
termined if we know the 
length of the line OP to- 
gether with the angle that 
this line makes with the 
_R fixed line Oz, both the 
distance and the angle be- 
ing measured in a definite 
sense. The segment OP and the angle xOP are the polar 
coérdinates of P; they are called the radius vector and the polar 
angle respectively, and are denoted by the letters r, 6. The 
fixed line Oz is the initial line, or polar axis, and the point O 
is the pole, or origin. 

The polar codrdinates of a point are written in parenthesis 
with the radius vector first: thus the point P is indicated 
as P:(r, 6), or simply (r, 0). The polar angle is positive 
when measured counterclockwise, negative clockwise; the 
radius vector is positive if laid off on the terminal side of 8, 


negative if measured in the opposite sense, i.e. on the ter- 
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minal side produced through O. Fig. 51 shows the points 
Qh, 30°), BR: (— 2, 30°), 7S: GS 2, — - : 

To plot a point whose polar coérdinates are given, it is 
best to begin by drawing the line on which the radius vector 
lies, i.e. the line making an angle 6 with Oz, and then to lay 
off on that line, in the proper sense, the distance r. This 
is done most conveniently on “polar codrdinate paper,” 
which is paper ruled in concentric circles and radial lines. 

While to every pair of polar coédrdinates corresponds a 
single definite point, the converse is not true: the same point 
may be represented by various pairs of codrdinates. For 
instance, in Fig. 51, the codrdinates (1, 30°), (— 1, 210°), 
(— 1, — 150°), (1, 390°), all represent the same point Q. 


63. Curve tracing in polar codrdinates. If r and @ are 
connected by an equation of any form, we may assign values 
to @ and compute the corresponding value or values of r. 
The points thus determined all lie on a definite curve, the 
locus of the equation. 

To each equation corresponds a single definite curve, but 
while in cartesian coérdinates there is only one equation 
corresponding to a given curve, this is not true in the polar 
system: the fact that a given point may be represented by 
different pairs of codrdinates makes it possible that a curve 
may be represented by more than one equation. Thus it is 
easily seen that the equations r = 2, r = — 2 represent ex- 
actly the same curve, viz. a circle of radius 2 with center at O. 


Example: Trace the curve 


iP == Peo} (OO) 


Let us assign values to 6 and compute r: 


ri2e@|V3alVv2al'a 0 |—al— V2al—V3a| —2a 


¢ 
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Plotting these points, we obtain the curve shown in 
Fig. 52, which appears to be a 
circle of radius a with center at 
(a, 0); it will be shown in the 
next article that this is actually 

O ” the case. It is easily seen from 
the properties of the cosine func- 
tion that if we were to assign 
values to 6 between 7 and 2 x (or 

Fig. 52 between 0 and — 7) we would 
merely get the same circle over again; the complete locus 
is therefore as shown in the figure. 


EXERCISES 
Plot the following points. 
1. (2, 60°), (3, 2), (— 4, — 15%), (0, 209, (4-3), (-4,3)- 
2. (Z, 5); (4, 10°), (3 V3a, 225°), (— } V2a, — 60°). 
Trace the following curves. 


Sh WP = bh 4,r=—a. 
° pam Af S 
5. 6 = 60°. 6. 6= 4 
{he ip SP Siw). 8 r= —2sin@. 


9. Prove that a curve is symmetric with respect to the initial line if 
its equation is unchanged when @ is replaced by — 0. 

10. What can be said of the symmetry of a curve whose equation is 
unchanged when 7 is replaced by — r? 

11. What can be said of the symmetry of a curve whose equation is 
unchanged when @ is replaced by a — 6? 

12. What can be said of the symmetry of a curve whose equation 
is unchanged when the signs of @ and r are changed simultaneously? 

13. What can be said of the symmetry of a curve whose equation is 
unchanged when @ is replaced by t — @ and r by — r? 

Test the following curves for symmetry with respect to the polar 
axis, the pole, and the line perpendicular to the axis through the pole, 
plot a number of points, and trace the curves. 

14. r = 3 sec @. 15. rsin0 =a. 


i ‘yp 
POLAR COORDINATES 101 
16. r =acos26. 17. eee 
: 1 — cos 0 
By 19. r =asin 20. 
20. r? = a? cos 0. 21. r? =a’ sin 2 0. 
en eT 23. 7? sin 26 = a?. 
2 — sin 0 Vuaee 
24. r=aée. 25. r =a (1+ cos 8). & 


Find the points of intersection of the following curves. Check the 
results. 


PA Spa) = 1h ie COS) SS 7, Ans. (W5, arctan 4). 
27. 72 cos26 = a2,r = V2a. 

28. r =4sec@tan 6, rsindg = 4. 

29. r (1 — cos 0) =a,r =a (1 + cos 8). 

30. r =acos26,r =asin#é. 


64. Locus problems in polar codrdinates. There are 
various loci whose equations are more easily obtained or 
whose properties are more conveniently studied in polar 
than in cartesian coérdinates. The methods used in finding 
the equation of a locus in polar codrdinates are of course 
the same as those that were used in §§ 27, 28. That is, we 
assume a point P: (r, @) in a general position on the curve, 
and from the statement of the problem or by means of some 
characteristic property of the figure try to obtain an equation 
involving r, 8, and the constants of the problem: this 
equation must be the equation of the given locus. 


Example: Find the equation of a circle of radius a with 
center at (a, 0). 

Let us assume a point P: (r, 6) in 
a general position on the circle. Since 
Z OPA is aright angle, it follows at 


once that 
Geen 
cos aa? 
or 


r = 2acos@. 
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EXERCISES 
Find the polar equations of the following loci. Draw the figures. 
1. A circle of radius 5 with center at O. 
2. The initial line. 
3. A line through O making a given angle a with Oz. 


4, The path of a point which moves so that the projection of its 
radius vector upon the initial line is constant. 


5. A circle of radius a touching the initial line at O and lying 
(a) above, (b) below that line. 


6. A line through (a, 0) perpendicular to the initial line. 


7. A line through (« - parallel to the initial line. 


8. A line through (2, ) perpendicular to the radius vector of that 
point. 
9. A circle of radius a with center at (a ) . 


10. A line through the point (1, ? 7) perpendicular to the radius 
vector of that point. 


11. The path of a point which moves so as to remain always equi- 
distant from a given point and a given line. Take the given point as 
pole and the given line perpendicular to the polar axis through (a, 0). 


a 

Ans. 1 = Teacaa 

12. Solve Ex. 11, taking the given line parallel to Ox through 
Tv a 

(-« 4): ANS. 1 = 7a 


13. Solve Ex. 11, taking the line through the point (a a) perpen- 


dicular to the radius vector of that point. 


14. Solve Ex. 11, if the moving point is half as far from the given 
point as from the given line. 


15. Solve Ex. 11, taking the given line through the point (rj, 61) per- 
pendicular to the radius vector of that point. 


16. Solve the problem of § 39 in polar coérdinates. 
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65. Transformation from one system to the other. If 
the pole and the initial line of a polar system coincide with 
the origin and the z-axis of a cartesian system, as is usually 
the case, the codrdinates of any point P in the two systems 
are connected by simple formulas. 

Let the point P (Fig. 54) have the cartesian codrdinates 
x, y and the polar coérdinates r, 6. 
Then it is obvious that 


x =rcosé, 
fo) ie rsin 6, 
and 
r=VEry¥ 
2 
( ) tand = e: Fig. 54 


These formulas enable us to change the equation of a curve 
from cartesian codrdinates to polar and from polar to cartesian 
respectively. 


Example: Obtain the equation of the circle x? + y? = 2 az 
in polar coordinates. 
Substituting the values of x and y as given by (1), we find 
r? cos? 6 + r? sin? 6 = 2 ar cos 6, 
or, since 
cos? 6 4- sin? 6 = 1, 
r = 2a cos 0. 


The result might have been obtained more quickly by noting 
that x? + y? can be replaced by 7? at once. 


EXERCISES 


In the following exercises it is assumed that the axes are placed as . 
in Fig. 54. 

1. Find the cartesian coérdinates of the points (a) (1, 30°); 
(Cy Grams We) 42,0); (a); =) 60°) (@) (= 2, Fx); 
(f) (8, 225°). Check by plotting. 

2. Find the polar codrdinates of the points (a) (2, 2); 
By NV 8, = 1) te) (0,1 0), (2) (— 3, — 4); &) (— 5, — 8); 
(f) (— 1, V3). Check by plotting. 
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Find the equations of the following curves in polar coérdinates. 


3. y = z. 4. 27+ 7? =a’. 

5. 2 =a. 6. 2+y+y=0. 

7 32+4y = 5. 8. y= 27. 

9. 2ay = a* 10. x? — y? = a’. 
Find the equations of the following curves in cartesian coérdinates. 
il. r =a. 12. @ = 45°. 

13. rsing = 1. 14. r=2 sin @. 
15. r = sec @ tan 0. 16. r? cos 20 = a?. 
17. r? = a* sin 20. 18. r =a (1 — cos 8). 


19. Solve Ex. 11, p. 102, in cartesian coérdinates and check by 


transforming the answer r = ——* _ to cartesian coordinates. 
al 1+cosé 
~ 20. Solve Ex. 12, p. 102, in cartesian codrdinates and check by 


transforming one answer to the other. 


CHAPTER VII 
THE CONIC SECTIONS 


I. GENERAL INTRODUCTION 


66. Definitions. The path of a point which moves so 
that its distance from a fixed point is in a constant ratio to tts 
distance from a fixed line is called a conic section, or simply a 
conic. The name is taken from the fact, proved in solid 
analytic geometry, that the intersection of a plane and a 
right circular cone is always a curve of the class here defined. 

The fixed point is called the focus of the conic, the fixed 
line the directrix, and the 
constant ratio the eccen- 
tricity. In Fig. 55, if F is 
the focus, » the directrix, 
and P a point on the conic, 
then the definition evidently 
says that 


= =; 


or 
(1) p = ed, Fa. 55 
where e denotes the eccentricity. 

It is geometrically obvious that the line through the focus 
perpendicular to the directrix is an axis of symmetry for the 
curve. It is also easily seen that the line through the focus 
parallel to the directrix intersects the curve in two points; 
the chord Q,Q2 joining these two points is called the latus 


rectum. 
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67. Species of conics. We shall find that the conic sec- 
tions fall into three classes, differing greatly in form and in 
certain of their properties, and distinguished by the value 
of e. The classification is as follows: 

if e < 1, the conic is an ellipse; 

if e = 1, the conic is a parabola; 

if e > 1, the conic is a hyperbola. 
It will appear as we proceed that the ellipse has the form of 
a closed oval, while the parabola is an open curve extending 
to infinity, and the hyperbola consists of two separate in- 
finite branches. A curve of each species is shown in Fig. 56. 


eC 


Ellipse Parabola Hyperbola 
Fic. 56 
In the present chapter we will solve for the conic sections 
the first two fundamental problems of analytic geometry,* 
viz.: to find the equation of the curve from its definition, 
and to trace the curve from its equation; in the next two 
chapters we will develop the properties of the three curves. 


68. General equation. Let the focus of a conic be the 
point (7, 7), and the directrix the line 
(1) x cos 8B + y sin 6B. = p. 
By § 41, the distance of the moving point (zx, y) from the 
line (1) is x cos B+ y sin B — p. Hence, by (1), § 66, the 
equation of the conic is 


V(z — i? + (y — 7)? =e (x cos 8 + ysin B — p), 


(ec —2)?+ (y—j)? = & (x cos B + y sin B — p)?. 
* See § 29. 
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This is an equation of the second degree; hence we have 
proved the important 


THEOREM: The equation of every conic is of the second degree. 
The converse of this theorem is also true, as we shall prove 
in § 86. 


69. Polar equation of a conic. To find the equation of a 
conic in polar coérdinates, let us 
take the focus as pole and the 
line through the focus perpen- 
dicular to the directrix as polar 
axis. Denote by 21 the length 
of the latus rectum Q,Q) (Fig. 
57); then the distance OB from 


the focus to the directrix \ is t. 


For, the point Q; is a point on 
the curve; hence, by the defini- 


tion of § 66, Fie. 57 
OQ, aan e-QiM, 
so that 
Pe OG 
e e 


Now assume a point P: (r, 6) in a general position on the 
curve, and drop a perpendicular PL to the directrix. Since 


OP = ¢.F 1; 
it follows that 
PL =* 
e€ 
Evidently 
ON + PL = OB, 
or : 
r 
r cos @é+ eis 


This equation when solved for r takes the form 
l 
(2) "1+ ecosd 
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EXERCISES 
Derive the cartesian equations of the following conics. 
1. Focus at (0, 0), directrix =2,e=1. Ans. y= —4244. 


2. Focus at (0, 0), directrix y = 3, e = }. 
Ans.92°+8y+6y =9. 
3. Focus at (1, 0), directrix x + 4 = 0, e = V2. 
Ans. x2? — y2>+ 182+ 31 =0. 
4. Focus at (8, 2), directrix 7 + y =0,e =1. 
Ans. x? —2ay+y?—122 —8y + 26 =10) 


2 


5. Focus at (— 1, — 3), directrix 2x —y = 3,e =3. | 
6. Focus at (— 6, 0), directrix 3x —2y+1=0,e =3. 


7. A point moves so that its distance from the line 3x — y = 6 
is always twice its distance from the point (2, 4). Find the equation 
of its path. What kind of curve is described? 


8. Prove that if the directrix of a conic is parallel to a codrdinate 
axis the equation contains no xy-term. 
Derive the equations of the following conics in polar coérdinates, 
taking the focus as pole in each case. 
9. With e = 1 and directrix perpendicular to Oz through (8, =). 
3 
1—cos 0 


10. With e = 3 and directrix perpendicular to Oz through (2, 0). 


Ans. r= 


2 
Ans. 1) = 2+ cos 
11. With e =4 and directrix paralel to Oz through the point 
(3 5): Ans. r = eT se, 
2 "1+ 4sinoe 


12. With e =# and directrix parallel to Oz through (2, 5): 


18. With e=1 and directrix parallel to Ox through (s, -5). 


14. With e = $ and directrix perpendicular to Ox through (— 8, 0). 
15. Trace the conic in Ex. 9. 

16. Trace the conic in Ex. 10. 

17. Classify each of the conics in Exs, 9-14. 
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: l aoe 
18. Compare the loci r = (ac cos 8 and 7 = 12 cone: 


19. Prove analytically that the latus rectum intersects the conic in 
two points. 


20. Prove analytically that a conic is symmetric with respect to the 
line through the focus perpendicular to the directrix. Solve in two 
ways: (a) using cartesian, (b) using polar codrdinates. 


21. Prove that the line through the focus perpendicular to the di- 
rectrix intersects an ellipse or hyperbola in two points, but a parabola 
in only one point. 


22. Prove that a straight line can intersect a conic in not more 
than two points. 


23. How many points are required to determine a conic? 
24. How many points are required to determine a parabola? 
How many points are required to determine a conic: 

265. If the focus is given? 

26. If the directrix is given? 

27. If the eccentricity is given? 

28. If the focus and directrix are given? 

29. If the direction of the directrix is given? 

30. If the distance from the focus to the directrix is given? 


II. Tue PAaRaBoLsa 


70. Definitions. The parabola has been defined in § 67 
as the conic section whose eccentricity is 1; or in other words: 

The parabola is the locus of points which are equidistant 
from a fixed point and a fixed line. 

From this definition any number of points on the curve 
may be constructed geometrically if the focus and directrix 
are known. 

The line through the focus perpendicular to the directrix 
is called the azis of the curve. It has been pointed out in 
§ 66, and appears also from the above-mentioned geometric 
construction, that a parabola is symmetric with respect to 
its Gx0s. 
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The point where the axis intersects the curve, i.e. the 
point midway between the focus and the directrix, is the 
vertex of the parabola. The distance from the vertex to the 
focus will be denoted by the letter a. 


71. Parabola with vertex as origin: first standard form. 
Let us take the vertex of a parabola 
as origin of codrdinates and the focus 
at the point (a, 0). Then the axis of 
the curve is the z-axis and the directrix 
is the linex = —a. If P: (a, y) is any 
point on the curve, then by the defini- 
tion of the parabola 
V(e—a?+y=ata, 
or 
xe — Jan + ay? = & 2a ae 
which reduces to 


Fig. 58 (3) y* = 4ax. 
This is the first standard form of the equation of the pa- 
rabola; on account of its simplicity it is the equation that 
will be most used in developing the properties of the curve. 

From equation (3) it appears that a and x must have the 
same sign, otherwise their product would be negative and y 
would be imaginary; hence the curve opens to the right or 
to the left according as a is positive or negative. For every 
value of x there are two values of y, numerically equal but 
of opposite sign, which grow steadily larger as x grows larger: 
the curve is-an open curve extending to infinity, as shown 
in Fig. 58. 

When x = a, y = +24, so that the ends of the latus 
rectum are the points (a, 2a), (a, — 2a). Hence the length 
of the latus rectum is four times the distance between the vertex 
and focus. 

The equation 


x? =4Aay 
evidently represents a parabola with vertex at O and'axisin Oy. 


pnw ee pide M4 AN 
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72. Other standard forms. The equation 
(1)  =Aos 


express 2 characteristic geometric property of the pa- 

rabola — 4 property true for all parabolas, regardless of their 

position with reference to the coordinate axes. Given a 
-parabola with vertex V and focus F (Fig. 59), let us drop 

from any point P of the curve a perpendicular MP to the axis. 

Then we have at once, by (1), 

(2) MP* =4VF’°VM; 

this is the property just referred to. 


B 


Fis. 9 : Fis. 0 

Consider now a parabola with vertex at (h, k) (Fig. 60), 
axis parallel to Oz, and focus at a distance « from the vertex. 
Choosing 4 point P: (z, y) on the curve, we see at once by 
(2) that the equation of the parabola is 

(y—k)j? =4a(z¢ —h). , 

We may proceed similarly when the axis is parallel to Oy. 

In summnary, we have the following result: 

The equation of a porchola with vertes ot (h, k) is, f the 


aziz iz poralld to Oz, 

(4) (y — hk) =4a(x—h); 
if the axis iz paral to Oy, 

(5) (4 —h)* =4aly — k). 


The curve opens in the positive or the negative direction axccord- 
ing 04 0 is positive or negative. 
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73. General equation, An equation of the form 
(6) Cy’ + Dx+ Ey + F=0 
can evidently be reduced to the form 
(y — k)? = 4a (@ — h) 
by dividing by C and completing the square in y; similarly 
the equation 
(7) Ax? + Dx+Ey+F=0 
can be reduced to the form 
(c—h)??=4a(y—k). 
Exception arises when, in (6), D = 0 or when, in (7), E = 0, 
in which cases the given equation represents a pair of parallel 
straight lines. If we agree to consider the pair of parallel 
lines as a limiting form of the parabola *, we have the 
THEOREM: An equation of the second degree in which the 
xy-term is missing and only one square term is present repre- 
“sents a parabola with its axis parallel to a coérdinate axis. 
Example: Reduce the equation 
4y>— 242% -—12y—-—15=0 
to a standard form, plot the vertex, 
focus, and ends of the latus rectum, and 
trace the curve. 
First we divide by 4: 

y— 62 —3y —=2 = 0. 
Transposing the term in x and the 
constant, and completing the square in 
y, we find 


y—8yte=6rt+ E+E 


Fic. 61 : (y = 8)2 = 6 (x + iW): 
Hence the vertex is at (— 1, 3), the curve opens to the 
right, with a = 3, a number of points are easily plotted, and 
the curve is drawn as shown in the figure. 


*In § 90 it will be shown how the pair of parallel lines may be 
thought of as satisfying the definition of the parabola. 
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EXERCISES 


In each of the following cases, locate the vertex, the ends of the latus 
rectum, and a few other points, and trace the curve neatly on a suitable 
scale. 


Loy? = 42, 2 y2 = — $e. 

3. y= 36.2. 4. 2 =8y. 

5. y + 100 z? = 0. 6. 227+5y=0. 

7. y? = 3 (a + 2). 8 (y +2)? = —6(¢ — 1). 

9. (« — 4)? = — (y+ 2). 10. (y — 5)? = 1207. 

ll. (@ + 6)? = 2 (y — 1). 12. (« — 0.1)? = — 0.2 y + 0.2). 


13. Find the focus, directrix, and ends of the latus rectum of the 
parabola (y — k)? = 4a (a — h). 


14. Prove the statement in the last sentence of § 72. 


15. As a point on a parabola recedes to infinity, does its distance 
from the axis increase more or less rapidly than its distance from the 
tangent at the vertex? 


Reduce the following equations to a standard form, determine the 
vertex, focus, and latus rectum, and trace the curve. 


16. yw+427+6y7y+9=0. 17. 8y°+22—-—33y =0. 
18. 2 —22¢-—3y+4=0. 19. 2? +8y+10=0. 
20. 527-524+4y+3=0. 21. 2y-—T7Tx—-9y =0. 


22. 2? —20x+y = 10. 23. 3y7-—S5re4+7y4+2 =0. 
24. 6y2—-2—y+1=0. 25. y2—-4y+3=0. 
26. 9227 +62+1=0. 27. 42 — 1502 +200y =0. 


28. Show that when D =0, equation (6) represents a pair of parallel 
lines. Are these lines necessarily real? Distinct? 


29. Discuss the locus Az? + Dx + F = 0. 


30. What locus is obtained in the special case when the focus of a 
parabola lies on the directrix? Establish the result both geometrically 
and analytically. 
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Ill. Tur Evuieste 


74. Ellipse referred to its axes: first standard form. 
The ellipse has been defined in § 67 as the conic section for 
which e < 1. 

To obtain the cartesian equation of the curve, let us take 

as focus the point 
y (ae, 0), and as directrix 


the line x = = (the point 


F, and line X; of Fig. 62), 
x where a is a constant 
whose geometric mean- 
ing is as yet undeter- 


eNews 
ie 


I 


o 

485 
ae eee a 
Lt 


mined. With these 
assumptions the defin- 
ing equation (1) of § 66, 
viz. 
p = ed, 
becomes 
V(x — ae)? + y2=e (-2), 
or 
xv — 2aex + ave? + y? = a*® — 2 aex + ee’, 
’(l—-e)+y=a(1—- &), 
x2 y? oa 
(1) 22 ae 
For simplicity, let us put * 
(8) be = ah (1—e%), 
thus reducing equation (1) to the form 
x? y’ 
(9) A hes ie 
ae 


This is the simplest standard form of the equation of the 
ellipse, and is the most convenient form for studying the 
properties of the curve. 


* Since e < 1, b? is positive and b is real. 
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From equation (9) the following results are evident: 

(a) The curve is symmetric with respect to Ox (already 
noted in § 66) and also with respect to Oy. From the latter 
statement it follows that there is a second focus, the point 


(— ae, 0), and a second directrix, the line x = — A The 


curve is also symmetric with respect to the origin. 

(b) The intercepts on the axes are (+a, 0), (0, +0). 
Thus the constant a appears in the figure as the segment 
OA}. 

(c) The curve lies entirely within the rectangle bounded 
by the lines x = +a,y=-+0. For the equation when 
solved for y has the form 


(2) Ya 1 i Vea, 


which shows that y is imaginary when x is numerically 
greater than a; similarly, by solving for xz, we see that x is 
imaginary when y is greater than b. 


2 

(d) The latus rectum is ae For, by (2), when 

x= ae, 
22 = ae. a 2 
y= 7 Vai = ae = +bV1—@= + ©. 

It is convenient occasionally to speak of the two lines of 
symmetry as the azes of the curve, but except where the 
contrary is clearly indicated we shall consider the axes to 
be the segments of these lines included within the curve: 
the segment A:2A, is the transverse axis, the segment B.B, 
the conjugate axis. The extremities of the transverse axis 
are the vertices, and the point of intersection of the axes is 
the center. 

It should be noted that, for the ellipse, b is always less 
than a, since 6 is given by the formula 

b? = a* — a’e*. 
For this reason the transverse and the conjugate axis are 
often called the major and the minor axis respectively. 
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75. Other standard forms. The equation 
x — h)? — k)? 
(10) ee eae 


represents an ellipse with center at (h, k) and major axis 
parallel to Ox. This can be shown either directly from the 
definition, or by a method analogous to that used in § 72. 


y 


Fia. 63 Fia. 64 


Similarly, the equation 
Ua kh @= hy, 

(11) raga Saar ant =1 
represents an ellipse with its center at (h, k) and major axis 
parallel to Oy. 

When the equation of an ellipse is given in a standard 
form, the center and the ends of the axes may be plotted 
immediately. The foci are most easily found from the fact 


that, by (8), § 74, 

(12) ae = Va? — b?, 

so that the foci are at the distance Va? — 6? from the center. 
The ends of the latera recta are then easily plotted; this 
gives a total of eight points on the curve, from which a fairly 
accurate sketch can be made without the determination of 
any other points. 
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76. General équation. It is easily seen that, by com- 
pleting the squares in x and y, an equation of the form 
(13) Ax* + Cy?+ Dx+ Ey+F=0 
can be reduced to one of the forms (10), (11) of § 75, provided 
A and C have the same sign. Thus we have the 

THEOREM: An equation of the second degree in which the 
ry-term 1s missing and the coefficients of x? and y? have the 
same sign represents an ellipse with its axes parallel to the 
coérdinate axes. 

Limiting cases may arise similar to those discussed in § 47. 
Thus when the left member has been written as the sum of 
two squares the right member may be zero or negative, 
the corresponding locus being a so-called point-ellipse or an 
imaginary ellipse. These limiting forms are of little im- 
portance. 

Example: Reduce the equation 
Ox? +477 — 362 y 

+8y+31=0 
to a standard form, and 
trace the curve. 

Transposing the constant 
term and completing the 
squares, we find 
9 (2? —42-+4) 

4g? + 2y + 1) 
= — 31+ 3644, 
9(2 — 2)? +4(y+ 1)? =9, 
or after dividing by 9, 
(cere Ger DT 1. 
1 ny 
The center is at (2, — 1), the transverse axis is parallel to 
Oy, the semi-axes are a =.3, b = 1, the distance from the 
center to the foci is Va? — b? = V& = 3 V5, the latus rec- 


2 
tum is 2 = 4, The curve is shown in Fig. 65. 
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EXERCISES 
1. -State explicitly the reasons for the statement (a) of § 74. 


2. Prove geometrically, from the definition of the ellipse, that the 
. 26 
latus rectum is ts 


In each of the following cases, find the center and foci, plot the ends 
of the axes and of the latera recta, and make a careful sketch of the 
curve. 


Lary gi PN 
3. 5B 4+¥ a1, or ee 
ieee sa 6. 1227 +4? = 12 
Dea eae . 222+ y? = 12, 

= 2 2 1)\2 7 
Uh (x ee ool 8. ee (y wae a1. 
4 

COP . (Ser — PP Yaa 

2S 100 eo a 10. F105 1 ele 


11. In Exs. 3-6, find the eccentricity and the equations of the 
directrices. 


Reduce each of the following equations to a standard form, and trace 
the curve. 


12. 2 +4y=4y. 

13. 22 +y+4r4+2y+1=0. 

14. 1522+ 16y? — 907+ 64y —41 =0. 
15. 100 y? = 20 2 — 2’. 

16. 422+2y? —127—-—8y+13=0 

17. 800 x? + 400 y? — 8202 + 40y + 29 = 0. 
18. 3227+ 7y? —122+28y+19 =0. 

19. 527 +5y+32-—6y=0. 

20. 627+5y2+82—-2=0. 


& 
™ 
' 
{ 


Od) , 


; h 4 / 
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IV. Tue HyprrBoua 

77. Hyperbola referred to its axes: first standard form. 
By § 67, the hyperbola is the conic section for which e > 1. 

The derivation of equation (1), § 74, does not depend 
upon the fact that e < 1; we 
therefore conclude at once 
that, with the axes chosen 
as in § 74, the equation of 
the hyperbola is 

x? y? 

Q) a! @ (—é) H 
But, since now e > 1, the 
constant a? (1 — e?) is nega- 
tive; therefore to make b 
real, we choose 
(14) b? =a’? (e?—1), 
and write the equation of 
the hyperbola in the form 


(15) ~-%- 


ES 


~“ 


From this equation we derive the following results: 
(a) The curve is symmetric with respect to both axes and 
the origin. Hence there are two foci, the points (+ ae, 0), 


‘and two directrices, the lines 7 = + = 


(b) The intercepts on Ox are (+a, 0), those on Oy are 
imaginary. 
(c) The equation when solved for y has the form 


(2) y= eve @, 


which shows that y is imaginary if and only if 2? < a?, ice. if 
—a<x<a. The curve therefore has two disconnected 
branches, one lying to the right of the line x = a, the other 
to the left of the line x = — a. 


2 
(d) The latus rectum is ar. 
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As in the case of the ellipse, the lines of symmetry are 
sometimes spoken of as the axes of the curve, but unless the 
contrary is indicated the axes will be considered to be the 
segments A,A, of length 2a and B,B, of length 2 6: the 
former is the transverse axis, the latter the conjugate axis. 
(The conjugate axis does not intersect the curve, but plays 
an important part in its theory.) The ends Ae, A; of the 
transverse axis are the vertices; the point of intersection of 
the axes is the center. 

It appears from (14) that the distance from the center 
to the foci is 


(16) ae = Va? + 6. 


It should also be noted that in the case of the hyperbola b 
may be greater than, equal to, or less than a, according to 
the value of e. 


78. Asymptotes. By dividing both members by 2, equa- 
tion (2) of § 77 may be put in the form 


If now x be allowed to increase indefinitely, the right mem- 
ber approaches + : . Hence, as the distance from the center 


increases, the hyperbola 


approaches more and more closely, without ever reaching 
them, the straight lines 


or 


(17) y=+-x. 


These lines are called the asymptotes of the hyperbola; they 


le in a i i 
. 
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are of great importance both in tracing the curve and in 
studying its properties. (In Chapter IX a precise definition 
of the term “asymptote” will be laid down, and a more 
detailed study of these lines will then be made.) 

From the fact that the slopes of the asymptotes of the 


standard hyperbola are +? 


we derive the following result, 
which gives a convenient 
method for drawing the asym- 
ptotes of any hyperbola whose 
axes are given: 

The asymptotes of a hyperbola 
are the diagonal lines of the 
recdomgle whose center is the 
center of the curve ond whose 
sides ore porwld ond equal to 
the axes of the curve. 

Before tracing a hyperbola 
the asymptotes should always be drawn, as they are almost 
indispensable in obtaining an accurate sketch. 


Fic. 67 


79. Other standard forms. The equation of a hyperbola 
with center ot (h, k) 18, if the transerse axis is parallel to Ox, 


(x—h? (y— k)? 
(18) Gy _ a ® 1; 


if the transverse axis is porallel to Oy, 
gg¥—k)? @—hP 
(19) sr oe acne’ Paton 

The proof is left to the student. 

To trace a hyperbola whose equation is in a standard 
form, we plot the vertices and the ends of the latera recta, 
and draw the asymptotes. These data suffice for a fairly 
satisfactory sketch; if greater accuracy is required, more 
points must be plotted. 
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80. General equation. The equation 
(20) Ax? + Cy?+ Dx + Ey+ F=0, 
where A and C have opposiie signs, can evidently be reduced, 
by completing the squares in x and y, to one of the forms 
(18), (19) of § 79. The only exceptional case is the one in 
which, when the left member has been expressed as the 
difference of two squares, the right member reduces to 0, 
i.e. the case when the equation takes the form 
Gia (sak) 
an ey i“ 


This equation can evidently be factored in the form 


(24 +45 *) (454-4 *) ~0, 


and therefore represents two straight lines, intersecting in 
the point (h, k). The way in which two real intersecting 
straight lines may satisfy the definition of the hyperbola 
will be explained in § 90. If then the pair of intersecting 
lines be considered as a limiting case of the hyperbola, we 
have the following 


THEOREM: Every equation of the second degree in which 
the xy-term is missing and the coefficients of x? and y? have 
unlike signs represents a hyperbola with its axes parallel to the 
coordinate axes. 


Example: Reduce the equation 
e—2yY+42+4y+4=0 


to a standard form, and trace the curve. 
Completing the squares in x and y, we get 


et+4e4+4-2(y—2y+1) = —44+4—2, 
(pt 2)? As ea 
or, dividing by — 2, 


y-1?_ @t+2_, 
1 2 Nice 
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. ° e) ‘ 
This is a hyperbola with center at (— 2, 1) and transverse 
axis parallel to Oy; the semi-axes are a = 1,b = V2. The 
vertices are at the distance 1, the foci at the distance 


Va+b? = V3, above 
and below the center. 
The latus rectum is 
2 b 

=A od 4, so that the 
ends of the latera recta 
are at the distance 2 
to right and left of the 
foci. The asymptotes 
are the diagonals of 
the rectangle of sides 
2a, 2b. 
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The curve is shown in Fig. 68. 
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81. Equilateral, or rectangular, 
hyperbola. The hyperbola for 
which a and 6 are equal is called, 
on account of the equality of the 
semi-axes, the equilateral hyper- 
bola. It is obvious that the 
asymptotes of an equilateral hyper- 
bola are at right angles, for which 
reason it is also called the rect- 
angular hyperbola. 


EXERCISES 


In each of the following cases, locate the center, vertices, foci, and ends 
of the latera recta, draw the asymptotes, and trace the curve. 


wey? 
2-2 a1 
Bee 


Near ae pag 
UE oe 
4. 4 5 i 
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(@@— 2)? (y+1)?_ yo (@— 4)? _ 
5. 9 = 1 — ik, 6. 36 a oriGla kes 1. 

(y — 0.3)? _ (@ + 0.4)? _ yte?  @ =)? _ 
G 12 08 Sila GE 6 r == il, 


9. In Exs. 1— 4, determine the eccentricity and write the equations 
of the directrices and of the asymptotes. 


10. In Exs. 5-8, write the equations of the asymptotes. 
11. Prove that a hyperbola cannot intersect its asymptotes. 
12. By the method of § 78, derive the equations of the asymptotes 


y? qv 
of the hyperbola road «a 1 


Reduce each of the following equations to a standard form, plot the 
center, vertices, foci, and ends of the latera recta, draw the asymptotes, 
and trace the curve. 


13. 2? — 7? = 2-2. 

14. 522-—4y?+ 202 — 24y — 36 = 0. 
15. 1222 -—4y? —12%+4 15 =0. 

16. 92? — 164? — 367 +9 y +72 =0. 
17. 4227-—y?+4y =0. 

18. 4277-4y2-—4274+8y-—-5=0. 

19. 327-—2y+2y =0. 

20. 2 —5y?—42+10¥y+2=0. 

21. y2 =a? —32+4. 

22, 22 —y+3e24+3y =0. 


23. Prove that the asymptotes of an equilateral hyperbola are at 
right angles. 


24. Show that if C = — A equation (20) represents a rectangular 
hyperbola. Which of the curves in Exs. 13-22 are rectangular hyper- 
bolas? 


25. For what values of eis b > a? b <a? What is the eccentricity 


of the equilateral hyperbola? 


f 


/ 


P+ a 4 ort a 
yt ia ce Ce tt le ¢ 
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V. CoorpINATE TRANSFORMATIONS 


82. Introduction. We have had many illustrations of the 
fact that a problem may be greatly simplified by taking the 
axes in a convenient position. Thus to prove that the 
diagonals of a rectangle are equal the axes should be taken 
parallel to the sides of the rectangle; the properties of the 
circle are most easily studied if the center is taken as the 
origin; ete. It may happen, however, that the position of 
the axes is predetermined in some way by the nature of the 
problem, for instance by having given the equation of a 
curve; it is then desirable that we have methods for shifting 
the axes to some more suitable position. Such methods 
must be developed before proceeding further with the study 
of the conic sections. 


83. Translation of axes. We will consider first the 
translation of axes, in which 
the axes are moved parallel 
to their original positions. 
Let Ox, Oy be the original 
axes, O’x’, O’y’ the new, 
and suppose the new origin 
O’ to be the point (h, k) 
referred to the old axes. 
If we denote by 2, y the 
coérdinates of any point P 
in the original system, by (z’, y’) the codrdinates of the same 
point in the new system, then it is obvious from the figure 
that the two sets of codrdinates are connected by the 
formulas 


(21) 


Fig. 70 


x=x' +h, 
\s =y'+k. 

An important problem is, being given the equation of a 
curve referred to any set of axes, to derive its equation re- 
ferred to parallel axes through a point (h, k) as new origin. 
To do this, we have merely to replace x and y in the equation 
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of the curve by their values as given by (21). It should 
be noted that this does not change the position of the curve 
in the plane — it merely moves the axes. 

Example: From the fact that the equation of a circle with 
center at O is 


(1) a+ y? = @?, 
prove that the equation of a circle with center at (h, k) is 
(2) (@ — h)?? + (y — ky? = a. 


If the point (hk, k) be taken as the origin, O’, for axes 
parallel to the original ones, the equation of the circle with 
center at (h, k) is shown by (1) to be, with reference to the 
new axes, 


But, by (21), 


x + y!? = aq, 


e=xr—hy =y—k; 
therefore the equation with reference to the first axes is 
(2 — h)? + (y — k)? = a’. 


84. Rotation of axes. Let Ox, Oy and Oz’, Oy’ be two 
pairs of cartesian axes 
with the same origin, and 
denote by @ the angle 
through which the first 
pair must be rotated to 
come to coincidence with 
the second, the angle ¢ 
being considered positive 
when measured counter- 
clockwise. Let P have the 
codrdinates x, y in the first system and 2’, y’ in the second, 
so that, in Fig. 71, 
OM =2, MP = 4,0M = 2), MP =’. 


OM = ON — MN = ON — QM’; 


Now 


likewise 
MP = MQ+ QP = NM’ + QP. 
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We thus have the formulas 


(22) 1 
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x =x'cos¢?—y’sind, 
y=x'sing+y'cos¢. 


It should be noted that the formulas of this and the pre- 


ceding article taken to- 
gether enable us to change 
the axes from any position 
Ox, Oy to any other posi- 
tion O'7'~ O'y! (Hig: 972). 
For we can first translate 
the axes to a’ parallel 
position with O’ as new 
origin, and can then rotate 
them through the angle 
necessary to bring them 
to the desired position. 


y! 


Fic. 72 


Both in translation and in rotation of axes the original 
codrdinates x, y are replaced by expressions of the first degree 
in 2’, y’: from this we draw the important conclusion that 
the degree of an equation is unchanged by translation or rota- 


tion of axes. 


Example: Rotate the axes through an angle ¢ such that 


y 


Fie. 73 


the term in y will disappear 

from the equation 

(1) 4x+3y=5. 

Substituting in (i) the 

values of x and y as given by 
(22), we get 

4 (x’ cos ¢ — y’ sin ¢) 

+3 (2 sing+y’ cos ¢) = 5, 
or 

(2) (4cos¢+ 8sin ¢) 2’ + 
(— 4sin 6 + 3 cos 4) y’ = 5. 


To make y’ drop out, we equate its coefficient to 0: 
—4sin ¢+ 3 cos ¢ = 0, 
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whence 


and 
sin ¢ = 2, cos ¢ = ¢. 
These values substituted in (2) give 


(48 + 8) a! = 5, 
or 


The geometric interpretation is obvious: we have merely 
rotated the axes through such an angle that the new y-axis 
is parallel to the given line. 


EXERCISES 


1. Find the coérdinates of the points (2, 3), (5, — 2), (0, 0) referred 
to parallel axes* through (— 2, 5). 


2. Find the codrdinates of the points (8, 4), (— 1, — 2), (z, y) 
referred to parallel axes through (38, 4). 


8. Find the equation of the line 32 — 2y = 6 with reference to 
parallel axes through (2, 3). 


4, Find the equation of the line y = mz + b referred to parallel 
axes through (0, d). 


5. Find the equation of the circle 2? + y? — 2axz = 0 referred to 
parallel axes through (2 a, 0). Ans. 2 +y?+2 ax =0. 


6. By translation of axes, remove the first degree terms from the 
equation z? + y2—-22%+8y+1=0. 
7. Refer the line - + 8 = 1 to parallel axes through (a, 6). 


8. Derive (4), § 72, by translation of axes. 

9. Derive (10), § 75. 
10. Derive (18), § 79. 
11. Find the coérdinates of the point (1, 3) after the axes have been 


rotated through 45°. Ans. (2 V2, V2). 
12. Find the codrdinates of the point (2, 4) after the axes have been 
rotated through — 30°. Ans. (V3 — 2, 1+2-V3). 


* That is, axes parallel to the original ones. 
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13. Find the equation of the line s + y = 3 after rotating the axes 
through 45°. 

14. Find the equation of the line z cos 8 + ysin 6 = 7: after rotating 
the axes through an angle f. 

15. What effect is produced upon the equation z? + y? = a? by rotat- 
ing the axes through any angle ¢? 

16. Find the equation of the curve 2 zy = a’ referred to axes making 
an angle of 45° with the original ones. Ans. x? — y* = a. 

17. By rotating the axes remove the term in x from the equation 
Z+2y+3=0. 

18. Show that the constant term cannot be removed from the 
equation of a straight line by rotation of axes. 

19. By rotating the axes remove the term in y from the equation 
P+y—22—-—2y =0. 

20. Show in detail why the degree of an equation is unchanged 
by translation or rotation of axes. 


VI. Tue GENERAL EQUATION OF THE SECOND DEGREE 


85. Introduction. In the previous sections of this chapter 
we have learned that every equation of the second degree in 
which the zy-term is missing represents a conic section with 
its axes parallel to the codrdinate axes, and have developed 
methods for tracing the locus of such an equation. It re- 
mains to consider the case in which the zy-term is present. 

The most general equation of the second degree has the 
form 


(23) Ax? + Bry + Cy? + Dx + Ey+F =0. 


When the zy-term is present the methods so far used in the 
present chapter cannot be employed directly to trace the 
curve, since they depend upon reducing the equation to a 
standard form. When either A or C is 0 the equation can 
be solved rationally for one of the variables in terms of the 
other, so that the curve can be traced fairly well by direct 
point-plotting, as in Chapter II; but in the general case 
when all three second degree terms are present the value of 
/ 


/ 
/ 
| 
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either variable in terms of the other involves radicals, so 
that this method is very laborious. Other methods, of 
more general usefulness, will be developed in the next few 
articles. 


86. Removal of the product term. The result of § 68 
shows that in some cases an equation of the form 
(1) Ax’? + Bry + Cy + Dx + Ey +F =0 
represents a conic section, and suggests that probably it 
always does so. That this is the fact will be established if 
we can show that by a suitable codrdinate transformation 
the term in zy can always 
be removed from equation 
(1). The transformation 
to be used is suggested by 
the following line of 
thought: If a conic lies 
with its axes inclined to 
the codrdinate axes, for 
instance as in Fig. 74, we 
can always rotate the axes 
through an angle ¢ to the 
position Oz’, Oy’ parallel to the axes of the curve, and we 
know that when this has been done the equation of the 
conic must be free of the product term. 

It was shown in § 84 that the equation of a curve referred 
to axes Ox’, Oy’ making an angle ¢ with the original axes 
is found by substituting for x and y in the original equation 
of the curve the values 
(2) ie = 2’ cos ¢ — y’ sin ¢, 

y=x' sngd+y’ cos ¢. 
This substitution applied to equation (1) gives 
A (x’ cos ¢ — y’ sin ¢)? 
+ B(x’ cos ¢ — y’sin ¢) (x sin ¢ + y’ cos ¢) 
+ C (2’ sin @¢ + y’ cos ¢)? + D (2’ cos ¢ — y’ sin ¢) 
| +E (2 sin¢d+y’ cos ¢) + F =0. 


Fig. 74 
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This equation will not contain the term in 2’y’ if we equate 
the coefficient of that term to 0 and determine ¢ from the 
resulting formula. Upon expanding and collecting terms, it 
appears that this gives 
2A sin ¢ cos ¢ — 2C sin ¢ cos ¢ — Boos? $+ Bsin? ¢ = 0, 
which may be written 
(3) (A — C) 2sin ¢ cos ¢ = B (cos? ¢ — sin? ¢). 
By means of the trigonometric formulas 
2 sin ¢ cos ¢ = sin 2 ¢, cos? ¢ — sin? ¢ = cos 2 ¢, 
equation (3) becomes 
(A —C) sin2 ¢ = Bcos2 4, 
or 
B 
Now for every possible value of tan 2 ¢, from — © to+ 0, 
there is a value of 2 ¢ between 0 and 7, hence a value of ¢ 


between 0 and ~, so that it is always possible to determine 


y ) 
a positive acute angle ¢ satisfying* (24). If the curve (1) 
be referred to axes making this angle with the original ones, 
the resulting equation will be free of the product term, and 
its locus must be a conic. Hence we have the 

THErorEeM: Every equation of the second degree represents a 
conic section, whose axes are inclined to the coérdinate axes at 
an angle @ given by formula (24). 

' Thus to trace the locus of any equation of the form (1) 
we need only to remove the zy-term by rotating the axes 
through the angle ¢ given by (24), and then to reduce the 
resulting equation to a standard form and proceed by the 
methods developed in §§ 73, 76, 80. Unfortunately, how- 
ever, the values of sin ¢ and cos ¢ required for the formulas 


* There are of course infinitely many other values of ¢, differing 


from this one by multiples of o but for definiteness we will agree to 


choose always the positive acute angle. 
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(22) are in general irrational, and the resulting algebraic 
complications render the process of reduction very tedious, 
except in especially favorable cases. 


Example: Remove the xy-term from the equation 
(4) 92% — 242y+ 16y? — 182 —- 10ly+19 =0, 
and trace the curve. 

Here we have 


— 24 24 
tan2¢= 9-76 7? 


whence 
cos 2 ¢ = x5, 
and by the formulas 


shy jie est 


ee eee 


2 
we find 
sin ¢ = 3, cos ¢ = ¢. 
Fia. 75 Thus by formulas (22) of 
§ 84, 


=$(42'-3y'), y= 380 +4y’). 
In terms of the new codrdinates equation (4) becomes 
25 y” — 752’ — 70y’ + 19 = 0, 
or, in the standard form, 
(y — D2 =3@' +9. 

This is a parabola with axis parallel to Ox’, opening in the 
positive direction, and with its vertex at the point (— 2, 7) 
referred to the new axes. The z’-axis has a slope tan ¢ = 3; 
after drawing the new axes the curve is easily traced as in 
the figure. 

87. Test for the species of a conic. It is sometimes de- 
sirable to have a test by means of which we can determine 
the species of a conic (whether ellipse, parabola, or hyper- 
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bola) without tracing the curve. Such a test is furnished by 
the following 


THEOREM: The equation 
Av’? + Bry + Cy + Dx + Fy + F =0 
represents 
an ellipse if B?--—4AC <0; 
a parabola if B?—4AC =0; 
a hyperbola if B®? -—4AC>0. 

The proof of this theorem will be deferred to § 126. 

It should be noted that the condition B? — 4AC = 0 
means that the quantity Az? + Bry + Cy? is a perfect square. 
Hence an equation of the second degree represents a parabola 
if and only if the terms of the second degree form a perfect 
square. 


88. The rectangular hyperbola with asymptotes paraliel 
to the codrdinate axes. The equation in which both square 
terms are missing, viz. 

(1) Bay + Dx + Ey + F = 0, 
always represents a hyperbola, since B? — 4 AC is evidently 
positive. Solving the equation for y, 
ee Ui 

LeBel” 
we see that y is infinite when Bx + E = 0,i.e. when xz = — B 
Thus as y increases the curve approaches the line Bx + E = 0 
more and more closely without ever reaching it; hence this 
line, which is evidently parallel to Oy, is an asymptote of 
the hyperbola. Similarly by solving for x we find that there 
is an asymptote parallel to Ox. Thus we have the 


THEOREM: Every equation of the second degree in which the 
terms in x? and y* are both missing represents a rectangular 
hyperbola with its asymptotes parallel to the coérdinate axes. 

When the asymptotes have been drawn, such a curve is 
quite easily plotted by points. 
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Example: Trace the hyperbola 
zy t22—3y = 12. 
Solving for y, we get 


1, 
e4 (2) 12-22 
| Sey 
whence the line x = 3 is an 
7 2 asymptote. Solving for z, 
= Lo Re we get 
So Peer 
Yegray ” 


| 

| 

which shows that the line 

i y + 2 = 0is the other asym- 
ptote. Substituting values 


Fia. 76 of x in (2), we compute y as 
follows: 
fs 2] 0 ao ab 4 8 | 9 |10 ae a4 
y mae —5 eh Bl Sales Sle 


‘. The curve is shown in the figure. 
‘ 


89. Curve tracing by composition of ordinates. Let it be 
required to trace a curve whose equation has the form 
(1) Y= AnD, 
where wu and v are any two expressions* in z. It may 
be possible, of course, y 
to trace such a curve 
by processes already 
developed, but a 
method that is often 
preferable rests on the 
following argument. 
For any given value of 
x, the ordinate of the 
curve (1) is evidently the sum of the ordinates of the two 
curves 


Fia. 77 


UY =A SU aU 


* Of any degree whatever. ‘The discussion is general. 
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If then these two curves be traced, any number of points 
can easily be plotted for the curve (1). 

This method is particularly useful in tracing a conic whose 
axes are inclined to the codrdinate axes. We have only to 
solve the equation as a quadratic in y (or in zx if the term 
in y’ is missing *), which exhibits y as the sum of the ordi- 
nates of two curves, one of which is a straight line, while the 
other is a conic with axes parallel to the codrdinate axes. 

Example: Trace the curve 

Yv—-2ay+y+e-1=0. 
This curve is a parabola, since 
Be-4AC=4-4=0. 
Solving for y, we find 
y=urtiv4r?—427?-—4274+4 
=Pt V1 — Zz. 
The ordinates of this 
curve are found by add- 
ing the ordinates of the 
straight line 
(2) y=u 
and the curve 
y=u V1 — x, 
that is, 
(3) y=1-—-7. 
Equation (3) when re- 
duced to a_ standard 
form is 
ae = — we —1)s 
this is a parabola with Fic. 78 
vertex at (1, 0), opening 
to the left. We now trace the curves (2) and (4) and locate 


* The case in which both square terms are missing is taken care of 
by § 88. 
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points on the required curve by adding (algebraically) the 
ordinates of these two curves. For a given value of x there 
are two points on the required curve, with ordinates 
y=x2+vi1—z, 
y=u- Vv L = fe 
For instance, when x = OM, the two ordinates are 
MP, = MR+ MQ, 
MP, = MR + MQ. 


Due regard must of course be paid to the sign of each seg- 
ment involved. 


EXERCISES 
Trace the following curves by the method outlined in § 85. 
1. zy = 2. 2 y = 2? + ay. 
3. y2 +2 ay = 1. 4. 22°-—32y+527—y =6. 


5. Apply the test of § 87 to the curves in Exs. 1-4. 


6. Prove that if the zy-term is present and either or both square 
terms are missing the equation of the second degree always represents a 
hyperbola. 


Determine the kind of conic represented by each of the following 
equations; remove the xy-term by rotation of axes, reduce the result- 
ing equation to a standard form, and trace the curve. 


7 2ey+1=0. 
8 52? —62y +5y? = 8. 
9. 92? 4+ 24 cy + 16y? + 902 — 130 y = O. 

Ans. (x — 1)? = 6 (y+ }). 
10. lla? —-24ey4+4y?+62+8y-10=0. 

Ans. 4 y? — (4 — 1)? =1. 
11. (@ —y)? =2 (a+ y). 
12. 22? -—38ay+2y? = 7. 
13. 832° +2V38ay+y2-82+8V3y4+4=0. 

Ans. 2? +4y+1=0. 


14. 5a? + 8ay+5yr+V202--V2y =0. 
Ans. @2? + (y — 1)? = 1. 


Y tH | “7 A hae ye ~ EGA? 3 as, 
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Air j 
ary 3 if = 8, { 
16. 1927+ 62y + ily? = 20. 


17. Prove that the equation zt + yt = + a4 represents a parabola, 
and trace the curve. 


18. Prove that if A and C have opposite signs the equation of the 
second degree always represents a hyperbola. Is the converse true? 


19. What is the condition that the general conic (23), § 85, be sym- 
‘metric with respect (a) to Oz? (b) to Oy? (c) to O? 


KB 20. Prove that if the first degree terms are missing the equation of 
the second degree represents a conic with center at O. Is there any 
exception? 


21. Prove that if the terms of the first degree are missing the equation 
of the second degree cannot represent a parabola. (Can it represent 
the limiting form of the parabola — viz. two parallel lines?) 


22. By means of formula (24) and the theorem of § 87, deduce the 
theorems of §§ 73, 76, 80. 


23. Prove that a conic is determined by five points. 


Trace each of the following rectangular hyperbolas by drawing the 
asymptotes and plotting a number of points. 


24. sy +6 =0. 25. zy¥+4y—3 =0. 
26. 32y+22+5y+1=0. 27. 22y —2z =5. 

28. zy —62—8y+20=0. 29. d2y—zx—y=0. 
Trace the following curves by composition of ordinates. 

30. 227 —2ay+y* i, 

31. 527?-—42y+y =4. 

32. 2 +22+y—4x4—2y =0. 

33. 822+12c7+9y+42+6y =6. 

34. 22y —y? —6x+13 =0. 

35. 2? —42y+5y? —202+42y+100 =0. 

36. 422? —42y = 1. 

37. 322?-2ay+y—52+4y7y4+3=0. 

38. 327 +62ry —9y +22 —-—18y =9. 

39. 2? -—6zy +10y?+82 —23y+10 =0. 

40. Trace the curve of Ex. 17 by compounding ordinates. 


ll 
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90. Limiting forms. The conic section has been defined 
geometrically in § 66; analytically it is the locus of an equa- 
tion of the second degree. We have also seen that an equa- 
tion of the second degree may represent a circle, a pair of 
straight lines, or an entirely imaginary locus; it remains to 
show how these limiting forms may arise as a consequence 
of the geometric definition. 


(a) The circle. Keeping the major axis of an ellipse fixed, 
let the eccentricity approach 0. Then 6 approaches a, since 
bt == a? (lL — e), 
and the ellipse approaches the circular form. At the same 
time the foci approach the center, while the directrices re- 
cede farther and farther. Thus we may say that the circle 
is the conic obtained when the focus is kept in the finite plane 

and the directrix is supposed to have receded indefinitely. 


(b) The pair of lines. Let the focus F lie on the directrix }, 
as in Fig. 79. Since 


@ —_— ana 
Pale? 
it appears that 
(1) ae *, 
. P’ where 
oe 24 IMMP. 


Fic. 79 


Thus the angle a@ is constant for all 
positions of P, and the locus therefore consists of all the 
straight lines that can be drawn through F making with the 


A : Nig alt 
directrix an angle a whose sine is me 


First, if e > 1, there are evidently two such lines (the 
lines PF and P’F in Fig. 79), the two values of a being sup- 
plementary. Thus the pair of real intersecting straight 
lines is a special case of the hyperbola. 

Next, keeping the points P, P’ fixed, let the directrix 
and focus recede to infinity. Then a approaches 90°, e 
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approaches 1, and the two lines become parallel: two parallel 
lines are a special case of the parabola. It should be noted 
that two coincident lines are obtained with:a focus and di- 
rectrix in the finite part of the plane, by merely taking e = 1. 

Finally, if e < 1, there is no value of a satisfying equation 
(1), and the locus consists of two imaginary lines, intersect- 
ing in the real point F’: a limiting form of the ellipse. 


(c) The imaginary ellipse. The entirely imaginary locus, 
mentioned in § 76, can only be obtained by taking an 
imaginary focus and directrix. For instance, if in the work 
of § 74 the semi-axis a be replaced by ki (where i = V— 1), 
so that the focus is the point (kez, 0) and the directrix the 


line x = 2, the equation of the ellipse turns out to be 


2 2 
gt+Gt1=0 
where 
b? == hk? (1 — e), 


91. The pair of straight lines. We will now derive the 
analytic condition that the general equation of the second 
degree 


(1) Az? + Bry + Cy? + Dx + Ey +F =0 


can be factored, and hence that the conic breaks up into two 
straight lines. 

By § 21, if the locus of equation (1) consists of the two 
straight lines 

y=me+kh y=maet+ hk, 

that equation can be written in the factored form 
(2) C (y — ma — k) (y — m’x — k’) = 0, 
and conversely. Now if we substitute the value ma + k for 


y in (2) the equation is satisfied identically; the same result 
must occur if we make the same substitution in (1), since.(1) 


140 ANALYTIC GEOMETRY 


is merely the expanded form of (2). Replacing y by mx + k 
in (1), we get 
Ax* + Bmx? + Bka + Cm?x? + 2 Cmkax 

+ Ck? ++ Dx + Emz + Ek + F = 0, 
or after collecting terms, 


(Cm? + Bm + A) 2? + (Bk + 2Cmk + D+ Em) x 
+ Ck?+ Ek+F = 0. 
This is an identity if 


(3) Cm? + Bm + A = 0, 
(4) Bk + 2Cmk + D+ Em = 0, 
Olas Ck? + Ek + F = 0. 
Equations (8) and (5) give respectively 

m = aes oa VBP FAG, 

eas 

ee ares oo VE EF, CF; 

substituting these values in ie we get 
1 BE 
BY ot OO i eee 0, 


or after isolating the radical, clearing of fractions, and 
squaring, 

(B2 — 4 AC) (HE? — 4 CF) = (2CD — BE). 
If we remove parentheses and divide by 4 C this reduces to 
(25) F (B? — 4 AC) + AE’? + CD? — BDE = 0, 


which is therefore the condition that the equation of the second 
degree shall represent two straight lines. 

In the above discussion it is tacitly assumed that C # 0. 
The process is easily modified to take care of the case in 
which C = 0, A #0, and the same result is obtained. If 
A =C¢ = 0, (1) has the form 


(6) Bry + Dx + Ey + F = 0. 
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This equation, if factorable, can evidently be written in the 
form* 

(7) B(« —h) (y—k) = 0. 
Since (7) is true identically when x = h (we might equally 
well, of course, use y = k), the same must be true of (6). 
The equation 

Bhy + Dh+ Ey+F =0 

is an identity if and only if 


Bh+ E =0, 
Dh+F =0. 

Eliminating h, we get 
BF — DE = 0, 


which is the form to which (25) reduces when A = C = 0. 
Thus the above result is true in all cases. 

Being given a factorable equation of the second degree, it 
is usually desirable actually to find the factors. This may 
be done by solving the equation as a quadratic in y (or in x 
if the term in y? is missing). This method fails when both 
square terms are missing, but in that case the two factors 
can always be found easily by inspection (cf. equation (7)). 

Example: Show that the equation 

20 ay — 44 ae ys 3 = 0 
represents two straight lines, and find the lines. 

Formula (25) gives 

3 (49 + 32) + 2 — 196 — 49 = 0, 
hence the equation represents two lines. To find the 
equations of the lines, we will solve for y: 
ie —Ta-1+V7e+1)?+16(22?°+72 +3) 

a —8 

_ —Tr#—-14+ V81 2 + 1262 +4 49 

= ie 
—7x—-1+(927+7) 


* Since B is necessarily different from 0. 
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which gives 

—8y=-T727-14+(924+7 
and 

—-8y=-—7x#-1-— (92+), 


e+4y+3=0, 
26 — y -- 1.= 0, 
The result may be checked by showing that these last two 
equations when multiplied together give the original equation. 
It should be noted that y must be expressible rationally in 
terms of x (i.e. without having 2 under the radical sign), so 
that when the equation is solved for y the quantity under the 
radical sign must be a perfect square; this fact gives a pre- 
liminary check on the work. 


or finally 


f 92. Conic through five points. The equation 

(1) Av? + Bry + Cy2+ Dx + Ey + F =0 

contains five essential constants, viz. the ratios of any five 

of the quantities A, B, C, D, E, F to the sixth. It follows 

that a conic may be made to pass through any five points. 

Substituting the codrdinates of these points in (1) in turn, we 

obtain five linear equations to determine the five ratios; thus 

through five given points only one conic, in general, may be 
drawn. 

To find the equation of the conic determined by five 
points, we might, of course, 
actually write out the five 
linear equations above men- 
tioned and solve them for 
five of the constants in terms 
of the sixth. The following 
method, however, is some- 
what shorter. 

Let the five given points 
be» Pi, Po, tha when ae LOL 
the present we will leave one 
of the points, say P;, out of consideration. Write the 
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equation of the line through the points P;, P, and denote its 
equation by 
(1) u=0, 
where uv of course is a certain expression of the first degree 
in z and y. Again, write the equation of the line through 
P;, 1 Or call it 
(2) g = 0. 


Similarly write the equations of another pair of lines through 
the four points, say 


(3) w=0 
through Pi, ce and 
(4) t=0 


through P2, P3. 
Now let us multiply together equations (1) and (2), 
forming the equation 


(5) w = 0; 
similarly form the equation 
(6) wt = 0. 


By § 21, the locus of equation (5) is the two straight lines 
(1) and (2) taken together, while (6) represents the lines 


(3), (4). 
Next, form the equation 
(7) w+ kut = 0, 


where k is an undetermined constant. By § 57, the locus 
of (7) is a curve passing through the points of intersection 
of the curves (5) and (6), ie. through the points P;, Po, 
P;, Ps. But since equation (7) is evidently of the second 
degree it represents a conic section. If we determine k so 
that this curve shall pass through P;, it will be the desired 
conic. 
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93. Parabola through four points. In the case of the pa- 
rabola, one relation is given among the constants, viz. 
(1) B-—-4AC =0; 


hence a parabola can be passed through only four points. 
Since this relation is of the second degree in the constants, 
while the four equations arising from the substitution of the 
coordinates are linear, it follows that through any four 
points two parabolas may be drawn, in general. These 
parabolas may of course be real and distinct, real and co- 
incident, or imaginary. 

To determine the parabolas through four points by the 
method of § 92, we form the equation 

uw + kwt = 0 


as in that article and then determine k by the condition (1). 


EXERCISES 


Show that the following equations represent pairs of lines, and find 
the equations of the lines. 


1 2@—y+4e2-10y=21. Ans.c—y=3,2+y4+7=0. 
. 622 —szy —y+122-—6y =0. 

- 22y +1027 —3y = 15. 

e+y—22+10¥y+26=0. Ans. y= —5 tit (e —1). 
227 -—4ay+7¢e¢—-2y+3=0. 

7 —-6ey +927 =62—-—2y. 


an ® w Pw 


7. Determine k so that the equation 32? — 32y —y?-z+k=0 
shall represent a pair of lines. 


8. Determine k so that the equation 2 27+2 y%-—4y+k=0 
shall represent two straight lines. 


Find the equations of the following conics; determine the species, and 
check the results. 
9. Through (0, 0), CL, 0), (0, 2), (3, 1), eS i 2). 
Ans.x? + ay +9y?—2-—18y =0. 


10. Through (2, DF Os 2, D; (1, 2), C= Il a 2), (= 2, = 1). 


‘bile 


12. 


13. 


14. 
15. 
16. 


THE CONIC SECTIONS 145 
Through (2, 4), teas 3, a 1); (0, 5), (3, 2), (3, 3). 
Ans. y2>+2x2—5y =0. 


Through (5, 3), (= i, 6), (3, 0), (al 2), (8, 4). 
Ans. 158 2? — 381 zy — 314 y? + 218 x + 1859 y — 2076 = 0. 


Parabola through (0, 0), (9, — 3), (1, 1), (, 2). 
An. yy=23 @—Tx+6y =0. 


Parabola through (2, 1), (6, 9), (— 4, 4), (— 12, 36). 
Parabola through (1, 1), (7, — 2), (8, 2), (7, 3). 


Prove analytically that a pair of lines is determined by four 


points, and that through four points three pairs of lines can be drawn. 


CHAPTER VII 
THE PARABOLA 


94. Introduction. In the previous chapter we have 
learned how to write the equation of a conic from the defini- 
tion, and have also developed methods for tracing the curve 
when its equation is given. It remains to investigate the 
properties of the conics by analytic methods; this will be 
done for the parabola in the present chapter. 

For convenience, the geometric properties of the curve — 
i.e. those properties that depend upon the form of the curve 
and not upon its position with regard to the codrdinate 
axes — will as a rule be deduced by use of the equation 


\ 


y? = 4 a0. 


This of course does not impair the generality of the results. 
We begin with a list of exercises that can be solved by 
means of the theory already developed. 


EXERCISES 


In Exs. 1-5, in addition to the given data, how many points are 
required to determine the parabola? Give reasons. 


1. Vertex and directrix given. 

2. Vertex and axis given. 

3. The direction of the axis given. 
4. The vertex given. 

5. The axis given. 


Find the equations of the following parabolas. 
6. With vertex at O, axis coinciding with Oz, and passing (a) through 
(— 1, — 6); (6) through (4, — 2). 


7. With vertex at O and focus (0, — 2). 
146 
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8. With vertex (2, 3) and focus (, 3). 
9. With vertex (— 1, — 2) and focus (— %, — 2). 
10. With vertex (2, 4) and directrix c = 4. 
11. With vertex (0, 2) and directrix 32 +2 =0. 
12. With vertex (6, — 1) and directrix 4y — 3 =0. 
12. With vertex (2, 5), axis parallel to Oz, and latus rectum 3. 
14. With focus (1, 6), axis parallel to Oy, and latus rectum 6. 
16. With vertex (— 2, 1), axis parallel to Ox, and passing through 


16. With vertex on Oy, axis parallel to Ox, and passing through 
(4, 3), (2, 4)- 


17. With vertex on the line « = 2, axis parallel to Oz, latus rectum 
6, and passing through (8, 3). 


18. With axis ¢ = 3, and passing through (2, — 3), (5, — 6). 
Ans. (4 ~— 3)? = —2 (y + 4). 


19. With axis parallel to Oy, and passing through (0, 0), (1, 3), 
(4, ~—2). 


20. With axis parallel to Ox, and passing through (2, 0), (— 1, 1), 
(— 2, 2). Ans.’ —~-2-4y4+2=0. 


21. Find the locus of the center of a circle which passes through 
(2, 1) and touches the line x = 10. 


22. Find the equation of a circle which passes through the points 
(0, — 5), (— 3, — 4) and touches the line y = 5. 
Ans. + uf = 25; (4 + WO)? + (y + 180)? = (135) 


23. Find the locus of the center of a circle which touches the circle 
oP + = 16 and the lines = 6. Trace the locus. 
Ans. if? = — 2 (x — 5). 


24, Find the locus of the center of a circle which touches the line 
g =2and the cirde # +y¥ = 16. Trace the curve. 
Ans. ff? = —12 (¢ —3),¥% =4(e¢4+1L. 


25. Find the locus of the center of a circle which touches the circle 
P+y=22+1 and the liner +y7+10 =0. 
Ans. 2 —-2ry+¥ —We —-by — 62 =0. 
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95. Similar and equal geometric figures. In geometry, 
two sets of points Pi, Po, Ps, +++, 


Ne Q:, Q2., Q3, ++ are said to be simalar 

7 : : 
Fs if they can be so placed with refer- 
wee ence to a point O that every line 
joining O to a point of the first set 
ee passes through the corresponding 
gee point of the second set — i.e. that 
OF the lines OP;, OP2, OP;, +++ pass 
Sia through Q;, Qs, Q3, - - respectively — 
as and that further the point O divides 
nt each of the segments P:Q1, P2Qz, 
“\, PsQs, +++ in the same ratio— i.e. 

Fic. 81 that 


OPj. OP 2 UP, t 
OQ: O02 O0s 


where k is a constant. When the points are actually placed 
in such a way that these conditions are satisfied they are 
said to be similarly placed, and the point O is called the center 
of similitude. Figure 81 shows two similar sets of points 
similarly placed with respect to the point O as center, the 
ratio k being equal to 4. 

Two geometric figures of any kind are said to be 
similar, or to have the same shape, when the sets of points 
composing the figures are similar. For example, all circles 
are similar; two triangles are similar if their angles are 
equal; etc. 

Two similar figures are said to be equal * if they have the 
same size —i.e. if they can be made to coincide by super- 
position. Two circles are equal if their radii are equal; 
two triangles are equal if the three sides of one equal respec- 
tively the three sides of the other. 


=k, 


96. Similarity and equality of parabolas. By § 69, the 


*In some texts the word congruent is used instead. 
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polar equation of a parabola with focus at the pole and axis 
coinciding with the initial line is 
l 


sires 
Let 
(1) donate | + cos 6 Pp e 
and 
na ly 4g 
(2) ey + cos 6 . 


be the equations of any two para- 

bolas in this position. Let P and Q 

be the points on the two curves 
corresponding to any value of 06; 

then by (1) and (2) the corresponding Fia. 82 
values of r are 


ee lee 
= 1 + cosé 
and ‘i 
Oe 1 + cos 0 
Dividing, we find 
Oe ithe 
OOM’ 
since ' is constant (i.e. independent of @), we have proved the 


TueEorEM: All parabolas are similar; if two parabolas have 
the same focus and axis they are similarly placed, with the com- 
mon focus as center of simalitude. 

Since all parabolas have the same shape, it is evident that 
the size is determined by a single magnitude, e.g. the dis- 
tance from the vertex to the focus; in other words, two 
parabolas are equal if the distance from the vertex to the 
focus is the same for each. 


97. Geometric problems involving the parabola. An 
important part of elementary geometry consists of the so- 
lution of so-called “problems,”’ in which it is required to 
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make certain geometric constructions from given data. In 
the solution of problems two fundamental assumptions are 
made, as follows: 

A straight line can be drawn uf two of its points are given. 

A circle can be drawn if its center and radius are given. 

That is, it is assumed that the straight-edge and compass 
can be used. 

A variety of interesting geometric problems arise in con- 
nection with he parabola, in many of which we have ac- 
tually to draw the curve. While any number of points on 
a parabola can be constructed by means of the ruler and 
compass if the focus and directrix are given, yet those in- 
struments do not suffice to trace a continuous are of the curve; ~ 
it is therefore necessary to assume that some new instrument 
or device is available by means of which the curve may be 
drawn*. That is, we lay down a third assumption: 

A parabola can be drawn if its focus and directrix are given. 


Examples: (a) Given the axis, vertex, and one point of a 
parabola, construct the curve (i.e. find the focus and di- 
rectrix). 


s Let AA’ be the axis, V the 
vertex, and P a point on the 
curve. The required construc- 

Ae ay M A’ tion suggests itself as follows: 
Fic. 88 Drop a perpendicular PM from 


* A device for tracing an arc of a parabola is as follows: Place the 
base AB of a right-angled triangle ABC upon 
the directrix \; take a string of length BC and 
fasten its ends at C and F. Then as the base of 
the triangle slides along the directrix a pencil 


keeping the string taut at P traces an arc of the A 
curve. For, \e 
CB =CP +PF, 
or 
CB —CP = PF; 
that is, r 


PB = PF. Fie. 84 
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P to the axis, and denote VM by z, MP by y. Then we 
know that 
(1) y? = 4 ax, 
where a is the unknown distance from V to the focus. Our 
problem thus takes this form: If x and y are given lengths, 
solve equation (1) geometrically for a. 
Now if we write (1) in the form 

eel y 

y 4a 
it appears that the latus rectum 4 a is a third proportional 
to x and y. To find a third proportional to two given seg- 
ments is a familiar problem of elementary geometry. The 
remainder of the construction, and the proof, are left to the 
student. 

It should be observed that the above discussion is couched 
in the language of analysis merely for convenience: the ar- 
gument is entirely independent of any codrdinate system. 
The service rendered by analysis lies further back, viz. in 
helping us to establish the characteristic geometric property 
of the parabola represented by (1) (cf. § 72). 

(b) Construct a circle to pass through two given points 
and touch a given line*. 

Let Pi, P2 be the given points 
and } the given line. 

Construction: Erect the per- 
pendicular bisector AB of the 
line joining the given points. 

Draw the parabola having P; 
as focus and } as directrix. 

The points Ci,-C, where AB 
intersects the parabola are the 
centers of two circles satisfying 
the given conditions. 

The proof is left to the student. 

* This problem can be solved by the ruler and compass, but the 
method is much less obvious than the one here used. 


Fia. 85 
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EXERCISES 


1. Show that any two straight line segments are similar, and that 
they may be similarly placed in infinitely many positions — i.e. that 
they have an infinite number of centers of similitude. 


2. Prove (a) geometrically, (b) analytically, that if two circles are 
tangent to each other, the point of contact is a center of similitude. 


3. Prove that the point of intersection of their common tangents 
is a center of similitude for two circles. 


4. How many quantities (angles, lengths, etc.) must be given to 
determine each of the following figures in shape? In both shape and 
size? 

(a) A square; (b) a triangle; (c) a rectangle; 
(d) a sphere; (e) a right circular cone; (f) a cube. 


5. Derive the polar equation of a parabola with vertex at the 
pole and focus at (a, 0), (a) directly, (6) by transforming the equation 
y? = 4a. Ans. r sin 6 tan @ = 4a. 


6. Using the result of Ex. 5, prove that two parabolas having the 
same vertex and axis are similarly placed, with the common vertex as 
center of similitude. 


7. Derive the polar equation of a parabola with the directrix as 
initial line and the focus at (2 a, 5): 
Ans. r? cos*@ — 4arsiné@ + 4a? = 0. 


8. Prove that two parabolas having the same directrix and axis are 
similarly placed. Where is the center of similitude? 


9. Show in detail how to construct points of a parabola if the 
focus and directrix are given. 


10. Complete the construction and give the proof in example (a), 
§ 97. 


11. Given a parabola with its vertex, construct the axis. 
12. Given a parabola with its focus, find the directrix. 
18. Given a parabola with its directrix, find the focus. 


14. Given the directrix and two points of a parabola, find the focus. 
How many solutions are there, in general? Discuss exceptional cases. 


15. Given the focus and two points of a parabola, find the directrix. 
How many solutions are there? 
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16. Given the directrix, the tangent at the vertex, and one point, 
construct the focus. 


1 


ll 


17. If x, y, and b are given lengths, solve the equation < eS 
geometrically for a. 

18. Given the lengths a, b, and y, solve the equation a+ =1 
geometrically for x. 

19. Find y geometrically from the equation y = mz + }, if x and 
b are given lengths and m is the ratio of two other lengths. 

20. Find y geometrically from the equation y? = 4 az, if a and x 
are given distances. 


21. Given the axis, focus, and one point of a parabola, construct the 


directrix. (Use the property r = ) 


1+ cos 6 
22. Given a parabola and its vertex, find the focus without using 
the property y? = 4 az. 
23. Give the proof in example (6), § 97. 
24. Solve example (6), § 97, by another method. 


25. In example (6), § 97, discuss the following cases: 
(a) P,, Pz on opposite sides of A; 
(b) P: lying on ); 
(c) X perpendicular to PiP2; 
‘(d) perpendicular to PP. at P1; 
(e) parallel to PiP2. 


26. Draw a circle of given radius passing through a given point 
and touching a given line. Solve by two methods. 


27. Construct a circle passing through a given point and touching 
two given lines. How many solutions are there? Discuss special cases. 


28. Construct the locus of the center of a circle touching a given 
line and a given circle. Consider the cases in which the given line and 
circle (a) do not intersect, (b) do intersect. 

29. Draw a circle touching two given lines and a given circle. De- 
termine the number of solutions in each of the following cases: 

(a) neither line intersecting the given circle; 
(b) one line intersecting the circle; 
(c) both lines intersecting the circle. 
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98. Tangent at a given point. The tangent to a parabola, 
or in fact to any conic, at a given point on the curve can be 
found by the condition for tangency (§ 52). It is easy, how- 
ever, to devise a method based directly on the definition of 
tangent (§ 51), which is somewhat shorter, and much more 
general in that it applies to curves of any degree as readily 
as to the conics. We will begin by applying this method to an 


Example: Find the tangent to the parabola 


y Q) yw—-—-38¢-y+i=0 
: at the point P: (1, 2). 
P Choose a point P’ on the 
PZ _Ip 5 
curve near the given point, 


and denote the distances 
PR, RP (fig, 86) by 7 Az, 
Ay respectively, so that 
the codrdinates of P’ are 
0 (1+ Ar, 2+ Ay). Since P’ 
lies on the curve, its co- 
ordinates may be substituted 
for x and y in equation (1). 
Fic. 86 This gives 


(2 Ay) ead (1 Ag) (2 Ay) eles O, 
which reduces to 
3 Ay + Ay’ — 3 Ax = 0. 


If this equation be divided through by Az, it may be written 
in the form 


Ay | AV, 32 
(2) Jee ia 
The quantity a! occurring here is evidently the slope of the 


secant PP’. If now we let Az approach 0, so that P’ ap- 
proaches P along the curve, Ay will also approach 0, but 


* Read: delta 2. 
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3 AN 3 air tuae 
by § 51 the ratio e will approach as its limit the slope m of 


the curve at P. Hence, when Az approaches 0, (2) becomes 
3m —3 = 0. 


(In the second term, wu Ay, the factor 7 approaches m 


while the factor Ay approaches 0, so that the whole term 
approaches 0.) Thus 


m=1, 
and the equation of the tangent is 
y—2=27-1. 


The essential steps of the method may now be sum- 
marized as follows: 

To find the slope m of a given curve at a point P: (x, y1) on 
the curve, choose a neighboring point P’: (a + Ax, yi + Ay) 
on the curve, substitute the codrdinates of P’ in the equation of 
the curve, and simplify. Divide through by Ax. Let Ax ap- 
Ay 
Ax 
solve for m. 

As a further application of this method let us find the 
tangent to the parabola 
(3) y? = 4ax 
at any point (2, y:) on the curve. Substituting the co- 
ordinates of P’: (a, + Az, y: + Ay) in (3), we get 


proach 0, at the same time approaching the value m, and 


(4) ye + 2y, Ay + Ay = 4am, + 44 dz. 
Since (21, yi) lies on the curve we have 
(5) y? = 4 an, 


whence (4) becomes 
2y, Ay + Ay’ = 4a Az, 
or 
Ay AY Ay = 
291 Ax + ne Ay = 4a. 


When Az approaches 0, this reduces to 
2yim = 4a, 
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or 


The desired equation is therefore 


2a 
y—h = — (@&— 2m), 
Y1 
or 
yy — ye = 2ax — 2 an. 
Simplifying by means of (5), we obtain the result: 
The equation of the tangent to the parabola 


y? = 4ax 
at the point (21, yi) on the curve is 
(1) yy = 2ax + 2x. 


99. Normal; subtangent; subnormal. A line perpendicu- 
lar to the tangent at a point of a 
curve is called the normal to the 

P curve at that point. The equa- 

tion of the normal can evidently 

be written down at once when 
that of the tangent is known. 

O}-r MN If the tangent and normal at 

a point P of a plane curve cross 

the z-axis at T and N respec- 

tively, and if M is the foot of the ordinate of P, then the 
distances 7M and MN are called the subtangent and the 

subnormal corresponding to the point P. 


y 


Fia. 87 


100. Subtangent and subnormal for the parabola. By 
§ 98, the tangent to the parabola 


y? = 4ax 
at P: (a1, y:) is 
yy = 2ax + 20%. 


The x-intercept of this line is 
OT =-—- 1), 
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so that the subtangent is 
TM =2%. 
We have thus proved that the subtangent for the parabola 
y’ =4 az is bisected at the vertex. 
The slope of the tangent at P 


is oi ; therefore the equation of 
1 


the normal at P is 
eetny wee eu es 
fyi ot (2 = %). 


The z-intercept of this line is 
ON = 1+ 2a, 

so that the subnormal is 
MN = 2a: 

i.e. the subnormal is constant, and equal to the distance from 

the directrix to the focus. 


Fig. 88 


EXERCISES 
Find the tangent and normal to each of the following curves at the 
points indicated. 
1. y+32 = Oat (— 38,3). 
. 3y% = 2-2 at (6, — 2). 
v+4y=O0at(-—2, —1). 
2y—52+4y+15 =Oaty = -2 
y = 322 — « at the origin. 
(w@ + 1)? = 2 (y — 8) at (1, 5). 
(y — 3)? = — (w@+3) aty =0. 
v2—42y+4y?+22 =0 at the origin. Ans. x = 0: 
(832—-y)?+2¢+y = dat (1, 3). Ans.22+y =5. 
xz* = 4ay at (21, y1). 
. gee — Gy bee = Oat (22, 4s). 
Ans.yiy +2 (+m) -38y¥+m) +2 =0. 
. 227-382 —-—5y = Oat (x1, 1). 
Ans. 4m¢ —3 (2 +%1) -5(y+y:) = 0. 


SHA BRA R ww 


BR 
= © 


rary 
iS] 
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13. y=2—322+ 22 —2at (1, — 2). Ans. cty+1=0. 
14. Find the slope of the curve y = 223 +42? —x2-+ 8 at (z,y). 
Ans. 627+82—1. 


15. By the method of § 98, find the tangent to the circle x? + y? = 10 
at the point (3, 1). 


16. Find the tangent to the circle 2? + y? = a? at (a1, yi). 
17. Prove that every normal to a circle passes through the center. 


Find the angle between the following curves at each of their points of 
intersection. 


185 42 = 2, 2y =a. Ans. ¢ = arctan 2; # = arctan 3. 


19. @—2y)?+32—-—-2y-12=0,y=2742. 
Ans. ¢ = arctan 75; ¢ = arctan 2x. 


20. 2+y=4, y2 =3x. Ans. = arctan § V3. 
21. y+t4e—4y=0, Bxe-—y)?+u=y. 
Ans. = 0; ¢ = arctan #; ¢ = arctan 73. 


22. Prove that two equal parabolas with the same focus and axis, 
but opening in opposite directions, intersect at right angles. 


23. In Ex. 6, find the subtangent and subnormal corresponding to 
the given point. Ans. Subtangent = §, subnormal = 10. 


24. In Ex. 9, find the subtangent and subnormal corresponding to 
(1, 3). 


25. For the curve y =1—22+32? — 23, find the subtangent 
and subnormal corresponding to the point x = 3. 


26. State the two results of § 100 in the form of general theorems 
applicable to all parabolas. 


27. Given a parabola and its vertex, construct the tangent and 
normal at any point. 


28. Given the axis, vertex, and one point, construct the curve. 


29. Given the axis and one point of a parabola, with the tangent 
at that point, construct the curve. 


30. Prove that any tangent to a parabola intersects the directrix 
and the latus rectum’ (produced) in points equally distant from the 
focus. | 
j 
| 


«i Yi Li el 45 
) 
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101. Tangents having a given slope; tangents drawn 
from an external point. To find a tangent to a parabola 
when the slope m is given, we need only assume the equation 
of the required tangent in the form 


y=me+k, 


and determine k by the condition for tangency precisely as 
in § 58. Similarly we may avail ourselves of the method 
used in the example of § 55 to find tangents to a parabola 
through an external point. In fact, it is clear that all 
those methods of Chapter V (The Circle) that were based 
on the use of the quadratic discriminant may be used with- 
out the slightest change to solve similar problems not merely 
for the parabola, but for any conic. 
As an illustration, let us determine k so that the line 


(1) y=me+k, 
where m is supposed known, shall touch the parabola 
(2) ay? == 4 Oe. 


Substituting the value of y from (1) in (2) and collecting 
terms, we get 


mx? +2(mk —-2a)ce+h? =0. 


The condition 


b? —4ac=0 
gives 
4 (mk? — 4amk + 4a?) — 4 mk? = 0, 
whence 
pee 
m 
Thus the line 
a 
(2) y=mx+— 
is tangent to the parabola 
y? = 4axr 


for all values of m. 
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(102. Number of tangents through a given point. Let 
M P: (a, y:) be a point outside the para- 
bola 
y? = 4a0, 

and assume first that 2, has the same 
sign as a (thus if a is positive, for 
instance, P lies in the first or the fourth 
quadrant). Then the ordinate of P will 
intersect the parabola: denote the point 
of intersection by Q: (a, y). Now 
since Q is on the parabola we have 


ye? = 4 ar. 
Fia. 89 But since 
yr = Y2", 
it follows that 
yy > 4 aX, 
or 
(1) yy —4 ax, > 0. 


If x, = 0, or if z, and a have opposite signs, it is obvious 
at once that (1) holds. Hence this inequality is true if P 
is any point outside the parabola. 

In a similar way it can be shown that 


yy —4axm <0 
if P is inside the parabola, while of course 


v—4az, = 
if P is on the curve. 
Now let 


a 
ahd aan re 


be a tangent to the parabola through P. Since P is on this 
line, we have 


(2) Yi = Mx, + on 


or, clearing of fractions and transposing, 
am — ym +a = 0. 


Sy! ae acne / Rees ae" « f wea: en far 
ke U PU fj} 
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The roots of this quadratic in m are real and distinct, equal, 
or imaginary, and hence through P there are two, one, or no 
tangents, according as y;” — 4 az; is positive, zero, or nega- 
tive. Thus we have proved the 

THEOREM: Through a point P two tangents, one tangent, or 
no tangents can be drawn to a parabola according as P is out- 
side, on, or inside the curve. 


103. Two geometric properties. The results of §§ 98, 
100, 101 enable us to es- 
tablish in a variety of ways 
the following important 
theorems concerning the 
parabola. 

THeoreM I: The tan- 
gent bisects the angle be- 
tween the focal radius drawn 
to the point of contact and 
the line through that point 
parallel to the axis.' 

TueorEM II: The foot 
of the perpendicular from 
the focus upon any tangent 
lies on the tangent at the Aes 
vertex. 

That is, in Fig. 90, the line PT bisects the angle FPL, 
and the line FL intersects PT on the tangent at V. 

The proof of these theorems is left to the student. 


EXERCISES 


Find the equations of the following tangents. 
i. To the parabola 222+32=3y parallel to the line 


2e+2y=1. Ans. 2x+2y+3 =0. 
2. To the parabola y? -6x2+5y-+1 =0 perpendicular to the 
linex+3y = 5. Ans. 24% —-8y+5=0. 


8. To the parabola 3y2-—2+7y+5 =0 parallel to the line 
4x —3y = 10. Ans. 1922 — 144y = 335. 
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4. To the parabola 42? — 122y +9y?+32 —2y =0 perpen- 
dicular to the line 22+3y+5 =0. Ans. 3x2 —2y =0. 
5. To the parabola (22 — y)? = y parallel to the y-axis. 


6. To the parabola 2? = 3 y through the point ( — 2, 1). 
Ans. 2x2 +y+3=0,2¢2¢+3y+1=0. 


7. To the parabola x? —-52+4y+6 = 0 through the origin. 
Ans. y = (§ + 4 V6) z. 
8. To the parabola 2 y? —-32+4y+3 = 0 through (11, 4). 
9. To the parabola 22? — 4 zy + 2 y? = x through (— 2, — 2). 
10. To the parabola (x — y)? = x through the point (0, 1). 


11. Find the equation of a parabola with vertex at O, axis coinciding 
with Ox, and touching the line y = 32 + 4. Ans. y? = 48 x. 


12. Find the equation of a parabola with vertex at (2, 1), axis 
parallel to Oz, and touching the line y = 2 +1. 

Ans. (y — 1)? = 8 (x — 2). 

13. Find the equation of a parabola with vertex at (4, — 1), axis 
parallel to Oy, and touching the line y = 3. 

Ans. 922 — 72% + 52y + 196 = 0. 

14. Prove that only one tangent to a parabola can be drawn parallel 
to a given line. 

15. Show that no tangent can be drawn to a parabola parallel to its 
axis. 

16. Prove that the quantity x? + y? — a? is positive, zero, or nega- 
tive according as the point (x1, yi) is outside, on, or inside the circle 
x? + y? = a’. 

17. Using the formula of Ex. 18, p. 83, prove that'two tangents can 
be drawn to a circle through an external point. 


18. Prove that the tangents drawn to a parabola from any point of 
the directrix are perpendicular. 


19. State and prove the converse of the theorem of Ex. 18. 


20. In Fig. 90, prove that 
FP = FT = EN. 


21. Prove Theorem I, § 103, geometrically. 
22. Prove Theorem II, § 103, geometrically. 


23. Prove Theorem II, § 108, analytically, using the formula (1) 
of § 98. 


ee we 
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24. Prove Theorem II, § 103, by means of formula (2), § 101. 


25. Given a parabola and its vertex, construct the tangent and 
normal at any point by a new method. (Ex. 27, p. 158.) 


26. Given the axis and one point of a parabola, with the tangent 
at that point, construct the curve. (Ex. 29, p. 158.) 


27. Prove in a new way that any tangent to a parabola intersects 
the directrix and the latus rectum (produced) in points equally distant 
from the focus. (Ex. 30, p. 158.) 


28. Given the axis, the focus, and any tangent, construct the directrix 
by two methods. 


29. Given the focus, and any tangent with its point of contact, 
construct the directrix. 


30. Given the directrix and one point, with the tangent at that 
point, find the focus. 


31. Given the tangent at the vertex, and one other tangent with its 
point of contact, construct the curve. 


32. Given the focus and two tangents, find the vertex. 


33. Given three tangents, of which one is the tangent at the vertex, 
construct the curve. 


104. Chord of contact. If tangents are drawn to a conic 
through an external point P, the 
line through the points of contact 
is called the chord of contact cor- 
responding to P, with reference to 
the given conic. 

To find the chord of contact 
corresponding to the external point 
P: (a1, y1) with respect to the par- 
abola 

y* = 4 az, 
we may proceed exactly as in § 56. 
Let QR (Fig. 91) be the required 
chord, and let the codrdinates of 
Q and R (which are of course un- 
known) be denoted by (22, yz) and Fie. 91 
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(x3, y3) respectively. Then by (1), § 98, the equation of the 
tangent at Q is 

yy = 2ax + 2 ar, 
that of the tangent at RF is 

ysy = 2ax + 2 arg. 
By hypothesis, both these lines pass through P: substituting 
the codrdinates of P for x and y in the two equations we ob- 
tain the relations 


(1) YoY = 2a, + 2 are, 

(2) Ysyi = 2 ax, + 2 azz. 
Consider now the straight line 

(3) yy = 2ax+2an. 


This line passes through Q, for if we substitute in (3) the co- 
ordinates (2, y2) we obtain (1), which is known to be true. 
Similarly we see from (2) that the line (3) passes through R. 
This line is therefore the required chord of contact. Hence: 

If the point P: (a1, y1) is outside the parabola 

y*? = 4az, 

the equation 
(3) yy = 2ax+2ax, 
represents the chord of contact corresponding to P. 


105. Loci by elimination of parameters. A type of locus 
problem superficially, though 
not essentially, different from 
the type discussed in § 28 is 
illustrated by the following 


Example: Find the locus of 
the midpoints of chords drawn 
through a fixed point on a 
circle. 

Take the equation of the 
circle as 

a+ yy? = a?, 
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and the point on the circle as A: (a, 0). Suppose any one of 
the chords to intersect the circle at a point Q, whose coér- 
dinates may be denoted by (xg, ye), and let P: (a, y) be the 
midpoint of AQ, so that P is a general point on the locus. 
The coérdinates of Q are of course unknown, and in fact are 
variables. Our problem is to find an equation involving z 
and y but not zg or Ya. 
Since P is the midpoint of AQ, we have 


(1) t= 3% (a+ 29), 
(2) = 3 Ya 

The fact that Q lies on the circle gives 
(3) tg’ + Yq? = a?. 


By (1) and (2), 
%q@= 22 —- a, 


Yo = 2y; 
substituting in (8), we find the equation of the locus to be 


(22 —a)?+4y? = a’, 
or F 
(x —fa)?+y? = ta?: 


a circle of radius 4a with center at (4a, 0). 

The type of problem above referred to is thus seen to be 
one in which it is difficult or impossible to obtain the equation 
of the locus directly, but where it is easy to obtain a number 
of equations involving x, y, and one or more auxiliary vari- 
ables, called parameters. If then the parameters be elimi- 
nated, the result is the ordinary equation of the locus. 

It will be recalled from algebra that to eliminate n vari- 
ables, n + 1 equations involving them are required. Thus 
in this type of problem the number of equations that are 
obtained involving the parameters must be one greater than 
the number of parameters: in the above example three equa- 
tions were obtained involving the two parameters Ze, Yo. 
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EXERCISES 


1. From the theory of § 104, devise a new method for finding the 
equations of tangents to the parabola y? = 4ax through an external 
point. Apply this method to find the tangents to the parabola 
y? + 82 = 0 through (3, 1). 


2. Find the tangents to the parabola 3 y? = 5 x through (— 38, 2). 
Find the tangents to the parabola 2 y? = x through (1, 3 
Find the tangents to the parabola 3 y? + 4x = 0 through (0, 3). 


Solve Ex. 4 by means of the quadratic discriminant. 


a 


. Show that the chord of contact corresponding to any point on 
the Airset passes through the focus. 


7. State and prove the converse of the theorem of Ex. 6. 


8. Prove that if a point lies on the latus rectum (produced), its 
chord of contact passes through the point of intersection of the axis 
and the directrix. 


9. The points P:, P2 being external to a parabola, prove that if 
P, lies on the chord of contact corresponding to P2, then Pz» lies on 
the chord corresponding to P1. 


10. From the theorem of Ex. 9 devise a method for constructing 
the tangents to a parabola through an external point. 


11. Show that the z- and y- intercepts of the chord of contact cor- 
responding to (x1, y1) with reference to the standard parabola are — 2 


and = respectively. Hence devise a second construction for the 
tangents through an external point. 
12. Draw the tangents to a parabola through any point on the axis. 
13. Using the chord of contact, prove the theorem of § 102. 


14. Find the locus of the midpoints of the ordinates of the circle 
ety =a’. Ans. 2?+4y? = a2, 

15. Find the locus of the midpoints of the ordinates of the parab- 
ola y? = 4 az. 

16. Perpendiculars are dropped from the points of the parabola 
y? = 4az to the tangent at the vertex. Find the locus of the mid- 
points. 


17. Solve Ex. 16 if the perpendiculars are dropped to the directrix. 
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18. Find the locus of the midpoints of the focal radii of a parabola 
(lines from the focus to the points of the curve). Ans. y? = 2azr — a’. 


19. Solve Ex. 18, using polar coérdinates. 


20. Find the locus of the midpoints of the focal chords of a parab- 
ola. 


21. Find the locus of the point of intersection of perpendicular 
tangents to a parabola. Ans. The directrix. 


22. Two tangents to a parabola make complementary angles with 
the axis (i.e. mm’ = 1). Find the locus of their point of intersection. 
Ans. The latus rectum. 


106. Diameter of a conic. A diameter of a circle has been 
defined in § 45 as a line through the center. However, 
since every line through the center bisects a certain system 
of parallel chords, and no other line does so, we might 
equally well define a diameter as the locus of the midpoints 
of a set of parallel chords. 

In introducing the term with reference to the conics, the 
latter definition is adopted: a diameter of a conic section is 
the locus of the midpoints of a system of parallel chords. 
~Tt is not obvious from this definition that a diameter of a 
conic is a straight line; it will be shown, however, that such 
is the case. Further, it will appear that, for the ellipse and 
hyperbola, the definition of diameter as a straight line 
through the center would be equivalent to the definition 
just given. 


107. Diameter of a parabola. To investigate those = 


properties of the parabola which involve diameters, we will 
assume the equation of the parabola in the form 
(1) y? = 4az. 
Let 

y=mz-+k, 
where m is given and k is arbitrary, denote a family of parallel 
chords of the parabola. To find the diameter bisecting this 
system of chords, we must obtain an equation satisfied by 
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the codrdinates of the midpoint of any of the chords: i.e. 
an equation involving a and m but not involving k. 

Let Pi: (21, y:) and Pe: (a2, y2) be the endpoints of any 
chord 
(2) y= mr + k, 
and let P: (x, y) be the 
midpoint, so that P isa 
general point on the locus. 
Now since P lies on the 
chord, we have in (2) an 
equation involving the 
coordinates of P, but also 
containing the variable 
parameter k. According 
to the method of § 105, 
if we can find a second 
equation involving 2, y, 
and k, the result can be obtained by elimination of k. 

Let us proceed to solve (1) and (2) as simultaneous equa- 
tions. Substituting for y* in (1) from (2) we get 

mx? + (2km —4a)a+h=0. 

Now the roots of this quadratic in x are the abscissas 2, 2 
of the endpoints P, P2. By § 49, their sum is the coefficient 
of x with the sign changed, when the coefficient of x? is made 
unity: Le. 


t+ % = — 


y 


Fia. 93 


2km—4a 4a—2km 
meen er 
But since P is the midpoint of P,P», its abscissa is 


x= 4(a%4+ 2), 
so that 


(3) 


2a—km 
i el 
= The result may be obtained somewhat more easily in this case by 


substituting for z, but the alternative adopted here illustrates better 
the general method. 
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Substituting the value of k from (2) in (8), we find 
Za+ mx — my 
= aeag gt? 
which reduces to 
2a 
(4) haan 


4 


This is the equation of a straight line parallel to Oz. 

We have thus proved * the 

THEOREM: Every diameter of a parabola is a straight line 
parallel to the axis of the curve. 

It will be remembered that a diameter of a circle may 
mean either a straight line through the center, or the seg- 
ment of such a line lying inside the curve. Similarly, a 
diameter of a parabola is either the entire straight line parallel 
to the axis, or the half-line inside the curve. From the 
geometric point of view, only the latter meaning is allowable, 
since the midpoint of any chord must be a point inside the 
parabola, yet analytically the external points of the diameter 
may be shown to satisfy the definition equally well. Let 
us write the equation of the line \ (Fig. 93), and find the 
points of intersection of this “chord” with the curve. These 
points are of course imaginary, but if the point midway be- 
tween them be obtained by the formulas of § 8, it will be 
found that this point (the point Q in the figure) has real co- 
ordinates and lies on the diameter bisecting the chords 
parallel to X. 


108. Geometric properties involving diameters. Two 
‘important properties of the parabola involving diameters 
_ are embodied in the following theorems: 

TurorEeM I: The tangent at the end of a diameter is parallel 
to the bisected chords. 

TuHeEoremM II: The tangents at the ends of any chord inter- 
sect on the diameter bisecting that chord. 


* The proof is not quite complete. See Ex. 2 below. 
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It will be shown later that these theorems are true for the 
ellipse and hyperbola as well. 

THEOREM I may be proved by the student. To establish 
II, let us take the equation of the parabola as 

y’? = 4 az, 

and assume the equation of the given chord in the form 
(1) yy = 2ax + 2 ax. 
Then, by § 104, the tangents at the ends of this chord in- 
tersect in the point (a1, y1). Now the slope of the line (1) is 
2a 
yi’ 
so that by (4), § 107, the equation of the corresponding 
diameter is 


_ 24 
Ye 2a’ 
Yi 
or 
y= Y¥- 


Since this line passes through (a, y1), the theorem is proved. 


EXERCISES 
1. Derive the result of § 107 by substituting the value of x from 
(2) in (1). 


2. Show that the theorem of § 107 is incompletely proved, in that 
the chords x = k are not taken care of, and carry out the proof for 
this case. 


Derive the equations of the following diameters. 
3. Bisecting those chords of the parabola x? = 2 y which are paral- 
lel to the line y = 382 + 4. PAT Sie ese 
4. Bisecting the chords y=2z2+k of the parabola 
y2— 32+ 5y =6. 


5. Bisecting those chords of the parabola 222-—32+6y= 10 
that are perpendicular to the line 32+ 2y = 10. 
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6. Bisecting chords of slope m of the parabola x? = 4 ay. 


7. Bisecting chords of slope 3 of the parabola 42? —42y +7 
+22 —2y =0. Ans. y = 24% + 2. 


8. Bisecting the chords of slope — 4 in the parabola 
38v—-—6bay+3y+42=0. 


9. Bisecting those chords of the parabola (x — y)? = 3 2 that are 
parallel to Oz. Ans.2% —2y = 3. 


10. By the method of § 107, find the diameter of the circle 
xv? + y® = 42 bisecting the chords of slope — +. Check the result. 


11. Prove analytically that, in the case of the circle, the two defi- 
nitions of diameter mentioned in § 106 are equivalent. 


12. Prove analytically that every diameter of a circle is perpen- 
dicular to the bisected chords. 


13. Prove that with one exception no diameter of a parabola is per- 
pendicular to the bisected chords. What is the exception? 


14. State and prove the converse of the theorem of § 107. 

15. Give an analytic proof of Theorem I, § 108. 

16. Given a parabola, find its vertex geometrically. 

17. Draw the tangent to a parabola parallel to a given line. 

18. Draw the tangents to a parabola through a given external point. 


19. Given a parabola and a point inside, draw the chord that is 
bisected at that point. 


20. Find that chord of the parabola y? = 22% that is bisected at 


(3, 1). Ans. 2 — y = 2. 
21. Find that chord of the parabola y2+42—4y =4 that is 
bisected at (0, 3). Ans.2x%+y =3. 
22. In the parabola 9 x? — 24 zy + 16y? — 18% — 50y + 19 = 0, 
find the chord that is bisected at (1, 2). Ans. 24% + 5y = 34. 


23. Get the points of intersection of the line y = x + 2 with the 
parabola y? = 4.x, and show that the point midway between these 
points of intersection lies on the diameter bisecting chords parallel to 
the given line. (Cf. the last paragraph of § 107.) Draw the figure. 


24. Given two tangents to a parabola, with their points of contact, 
construct the curve. 


25. Given two points and the tangent at one of them, together 
with the direction of the axis, construct the parabola. 
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26. Show that the chord of contact corresponding to any point on 
the directrix is perpendicular to the line joining that point to the 
focus. 


27. Prove that the tangent at the vertex touches the circle drawn 
on any focal radius as a diameter. 


28. Solve Ex. 27, using polar coérdinates. 


29. Given the focus and two points of a parabola, construct the 
curve, using the theorem of Ex. 27. 


30. Given the axis and two points of a parabola, construct the 
curve. MAA 


CHAPTER IX 
THE CENTRAL CONICS 


109. Introauction. Since the ellipse and hyperbola have 
a center while the parabola does not, the former curves are 
called the central conics. 

The central conics are so closely related, many theorems 
and methods being nearly or quite identical for the two 
curves, that it seems best to develop their properties simul- 
taneously; this will be done in the present chapter. As in 
the case of the parabola, we begin with a set of exercises 
based on the theory already developed. 


EXERCISES 


Find the equations of the following conics, assuming in each case 
that the axes lie in the coérdinate axes. 
1. An ellipse for which the conjugate axis is 8 and the distance 
between the foci is 6. 


2. An ellipse for which the latus rectum is 2 and the distance be- 


a 2 2 
tween the foci is 2 V2. Ans. z ao & =e 
8. A hyperbola with latus rectum 18 and distance between the 
F é Gt MIS Be 
directrices 3. Ans. 9797 = Wy, 


4. A conic having the eccentricity 4 and distance between the 
foci 5. 

5. A conic having eccentricity V2 and latus rectum 6. 

6. A conic having the distance between foci 6 and distance be- 
tween directrices 4. 

7. An ellipse for which the distance between the foci is 4-V6 and 
the rectangle on the axes is of area 20. 


8. A conic with eccentricity 3 and latus rectum }. 
173 
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9. A conic through the points (2, 3), (4, 1). 


10. An ellipse passing through (2, 1) and having the points 
(+ V3, 0) as foci. 


11. A hyperbola with latus rectum 4 and slope of asymptotes + 4. 
12. A hyperbola with foci ( + 2, 0) and slope of asymptotes + 3. 


13. Show that a conic is determined if the foci and the length of 
either axis are given. 


14. Show that if the directions of the axes are given a central conic 
may be made to satisfy four additional conditions. 


15. Show that if the center is given a conic may be made to satisfy 
three additional conditions. 


16. Show that if a focus and the corresponding directrix are given 
a central conic may be made to satisfy one additional condition. 


17. Prove that if two conics have the same eccentricity they are 
similar. (Cf. § 96.) 


18. Derive the polar equation of a conic with the center as pole, 
taking the focus as the point (ae, 0), and the directrix as the line 


through (2 ; 0) perpendicular to the initial line. 
Ans. r? (1 — e? cos? 0) = a? (1 — e?), 
19. Prove that if two similar conics are concentric with their trans- 
verse axes lying in the same line, they are similarly placed. 
20. Find the locus of the midpoints of the abscissas of an ellipse. 


21. Chords are drawn through the positive end of the major axis 
of the standard ellipse. Find the locus of their midpoints. 
AC iiapp . Age 
Ans. o — 30) a. = = |, 


22. Find the locus of the midpoints of the ordinates of a hyperbola. 


23. Find the locus of the midpoints of the focal radii of a central 
conic. (Use polar céordinates.) 


24. Given a conic with its center, construct the axes. 

25. Given an ellipse with its axes, construct the foci. 

26. Given a hyperbola with its asymptotes, find the foci. 
27. Given an ellipse with its axes, find the directrices. 


28. Given a hyperbola with its axes, find the directrices. 
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29. Prove that the conjugate axis of a central conic is a mean pro- 
portional between the transverse axis and the latus rectum. 


30. From the theorem of Ex. 29 derive a new solution for Exs. 25, 
26. 


31. A line segment of fixed length moves with its ends following 
two perpendicular lines. The line is divided by a point P into two 


id 2 
eee 

110. A new definition of the ellipse. Instead of the 
definition of the ellipse laid down in Chapter VII, the follow- } 
ing is often used: 

An ellipse is the locus of a point which moves so that the sum 
of its distances from two fixed points is constant. The fixed 
points are the foci and the constant sum is the transverse 
axis. 

To show that this definition is equivalent to the one 
already given, we must 
prove that, for the 


segments of lengths a, 6. Find the locus of P. Ans 


ellipse as formerly de- i 
fined, the sum of the 

focal distances of any nie 
point on the curve 


y 
is constant, and that 
this property is pos- 
sessed by no_ other 
curve. 


Let P: (x, y) be any 
point on the ellipse 
x? y? 


(1) a oF a? (1 — e?) cal 

The distance of P from the focus F\: (ae, 0) is 
FP = V(a — ae)? +¥? 

(2) = Vx? — 2 aex + are? + y?. 

By (1), 
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Li: 


y? = a? — are? — 2? + ea. 
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Thus (2) takes the form 
FiP = Va — 2aer + Cx 


Ole 

(3) F\P = a — ex. 
Similarly, 

(4) F.P =a+ ea. 


Addition of (8) and (4) gives 
F,P + FP = Gi, 


Conversely, if a point moves so that the sum of its dis- 
tances from two fixed points is constant, its locus is an 
ellipse. Let the moving point be P: (2, y), the fixed points 
F,: (ae, 0), Fe: (— ae, 0), and denote the constant sum by 
2a. Then 

F 1P a F se => 2a, 
or 
(5) V(a — ae)? + yr? + V(a + ae)? + y? = 2a. 
This equation can be rationalized by squaring twicet (the 
details are left to the student); the result is 
e’(il-e’)+y=ae(1—- 2), 
or 
Ay ye 7" 
a a ad —&) 


This completes the proof. 


vhs 


* We have 
Va? —2aex + es? =a — ex 


Va? — 2aex + ea? = ex — a 


because for every point of the ellipse 


a 
rset 
e 


rather than 


so that 
ex <a. 


+ Before squaring the first time, it is advisable to transpose one 
radical to the right member. 
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111. A new definition of the hyperbola. A characteristic 
property of the hyperbola analogous to the one just proved 
for the ellipse leads to the following definition: 

{ A hyperbola is the locus of a point which moves so that the 
difference of its distances from two fixed points is constant. 
The fixed points are the foci and the constant difference the 
transverse axis. 

To justify this definition, we proceed exactly as in the pre- 
ceding article. The details may be carried out by the 
student. 


112. Geometrical construction of the central conics. It 
follows from the results of §§ 110-111 that a central conic is 
determined if the foci and the transverse axis are given. Any 
number of points of the curve may then be constructed 
geometrically and a smooth curve drawn through them. 

In many geometric problems involving the ellipse and 
hyperbola it is necessary to assume that the continuous 
curve can actually be drawn. To the list of fundamental 
assumptions laid down in § 97 we therefore add the following: 

A central conic can be drawn wf the foci and the transverse 
axis are gwen. 


EXERCISES 

1. Rationalize equation (5), § 110. 

2. Prove that if a point describes a hyperbola, the difference of its 
distances from the foci is constant. 

8. Prove the converse of the theorem of Ex. 2. 

4, Given the foci and transverse axis of an ellipse, show how to 
construct points of the curve geometrically. 

5. Given the foci and transverse axis of a hyperbola, show how to 
construct points of the curve. 

6. Given the conjugate axis and one point of an ellipse, construct 
the curve (i.e. find the transverse axis and the foci). Cf. example 
(a), § 97. 

7. Given the conjugate axis and one point of a hyperbola, construct 
the curve. 
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8. Given the transverse axis and one point of an ellipse, construct 
the curve. 


9. Given the transverse axis and one point of a hyperbola, construct 

the curve. 

Find the equations of the following loci. 

10. A point moves so that the sum of its distances from (0, 3), 
(0, — 8) is 8. Solve in two ways. 

11. A point moves so that the difference of its distances from (4, 2), 
(4, — 6) is 4. 

12. A point moves so that the difference of its distances from (— 3, 0), 
(— 3, — 8) is 1. 

13. A point moves so that the difference of its distances from (3, 6), 
(— 5, 2) is2. Prove by the test for species of a conic that the locus is a 


hyperbola. Ans. 1527+ 1l62zy + 3y? — 342 —8y — 20 = 0. 
14. A point moves so that the sum of its distances from (0, 0), 
(4, 2) is 10. Ans. 21 x? — 4 ay + 24 y? — 802 — 40 y — 400 = 0. 


15. Prove that if the foci of a central conic are placed symmetrically 
with respect to the origin, the equation of the conic can contain no 
terms of the first degree. 


16. Given the foci and one point of an ellipse, find the axes. 
17. Given the foci and one point of a hyperbola, find the axes. 


18. Given a focus, the corresponding directrix, and one point of a 
conic, construct the curve. 


19. Given a focus, the corresponding directrix, and the eccentricity 
of a conic, draw the curve. 


20. Given the foci and asymptotes of a hyperbola, find the vertices. 
21. Given a hyperbola with its center, draw the asymptotes. 


22. Given the center, directrices, and eccentricity of a conic, construct 
the curve. 


23. A circle passes through a given point and touches a given circle. 
Construct the locus of its center. Consider the cases in which the 
given point is outside, on, inside, and at the center of the given circle. 


24. Draw a circle of given radius passing through a given point 
and touching a given circle. Solve by two methods. Consider various 
cases. 


25. Draw a circle passing through two given points and touching a 
given circle. 


al i 
AWE 
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26. A circle touches two fixed circles. Construct the locus of its 
center, for all cases. 


27. A circle touches the circles x? + y? = 4, 2? + y? — 122 = 64. 
Find the equation of the locus of its center, and draw the figure. 
Ans. 32?+4+4y? — 182 = 81. 


28. The sound of a gun and the ring of the ball on the target are 
heard simultaneously at a point P. Construct the locus of P. 


113. Tangent at a given point of contact. The method 
of § 98 may of course 
be applied to find a 
tangent to any central 
conic when the point 
of contact is given. 
To find the tangent 
to the standard ellipse 


x? y? 
aot got 


at the point P: (a1, y1) 
on the curve, we will 
first, for convenience, clear the equation of fractions: 
(1) ba? + a’y* = a’b’. 
Choosing a neighboring point P’: (a, + Az, y: + Ay) on the 
curve, we substitute its codrdinates in (1): 

b? (a, + Ax)? + a? (y: + Ay)? = a?b?, 


Fia. 95 


or 
(2) Bx? + 2 bx, Ar + B? Ax” + ay? 
+ 2 ay: Ay + a? Ay” = ab’, 
Since the point (a, y:) lies on the curve (1), we have 
(3) Ba? + ay? = ab’, 
so that (2) reduces to 
2 ba, Ax + b? Ax” + 2 ay; Ay + a? Ay’ = 0. 
Now divide through by Az: 


Ay Ay 
2. cae by aah = 
2 bia, + 0? Ax + 2 ary 7+ a? 7 Ay 0. 
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Letting Ax approach the limit 0, we get the relation 
2 ba, + 2 a’yim = 0, 

where m is the slope of the curve at (2, yi); hence 


(4) m= — 7a. 

The equation of the required tangent is therefore 
; b2 
pe ae er 7, — BA 


or, after clearing of fractions and transposing, 
Baie + ayy = bx? + a?y;?. 
By (8), this becomes 
bayer + ayy = a’b?; 
dividing by a?b?, we get the form 


XX 
(1) “e+ = 1. 
The corresponding result for the hyperbola is evidently 
XX 
gy 


114. A property of the tangent to a central conic. By/(4), 


the normal to 


point P: (x, y:) is 
ay, 


line is evidently 


ON = 


a2 — }? 


Fia. 96 


we have 
_ NFi = ae — ex, =.e (a — ex), 
F.N = ae + ez, = e (a+ ex), 


§ 113, the equation of 


standard ellipse at a 


UUs ia Om: 


The x-intercept of this 


- y= e727. 


Therefore, in Fig. 96, 
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whence 
NF, a-—-e%y 
: FN a+ ex’ 
or by (3) and (4) of $ 110, 
NF, _ F,P 
P.N P,P 


Thus the normal PN bisects the angle between the focal 
radii drawn to P. Since the tangent is perpendicular to 
the normal, we have proved 

Tueonem I: The tongent to an ellipse bisects externally the 
angle bAween the focal radii 
drawn to the point of con- 
tot. 
The property of the 
hyperbola analogous to 
the one just proved for 
the ellipse is expressed by 

Tueorgem II: The tan- 
gent to a hyperbola bisects 
imernally the angle between 
the focal radii drawn to the 
point of contact. 

That is, in Fig. 97, the 
line TP bisects the angle FiPF>. 

The proof is similar to that for the ellipse and may be 
carried out by the student. 

115. Tangents having a given slope. By use of the quad- 
ratic discriminant according to a method now familiar, we 
may determine tangents of given slope to any central conic. 

In particular, it is easy to show that the line 


y=me+k 
is tangent to the standard ellipse if 
k= + Vam+P; 


i.e. the lines 
(3) y = mx + Vem + 
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are tangent to the ellipse 


2 2 
for all values of m. 
Similarly, the lines 
(4) y = mx + Va?m' — 0 
are tangent to the hyperbola 
2 2 


for all values of m. 


It should be noted, however, that the lines (4) are imaginary 


when a?m?<b?, i.e. when — L <a eae ?. 


EXERCISES 
Find the equations of the following tangents. 
1. To the ellipse 4 7? + y? = 8 at (1, — 2). 


2. To the ellipse 227+ 3y? —2x2 —6y = 9 at.(0, 3). 
Ans. x—6y+18 =0. 


3. To the hyperbola 2 x? — y?+ 4 = 0 at (, 6). 
4. To the hyperbola x? —4y? —5a2 —6y = 0 at (0, 0). 
Ans. 5% --6y = 0, 
yi 5. To the conic zy = 3 at (a1, y:). Ans. yix + aiy = 6. 
Ke. To the conic 22? —38a2y+3y+2—2y —2 =0 at (1, 0). 
Ans. 5y = 32 —8. 
7. To the conic 322 -+22y —22 = 3 at (1, 1). 
8. To the curve x? + 22y —2y? —32 = 0 at (2, 1). 
9. Prove that if a conic passes through the origin, the equation of 


the tangent at that point is found by equating to 0 the group of terms 
of the first degree in the equation of the conic. 


10. Find the angle at which the conics 2? + 2 y? — 20y + 12 = 0, 
x? = 6 y intersect, and draw the figure. 
Ans. @ = 45°; ¢ = arctan } V6. 
11. Given a conic with its center, draw the tangent and normal at any 
point. 
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12. Prove Theorem II of § 114. 


13. Given one focus of an ellipse, and two tangents with their points 
of contact, construct the curve. 


14. Given one focus of a hyperbola, and two tangents with their 
points of contact, construct the curve. 


15. Prove that the perpendicular from the focus upon any tangent 
to an ellipse, and the line joining the center to the point of contact, 
intersect in a point on the directrix. 


16. Prove that the perpendicular from the focus upon any tangent 
to a hyperbola, and the line joining the center to the point of contact, 
intersect in a point on the directrix. 


Find the equations of the following tangents. 

17. To the hyperbola 322 —2y?+ 5 =O perpendicular to the 
line 42+ 2y =3. 

18. To the ellipse 7? +4y?+42+6y =6 parallel to the line 
ae 

19. To the conic 3 x? + y? = x parallel to the line 2 y = 3 z. 


20. To the conic 3 22 — zy + y? +2 — 3y = 0 perpendicular to the 
line 32 +y+2 =0. 


21. To the conic x? + zy + y? + x = 2 perpendicular to Oz. 
22. To the curve z? — y? — 2% —2y +4 = 0 through (3, 1). 
23. To the curve xy = 2 through (6, — 1). 

24. To the ellipse 2 x? + y? = 18 through (38, 3). 

25. To the byperbola 3 zy — 4y? + 2x = 0 through (0, 2). 
26. Derive formula (8) of § 115. 


2 2 
27. Prove that the quantity 5 + oe — 1 is positive, zero, or nega- 

tive according as the point (x1, y:) is outside, on, or inside the ellipse 

a? 2 

2 +% =1. (Cf. § 102.) 


28. Prove that two tangents can be drawn to an ellipse through an 
external point. (See Ex. 27.) 


2 .2 
29. Prove that the quantity . _ a -- 1 is negative, zero, or 
positive according as (a1, y:) is outside, on, or inside the hyperbola 
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30. Prove that two tangents can be drawn to a hyperbola through an 
external point. (See Ex. 29.) 


31. Prove that two tangents can be drawn to an ellipse in any 
direction. 


32. Prove that two tangents, or none, can be drawn to a hyperbola 
in a given direction, according as the line through the center in that 
direction does not, or does, intersect the curve. Is there any exception? 


33. Prove that the product of the distances of the foci from any 
tangent to an ellipse is constant (equal to b?). 


34. Prove that the product of the distances of the foci from any 
tangent to a hyperbola is constant (equal to 62). 


35. Given the foci and any tangent to a central conic, construct the 
curve. (See Exs. 33, 34.) 


116. Another property involving tangents. In Fig. 95, 
p. 179, the x-intercept of the tangent 


Me yy 
(1) ei eiee 
to the ellipse 
4? y? 
ages 
is 
a? 
(2) On 


Since the fact that 6 is less than a is not involved in the 
derivation of (1), it follows that that formula, and likewise 
the result (2), would hold even if a were used to denote the 
semi-minor axis. 

Since, by (2), the x-intercept is independent of b, we de- 
duce at once 

TuHEorEM I: If two ellipses have one axis in common*, the 
tangents at points whose distances from the other axis are equal 
intersect the common axis (produced) at the same point. 


* Hither the major axes, the minor axes, or the major of one and the 
minor of the other, 
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Fia. 98 


That is, in Fig. 98, the tangents at P; and P» intersect the 
common axis (produced) at the same point 7’. 

The corresponding property 
of the hyperbola, the proof of 
which is left to the student, is 
as follows: 

TuHeoreEM II: If two hyper- 
bolas have a common trans- 
verse axis, the tangents at 
points whose distances from 
the conjugate axis are equal 
intersect the transverse axis at 
the same point. 

Thus in Fig. 99 the tan- 
gents at P, and P» intersect 
the transverse axis at the 
same point 7’. Fie. 99 
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117. Auxiliary circles; eccentric angle. The circle de- 
scribed on the major axis of an ellipse as a diameter is called 
the major auxiliary circle; that on the minor axis is the minor 
auxiliary circle. For the ellipse 


ey? 


a phe 

the equations of these circles are obviously 
w+ y? = a, 
e+t+y=8 


respectively. 

If the ordinate MP of a point P on an ellipse be produced 
until it cuts the major 
auxiliary circle at a point 
Q, and a line OQ be drawn 
from the center to Q, the 
angle ¢= ZMOQ is 
called the eccentric angle 
of the point P. 

Evidently, in Fig. 100, 


OM = OQ cos 9; 


that is, 
x= acos ¢. 


Substituting this value of 
Fia. 100 zx in the equation 


and solving for y?, we get 
yb (Ecos), 
or 
y = bsin ¢. 
It follows from this that the line OQ and the line through P 
parallel to the major axis intersect the minor auxiliary circle 
at the same point R. 


ef 
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118. Parametric equations. Instead of deriving the 
properties of a curve from its ordinary cartesian equation, it 
is sometimes more convenient to represent the curve by 
means of two equations giving xz and y respectively in terms 
of some third variable. (These two equations taken to- 
gether must of course express some characteristic property 
of the curve.) This third variable is called a parameter, and 
the two equations are parametric equations of the curve. By 
using different auxiliary variables a curve may be thus 
represented in a variety of ways. To obtain the ordinary 
cartesian equation it is only necessary to eliminate the param- 
eter between the two equations. 

A curve may be represented by parametric equations in 
less simple ways. For instance, each of the equations may 
involve both z and y as well as the parameter. Again, three 
equations may be given, two of which express xz and y respec- 
tively in terms of two parameters, while the third gives a 
relation between the parameters. 

Various examples of parametric representation have al- 
ready occurred in our work. In § 117, the equations 


r= 4608 q, 
y=bsing 
are parametric equations of the ellipse. In § 107, the 


equations 
y=mz +k, 


2a—km 

oy are mae 
represent the diameter of the parabola in terms of the param- 
eter k. And in the example of § 105 the equations 

t= Z (a aie La), 

Yoe 5 Ya; 

tg + y7 = @ 
are the equations of the required locus in terms of the param- 
eters Za, Ya: 
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119. Parametric equations of the ellipse. As already 
noted, the equations* 


x = acos¢q, 
(5) ee Gals 


obtained in § 117 are the parametric equations of the ellipse 
in terms of the eccentric 
angle. For, we have 
proved in that article that 
the codrdinates of every 
point of the ellipse satisfy 
equations (5); it remains 
to prove, conversely, that 
every point whose coordi- 
nates satisfy (5) lies on 
the ellipse, and this can 
be done merely by elimi- 
nating the parameter. 
If we write (5) in the 
form 


Fie. 100 


CP 
b sin ¢, 


square both members of each equation, and add, we get 


ie 
— = COS 
A g; 


2 2 
= + ip = 008? 6 + sin? g = 1. 


120. Parametric equations of the hyperbola. The stand- 
ard hyperbola 


may be represented by the parametric equations 
x = asecq, 
(6) y = btan¢®. 
* The student is warned against the rather common error of confusing 


the eccentric angle ¢ with the polar angle 6. The equations (5) do not 
involve polar coérdinates in any way. 
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If we write these equations in the form 


x y 
Rae 5 ~ tan 4, 
square both members of each, and subtract, the result is 
42 y? 


eo pm See’ > — tan? ¢ = 1 

As in the case of the ellipse, the angle ¢ is called the 
eccentric angle, but the geometric 
meaning is quite different. The 
eccentric angle corresponding to 
any point P may be constructed 
as follows: Drop a perpendicular 
PM from P to the transverse axis. 
Draw the circle on the transverse 
axis as a diameter, and from M 
draw a tangent to this circle. 
Join Q, the point of contact, and. 
O, the center. Then 

g= 2 MOO: 

The proof is left to the student. Fie. 101 


EXERCISES 


2 2 
1. In the ellipse 5 + . = 1, find the points whose eccentric angles 


are (a) 30°, (b) 150°. 

2. In the ellipse 4 7? + 16 y? = 1, find the points whose eccentric 
angles are (a) 45°, (b) 240°. 

3. In the hyperbola x? — y? = 4, find the points whose eccentric 
angles are (a) 60°, (b) 135°. 

4, In the hyperbola 3 x? — 4 y? = 6, find the points whose eccentric 
angles are (a) 0°, (b) 180. 

In each of tke following cases, find the eccentric angle corresponding 

to the given point. 

5. The point (%, 3) on the conic 2? + 3y? = 3. 

6. The points x = 2 on the conic 2? + 47? = 8. 
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7. The point (4, 1) on the conic 2? — 44? = 12. 
8. The point (2, — 3) on the conic 9 x? — 2y? = 18. 
9. What curve is represented by x = jatan?¢, y = a tan ¢? 


10. Given the curve of Ex. 9, construct the angle ¢ corresponding 
to any point. 


Find the cartesian equations of the following curves. 

11. « =asin2 ¢,y = a cos 2 ¢. 

12. c=2t,y =#. 

13. «=y-+sin 4, y = cos? ¢. 

14. + = 2 cos nd, y = 3 sin n¢. 

15. « = 3 csc ¢, y = 4 cot ¢. 

16. x = at, y = bV1—- #2. 

17. « =} sin 2 a, y = sin? a. 

18. Prove the construction given in the last paragraph of § 120. 
19. Solve Ex. 31, p. 175, by a new method. 


20. The normal is drawn to an ellipse at a point P, and to the major 
auxiliary circle at the corresponding point Q (Fig. 100). Find the locus 
of the point of intersection of these normals. 

Ans. 2? + y? = (a + db)? 

21. Give another construction for the eccentric angle of a point on 
~ an ellipse. 


22. Give another construction for the eccentric angle of a point on a 
hyperbola. 


23. Given the transverse axis and one point of an ellipse, construct 
the curve by a new method. (Ex. 8, p. 178.) 


24. Given the transverse axis and one point of a hyperbola, construct 
the curve. (Ex. 9, p. 178.) 


25. Given the center of an ellipse, the directions of the axes, and one 
point with its eccentric angle, construct the curve. 
26. Prove Theorem II, § 116. 


27. From Theorem I, § 116, derive a new construction for the 
tangent and normal at any point of an ellipse. 


28. From equation (2) of § 116 derive a third construction for the 
tangent and normal at any point of an ellipse. Compare this con- 
struction with that of Ex. 27. 
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29. Derive a new construction for the tangent and normal at any 
point of a hyperbola. 


30. Find the y-intercept of the tangent to the standard hyperbola; 
hence derive another -construction for the tangent and normal at any 
point of the curve. 


31. Given the center of an ellipse, the directions of the axes, and a 
tangent with its point of contact, construct the curve. 


32. Prove that every tangent to a hyperbola passes between the 
vertices. 


33. Given the transverse axis and a tangent to an ellipse, draw the 
curve. 


34. Given the transverse axis and a tangent to a hyperbola, draw the 
curve. 

121. Chord of contact. By precisely the same method 
that was used in §§ 56, 104, we may obtain the following 
result: 

The equation of the chord of contact corresponding to the ex- 
ternal point P(x, yi), with reference to the conic 


42 y? 
at po! 
as 
XxX : 
@ et ie 


The proof is left to the student. 


122. Diameters. To find the equation of the diameter 
bisecting chords of slope m of the ellipse 


oe? y? 
(1) 2 ote rc 1, 
let us write the equation of the family of chords in the form 
(2) y=met+k. 


Substituting the value of y from (2) in (1), we get, after 
clearing of fractions, 
(b? + am?) 2? + 2 akmax + a?k? — ab? = 0, 
or 
ds 2 avkm Ola 020 
es i pereqeya 6 + am? 
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The sum of the roots of this quadratic in z is 

2 akm 

AU 5 
Therefore the abscissa x of the midpoint of any one of the 
chords (2) is 
a 3 (21 a X2) 

akm 

(3) ~~ Bam 


¥ 


Fig. 102 
Eliminating k by substituting from (2) in (3), we get the 
equation 


a’m (y — mz) 
pak Saran ea ete ed 


b2 + a’m? 
which reduces to 
b? 
(8) Lane in 
The corresponding result for the hyperbola — 
a? y? 
aes 
is easily seen to be d 
(9) vi nes 


Thus we have the * 

THEOREM: KHvery diameter of a central conic is a straight 
line through the center. 

* The theorem is not yet proved for the diameter bisecting the chords 
z=k. See Ex. 20 below. 
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The converse of this theorem is true for the ellipse. For 
the hyperbola it is true if the asymptotes be excepted. 
Evidently no proper chords can be drawn parallel to an 
asymptote, since a line so placed intersects the curve in only 
one point, but if the lines parallel to an asymptote be thought 
of as a family of chords there are reasons*, both analytic 
and geometric, why the asymptote must be considered as a 
diameter bisecting the chords parallel to itself. With this 
convention the converse is true without exception. 


123. Geometric properties involving diameters. Two 
noteworthy properties of the conics involving diameters are 
the following: 

THEOREM I: The tangents at the ends of any diametert of a 
conic are parallel to the bisected chords. 

TuHeEorEM II: The tangents at the ends of any chord of a 
conic intersect on the diameter bisecting that chord. 

These theorems have already been proved for the parabola 
(§ 108). The proof of Theorem I for the central conics is 
left to the student. 

To prove THEorEM II for the ellipse let us take the equa- 
tion of the curve in the 
form 

x? Ue 

at Be 
that of the chord in the 
form 


= |, 


This is the chord of 
contact corresponding 
to the external point Fia. 103 


* For example, see Ex. 21 below. 
+ A diameter of a hyperbola may not intersect the curve (see Ex. 24 
below), in which case the theorem is of course inapplicable. 
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P: (a, y1), so that the tangents at the ends of this chord 
intersect at (7, y:). The slope of the chord is 


nm=—- =; 


substituting in (8) we obtain the equation of the correspond- 


ing diameter in the form 
mate! 
Boye: 
Since this line passes through (2x, y:), the theorem is proved. 


The proof for the hyperbola is similar. 


EXERCISES 
1. Derive the result of § 121. 


2. The points Pi, P2 being external to a given central conic, prove 
that if P; lies on the chord of contact corresponding to P»2, then Pz lies 
on the chord corresponding to P;. (Cf. Ex. 9, p. 166.) 


3. Draw the tangents to a central conic through an external point. 


4. Show that the chord of contact corresponding to any point on 
the directrix passes through the focus. (Cf. Ex. 6, p. 166.) 


5. Show that the chord of contact corresponding to any point.on 
the directrix is perpendicular to the line joining that point to the focus. 
(Cf. Ex. 26, p. 172.) 


6. Prove that if a point lies on the latus rectum (produced), its 
chord of contact passes through the point of intersection of the directrix 
and the axis. (Cf. Ex. 8, p. 166.) 


7. Using the chord of contact, find the tangents through (4, 4) to 
the conic 3 x? —4 7? = 8. Ans.82 —2y =4,9x —10y+4=0. 


8. Find the tangents to the ellipse x? + 4 y? = 4 through (3, 1). 


9. Find the tangents to the ellipse 1022+2y? =7 through 
(24-1), 


10. Find the tangents to the hyperbola x? — y? = 1 through (0, — 1). 


Find the equations of the following diameters. 
11. Of the ellipse 3 2? + 2 y? = 8 bisecting the chords 32 + y =k. 


12. Of the hyperbola x? — 2 y? + 4 = 0 bisecting chords parallel to 
the line rx + 2y = 3. 
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13. Of the conic 2 x? — zy = 3 bisecting chords of slope 3. 
AVES, OS 


14. Of the conic 274+ 2y°+72+3y—5 =0 bisecting chords of 
slope — 2. 


15. Of the conic 322-4 zy +2 y2—-2%—-3y+6 =0 bisecting 
chords parallel to the y-axis. Ans. 4x —4y+3 =0. 


16. Of the conic 32?—y?+22—3y —3 =0 bisecting chords 
parallel to the conjugate axis. 


17. Given a conic, construct its center. 
18. Draw the tangents to a central conic parallel to a given line. 


19. Given a point inside a central conic, construct the chord that is 
bisected at that point. 


20. Prove the theorem of § 122 for the chords x = k. 


21. Show that the slope m’ of any diameter of the standard hyper- 
bola and the slope m of the bisected chords are connected by the relation 


mm = a hence that an asymptote must be considered as bisecting 
the chords parallel to itself. 

22. Prove the converse of the theorem of § 122. 

23. Prove THEoREM I of § 123. 


24. Prove that a diameter of a hyperbola does or does not intersect 
the curve according as that one of its chords that passes through the 
center does not or does intersect the curve. 


25. Prove that in general a diameter is not perpendicular to its 
chords. What exceptions are there? 


124. Points at infinity; curves intersecting at infinity. In 
Fig. 104, let P be a fixed 

: d P. 
point, » a fixed line, i eee 
and )’ a variable line A a) V Ss 
through P intersecting ior 
in the point Q. If now \’ 
be taken more and more nearly parallel to \, the point of 
intersection Q recedes indefinitely from P: this fact may be 
conveniently expressed by saying that parallel lines intersect 
at infimty. 
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Again, let a line be drawn through a fixed point P inter- 
secting a hyperbola in two points. As the line becomes more 
nearly parallel to an asymptote, one point of intersection 
recedes indefinitely: thus we say that a line parallel to an 
asymptote has one finite intersection with the curve, while 
the other intersection lies at infinity. If the fixed point P 
lies on an asymptote, both points of intersection recede in- 
definitely: thus an asymptote intersects the hyperbola in two 
points at infinity. 

The argument may be extended to curves of any degree. 
For instance, two conics .intersect in four points (real or 
imaginary), but in particular cases one or more of these 
points may lie at infinity. 

The advantages arising from the introduction of the 
“point at infinity” are two-fold: it is very useful in the de- 
velopment of certain portions of our theory, as will appear 
in the next few articles, and it enables us to state without 
qualification various theorems that would otherwise be sub- 
ject to exception. It must not be forgotten, however, that 
the point at infinity is merely an ideal concept introduced for 
convenience; points at infinity do not, of course, have any 
actual existence in the ordinary geometric sense. 


125. Number of intersections at infinity. Given the 
equations of any two curves, the number of intersections at 
infinity can be determined by the theorem of § 44 on infinite 
roots of an algebraic equation. For instance, if the given 
curves are a straight line and a conic, let us substitute the 
value of y (say) from the linear equation into the one of 
second degree, thus obtaining a quadratic in x. If this 
quadratic actually contains the term in 2’, the curves inter- 
sect in two (real or imaginary) points. If the term in 2? 
drops out, one root is infinite, and the line intersects the conic 
in one finite point, the other intersection lying at infinity. 
If the terms in x? and x both drop out, both roots are infinite, 
and both intersections lie at infinity. 
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Similar argument applies to any two curves. A curve of 
the mth degree intersects a curve of the nth degree in mn points, 
real or imaginary. Lf when the equations are solved as simul- 
taneous the number of solutions obtained is less than mn, 
the intersections that are lacking lie at infinity. 

Examples: (a) Prove analytically that if two lines are par- 
allel, they intersect at infinity; and conversely. 

Let 

y= me +h, 

y = mrt + be 
be any two parallel lines. Eliminating y by subtraction, we 
get necessarily a linear equation in z, which here takes the 
form 

by om be — 0. 

Since the coefficient of x is 0, the root is infinite, and the 
theorem is proved. 

Conversely, let 

y= me +h, 

Y = Me + by 
be two lines known to intersect at infinity. Eliminating y 
by subtraction, we get 

(im — m)2c+h — bh = 0. ; 
Since the lines intersect at infinity, this equation must have 
an infinite root: hence 
mM, = M. 

(b) Find the equation of the straight line through -(2, 3) 
and through the point at infinity on the line z + y = 6. 

By example (a) (converse), the required line must be par- 
allel to the given line, so that its equation is 


g+y = 5. 


126. Test for the species of a conic. We will now prove 
the theorem of § 87 that an equation of the second degree 
represents an ellipse, parabola, or hyperbola according as the 
quantity B? — 4 AC is negative, zero, or positive. 
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From the polar equation of a conic, 


l 


hr ibi Gos 0" 


it appears that when 
1+ecos 6=0, 
i.e. when 


(1) cos 6 = — 


ole 


) 


the radius vector is infinite. Now (1) is satisfied by no 
(real) value of @ if e < 1, by one value if e = 1, and by two 
values if e > 1; hence a line through the focus meeting the 
conic in a point at infinity can be drawn in no direction, in 
one direction, or in two directions according as the conic is an 
ellipse, parabola, or hyperbola. It follows from example (a), 
§ 125, that the same statement can be made regarding a 
line through any other point than the focus. 
Therefore, given a conic 


(2) Ax? + Bry + Cy + Dz + Ey +F =0 
and a line through the origin 
(3) y = mz 


(a line through any other point would do as well), let us 
substitute the value of y from (3) in (2). This gives, after 
collecting terms, 


(A + Bm + Cm?) 22 + (D+ Em)x4+ F = 0. 


The line and the conic will intersect in a point at infinity if 
the coefficient of x? is 0: ie. if 


A+ Bm + Cm? = 0. 


The values of m determined by this quadratic will be imagi- 
nary, real and equal, or real and different according as the 
discriminant B? — 4 AC is negative, zero, or positive, and 
there will be, correspondingly, no direction, one direction, 
or two directions in which a line can be drawn meeting the 
curve at infinity. This completes the proof. 
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EXERCISES 


Investigate the intersection of the following pairs of curves. 
1. c¢-—3y4+1=0,2-—2Qrzy —3y4+22r+2y =0. 
Ans. (— 3, 4), one at infinity. 
2. 2? —4y?-—224—8y =7,c2 —2y+1=0. Trace the curves. 
3. 252? —l0zy+y?+2—3y =6,y = 52 —-2. 
4. 7 —-—y+3r—y=0,2+2y+y =0. 
Ans. (0, 0), two imaginary, one at infinity. 
5. ay —yt2e2=0,2¥ —y+y =0. 
6. (y — k)? = 4 a2, (y + k)? = 4 az. 
7 y=uet—xey—y+2=0. 
8. Prove that if a line is parallel to the axis of a parabola, it in- 
tersects the curve in one finite point and one at infinity. 
9. Prove the converse of the theorem of Ex. 8. 
10. Prove that no line can intersect a parabola in two points at 
infinity. 
11. Prove that two parabolas having the same axis intersect in two 
points at infinity. 


12. Prove that any two circles intersect in two ‘points at infinity; 
hence that there are two points at infinity through which all circles 
pass. (Since the circle has no infinite branch, these points are neces- 
sarily imaginary; they are called the circular points at infinity.) 


13. Prove that the ellipses 227+4y? =1, x? +4y? = 4 intersect 
in four imaginary points at infinity. 

14. Investigate the intersection of two concentric circles. 

15. Show that the equation of any parabola can be written in the 


form (az + cy)? + dx + ey +f = 0, and prove that the axis of this 
parabola is parallel to the line az + cy = 0. 


16. Find the slope of the axis of the parabola 422+ 42y+y? 
—32+7y+2=0. Ans. — 2. 

17. Find the slope of the axis of the parabola 9 2? — 30 zy + 25? 
—z2+3=0. 

Find the equations of the following parabolas by the method of 


§ 98, using as the fourth point the point at infinity on the given line. 
Check the results, 
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18. Axis parallel to the line y = 0, passing through (0, 0), (1, 1), 
(io) Ans. 2y¥2—-—382+y =0. 

19. Passing through (— 2, 2), (4, 8), (1, 4), with axis parallel to 
Oy. 

20. Passing through (0, 2), (1, 4), (2, 0), with axis parallel to the 
line2x2+y=3. Ans. 1222?+122y+ 3y?-—442—-26y+40 =0. 

21. Passing through (— 1, 3), (0, 7), (1, — 1), with axis parallel 
to the line4z+y = 6. 


127. Asymptotes. If the tangent to a curve approaches a 
definite limiting position as its point of contact recedes to 
infinity, the line so approached is called an asymptote. Thus 
an asymptote may be spoken of as a tangent whose point of 
contact lies at infinity. While the hyperbola is the only 
conic having asymptotes, many higher plane curves possess 
one or more of these lines, and they play an important part 
in the geometry of those curves. 


128. Asymptotes of the hyperbola. It was shown in § 78 
that the hyperbola 


approaches more and more closely the lines 
=+ a, 
Us ae 


It will now be proved that these lines are asymptotes * ac- 
cording to the definition of § 127. 
The tangent to the hyperbola 


42 y? 
aes 
at the point P: (a, y:) is 
we YY 
(1) oe — WY = 1. 


* Tt might seem that if a line and a curve approach each other in- 
definitely the line is necessarily an asymptote, but examples can be 
found among the higher plane curves in which this is not the case. 
The argument of the present article shows that such examples cannot 
occur among the conics. 
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If in (1) we let both x and y; increase indefinitely, so that 
the point of contact recedes to infinity, the limiting line ap- 
proached by (1) must by definition be the asymptote. 

Since P lies on the hyperbola, we have 


this may be written in the form 
Sw bmn | a? 
y= a a I Dye 


Substituting this value of y; in (1), we get 


If we divide through by x, and (for convenience) multiply 
through by a, this becomes 


a ¥| ne ete 
(2) Gi : re Vy 


If now 2; becomes infinite, (2) approaches the form 


WY _ 

oe o 
or ; 

yuri 


129. Single equation representing the pair of asymptotes. 
The equations of the asymptotes to the standard hyperbola 


ny y* 
(1) Sra ddh 
viz. ‘ 
UP ee a v, 


may be written in the form 


Redes US Vi Ue 
a ly > Gib 0. 
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If these equations be multiplied together, we get as the single 
equation representing the pair of asymptotes (ef. § 21) 

2 2 
(2) eral 
This equation differs from that of the hyperbola only in the 
constant term. It is easily shown that the same result 
holds in general; that is, that the equation of the hyperbola in 
any form differs * from the equation of its pair of asymptotes 
only vn the constant term. 

This result affords a valuable check on the answer when 
the asymptotes of a given hyperbola have been found. It 
also finds application in a variety of other ways, of which 
the following is an 


Example: Find the equation of the hyperbola having the 
lines 
e-y+1=0, ec+ty+1=0 
as asymptotes, and passing through (2, 2). 
The required equation will have the form 
(@-yti@tyt+t+)D+k=0. 
Substituting the codrdinates (2, 2), we find 
15+h=0, 
or 
k= —5, 
whence the result is 


(Ci tel) ey Deen 0; 
Ci 2 A 0), 


that is, 


EXERCISES 


1. Using the quadratic discriminant, find the tangents of slope 
+ : to the standard hyperbola, thus obtaining a new derivation of the 
equations of the asymptotes. 


2. Using the quadratic discriminant, find the tangents to the 
hyperbola zy — 3x2 +4y+6 =0 (a) parallel to Oy; (6) parallel to 
Ox. What lines are these? ’ 


* More precisely, may be made to differ. 
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3. Prove analytically that if a line is parallel to an asymptote of a 
hyperbola it intersects the curve in one (finite) point; and conversely. 


4. Prove both geometrically and analytically that if two hyper- 
bolas have one asymptote in common and the other asymptotes paral- 
lel to each other, they intersect in one and only one finite point. Is 
the converse true? 


5. Investigate the intersection of two hyperbolas if the asymptotes 
of one are respectively parallel to those of the other. 


6. Prove that if an asymptote of one hyperbola is parallel to an 
asymptote of another hyperbola, the curves intersect in either one or 
three real and finite points. 


7. If two hyperbolas intersect in but two finite points either real 
or imaginary, what can be said of their asymptotes? 


8. Prove that a hyperbola is determined by three points and the 
directions of the asymptotes. 


Find the equations of the following hyperbolas by the method of 
§ 92, using as two of the points the points at infinity on the given 
lines. (Cf. examples (a), (b) of § 125.) : 


9. Through (2, 0), (— 2, 0), (1, 1), with asymptotes parallel to 


the lines x + 2y = 0. Ans. 2 —4y+7y =4. 
10. Through (0, 0), (1, — 1), (— 1, 2), with asymptotes parallel to 
the lineszt = 0,2 +3y =5. Ans. 2@+3ay+92e4+7y =0. 
11. Through (0, 0), (2, 1), ( — 3, 2), with asymptotes parallel to 
the codrdinate axes. Ans. Txy —10x+6y =0. 


12. Through (2, 0), (3, 2), (1, — 3), with asymptotes parallel to the 
lines22+y =6,2 —3y = 4. 
Ans. 22? —5ay —3y?+ 13822 — 50y — 272 = 0. 


13. A point moves so that the product of its distances from two in- 


tersecting lines is constant. Prove that its locus is a hyperbola. What 
relation do the given lines bear to the curve? 


14. A point moves so that the product of its distances from the 
lines y = + z is equal to 2. Find the equation of its locus. 


15. A point moves so that the product of its distances from the 
linesz+3y =6,2+y = 5 is equal to4 V5. Find the equation of 
its locus. 


16. Prove that the product of the distances of any point of a hyper- 
bola from the asymptotes is constant. (Cf. Ex. 13.) 
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Find the equations of the following hyperbolas. 

17. Through (3, 1), having as asymptotes the lines x = + 2y. 

18. Through (3, — $), having the asymptotes 3% —2y +4 = 0, 
y =0. 

19. Through (0, 0), having the asymptotes 2% —4y+7 = 0, 
z2+2y = 2. 

20. Through (— 3, 4), having the asymptotes 3% —y+6 = 0, 
a+4y=6. 

21. Touching the line y = 2x — 5, having the asymptotes x + y = 0, 
382a—y=5. Ans. 3622+ 242y —12y? —602 — 60y + 25 = O. 

22. Touching the z-axis, having the asymptotes x —3y =1, 
x+y =0. Find the point of contact. 

Ans. 427 —8ay —12y?—42—-4y+1=0. 


130. A general method for determination of asymptotes. 
The method used in § 128 for determining asymptotes is 
difficult of application in most cases, since it requires us to 
know the general equation of the tangent in advance. A 
method that is simple and at the same time very general, 
since it applies to curves of any degree, will first be illus- 
trated by an 


Example: Find the asymptotes of the hyperbola 


(1) y—at2e—2y+3=0. 
Let us assume the equation of the asymptote in the form 
(2) y=me+k, 


and try to determine m and k so that this line shall intersect 
the curve in two points at infinity. Substituting the value 
of y from (2) in (1) and collecting terms, we get 

(m2 — m)2?+ (2km-—-k+2—2m)¢4+h—-2k+3=0. 
The roots of this quadratic in x are the abscissas of the 
points of intersection of the line and the curve: these roots 
will be infinite, and the two points of intersection will lie at 
infinity, if the coefficients of 2? and x vanish — i.e. if 

(3) m? —m =), 

(4) 2km -~k +2—2m=0. 
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By (3), 
m=0Oorl; 
by (4), the corresponding values of k are 
k = 2 or 0. 
Thus the asymptotes are 
y = 2, 
y= 2. 


Check: The single equation representing the asymptotes is 
(y — 2) (y — z) = 0, 


i — oy 2 2 yy 0; 
which differs from the equation of the hyperbola only in the 
constant. 

The method may now be summarized as follows: 

To find the asymptotes of a hyperbola, substitute 

y=me+tk 
in the equation of the curve, equate to O the coefficients of x? 
and x, and solve for m and k. 

This method is open to some objection, in that it does 
not rest squarely upon the definition of asymptote. Instead 
of finding the limiting position of the tangent, as was done 
in § 128, it determines a line intersecting the curve in two 
points at infinity, which is not necessarily the same thing. 
However, it is easily shown that for the hyperbola the rule 
always gives correct results (see Ex. 14 below). 

The method just described evidently fails to detect asym- 
ptotes parallel to Oy. Butif a hyperbola has an asymptote 
parallel to Oy, its equation cannot contain the term in y? — 
i.e. it must have the form 

Av’? + Bray + Dze+ Ey + F =0. 
This equation when solved for y becomes 


or 


eeu Av t+ Dix +F 
aE ye Oy ee 
which shows that the line 
Br+EH=0 


is the asymptote parallel to Oy. 
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EXERCISES 


Find the asymptotes of the following hyperbolas; check the results. : 


1 we —-y+4e—-4y7+6=0. 

2. 3227-—y+62—-—-2y+3=0. 

8. 22y —y?—2x2+4y=0. Trace the curve. 

4. 622 —T7ay —3y? = 3. Trace the curve by composition of 
ordinates. 


6. 15¢?4+ 162y+4y2—42—-—4y =1. 


4a*9-2ay —2y+427+5y7y+5=0. 

ll2a?#+7Vay —5y+5=0. Ans. y = (gy + ty V269) x. 
x—3aey+62+5=0. Trace the curve. 

6cy — 15% —8y+10 = 0. 

3a? —5ay+82—-9y4+6 =0. 


. 212? — lla — 407? — 262 — 55y+1 =0. 
- cy¥+8re—5y+6=0. 
13. 


Prove that if the term in y? is missing from its equation, a hyper- 


bola has an asymptote parallel to the y-axis, and conversely. 


14, 


2 2 
Find the asymptotes of the hyperbola = - s = 1 by the method 


of § 130. 


15. 


Prove that if the equation of a hyperbola contains no terms of 


the first degree, the asymptotes can be found by equating to 0 the group 
of terms of the second degree and factoring the resulting equation. 


131. Equilateral hyperbola referred to its asymptotes. 


Since the asymptotes of the 
equilateral, or rectangular, 
hyperbola are perpendicular 
to each other (§ 81), they 
may be taken as the axes of 
codrdinates. In that case, 
the asymptotes are the 
lines 


2 


a=) ya 0; 
it follows by the theorem of 
§ 129 that the equation 


Fic. 105 (10) xy=k 
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royprosnihs 0 rehonyyher hyperbola whose osympltes ore the 
windinnKe Wnts, 

If k ig positive, the curve lies in the first and third auad- 
rants; ite equation may be written in the more convenient 
form 
(11) sy = 2. 

The axes of this curve lie in the lines y = 4, y = — 7; the 

vertices are the points (c, ¢), (— ¢, — 0), the semi-axis is 
g=V26, 

and the foci are at the distance 2 c from the center. 


EXERCISES 

1. Prove that the hyperbola cy = b lies in the first and third or the 
KI ond fourth quadrants according a8 bk is positive or negative. 

2, Trace the hypertwla zy = 4. 

3%. Trace the hyperwla sy +6 = 0. 

4, Find the tangent and normal to the hyperbole zy +2 =0 
at the point z = 1. 

6. Find the tangent and normal to the lyperbols 2 zy = 3 at the 
point (— 2, — 4). 

6. SAG aa fray erage — 2 paralld to the line 
£Z—-2y¥4+3=0. 

7. Find the tangents to the hyperbola zy = 6 perpendicular to the 
line3z—2y =5. 

8. Find the tangents to the hyperbola zy = 4 through the point 
(1, — 2). 

9. Find the tangents to the hyperbola 5zy + 6 = 0 through the 
point (0, 3). 

10. Find the tangent to the hyperbola zy = € at any point (4, ys) 


om the curve. Ans. yr toy =2E4 
11. Prove that the equations cs = ¢ cect 6, y = ¢ tan $ represent 2 
rectangular hyperbola referred to its asymptotes, and construct the 


angle ¢ corresponding to any point of the curve. 
12. What is represented by the equations s = ¢ we $6, y = ¢ cee @? 
Can the angle ¢ always be constructed? 
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EXERCISES 


Find the asymptotes of the following hyperbolas; check the results. : 


1. w—y+42er7—-4y4+6=0. 

2.327—-y+62—2y+3=0. 

38. 22y —y? —2x2+4y =0. Trace the curve. 

4. 622-—7a2y —3y? =3. Trace the curve by composition of 
ordinates. 


6. 152274+ 16ay+4y2-—42—-4y =1. 


4a?9-2Qay —2y¥+427+5y7y+5=0. 

lle®+7ey -—5y+5=0. Ans. y = (5 £ ts V269) a. 
x*—3ay+62+5=0. Trace the curve. 

6zy — 15% —8y+10 = 0. 

380? —5ay+8re—-9y4+6=0. 


. 212? —llwzy — 40y? — 262 — 55y+1 =0. 
- ty~+8e—5y+6=0. 
13. 


Prove that if the term in y? is missing from its equation, a hyper- 


bola has an asymptote parallel to the y-axis, and conversely. 


14. 


2 2 
Find the asymptotes of the hyperbola © _ = = 1 by the method 


of § 130. 


15. 


Prove that if the equation of a hyperbola contains no terms of 


the first degree, the asymptotes can be found by equating to 0 the group 
of terms of the second degree and factoring the resulting equation. 


131. Equilateral hyperbola referred to its asymptotes. 


Since the asymptotes of the 
equilateral, or rectangular, 
hyperbola are perpendicular 
to each other (§ 81), they 
may be taken as the axes of 
coordinates. In that case, 


oy 


wy 


O & the asymptotes are the 
lines 

x=0, y=0; 
it follows by the theorem of 
§ 129 that the equation 


Fra. 105 (10) xy=k 


oa 
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represents a rectangular hyperbola whose asymptotes are the 
coordinate axes. 

If k is positive, the curve lies in the first and third quad- 
rants; its equation may be written in the more convenient 
form 


(11) xy=c’. 

The axes of this curve lie in the lines y = x, y = — a; the 

vertices are the points (c, c), (— c, — c), the semi-axis is 
a= V2¢, 


and the foci are at the distance 2 c from the center. 


EXERCISES 


1. Prove that the hyperbola xy = k lies in the first and third or the 
second and fourth quadrants according as k is positive or negative. 


2. Trace the hyperbola zy = 4. 
3. Trace the hyperbola zy + 6 = 0. 


4. Find the tangent and normal to the hyperbola zy + 2 = 0 
at the point 7 = 1. 


5. Find the tangent and normal to the hyperbola 2 zy = 3 at the 
point (— 3, — 3). ) 

6. Find the tangents to the hyperbola xy = — 3 parallel to the line 
z—2y+3=0. 

7. Find the tangents to the hyperbola xy = 6 perpendicular to the 
line 3a —2y = 5. 

8. Find the tangents to the hyperbola zy = 4 through the point 

9. Find the tangents to the hyperbola 5 zy + 6 = 0 through the 
point (0, 3). 

10. Find the tangent to the hyperbola zy = c? at any point (a1, y1) 

on the curve. Ans. yx + ny = 2c. 


11. Prove that the equations x = ¢ cot ¢, y = c tan ¢ represent a 
rectangular hyperbola referred to its asymptotes, and construct the 
angle ¢ corresponding to any point of the curve. 


12. What is represented by the equations x = c sec ¢, y = c ese ¢? 
Can the angle ¢ always be constructed? 
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A line parallel to a codrdinate axis is considered to be di- 
rected, the positive sense agreeing with that of the parallel 
axis; unless the contrary is indicated, lines oblique to the 
codrdinate axes are undirected. 


134. Distance between two points. To find the distance 
d between two points Py: (a1, y1, 2) and Pe: (a2, Yo, 2), we 
note that, in Fig. 108, 
| d = V P,M’ + MP’. 


But 
P\M’ = P\L’ + LM’, 
so that see 
di= ¥ Pipe EM eMPe. 
Now 
PL=IJ = GH = 2 — 1; 
similarly, 
LM =» — I, 
MP, = %— mM. 
Thus 
(1) d = V (x2 — X41)? + (ys — Ys)* + (22 — Z)* 


Fic. 108 Fie. 109 


135. Midpoint of a line segment. ‘io find the point 
P:(z, y, 2) bisecting the line segment joining the points 
Py: (21, y1, 21) and Pe: (a2, Ye, 2), let us drop perpendiculars 
P,L;, PL, P2L2 from these points to Ox. Then (Fig. 109) 

OL = OL, + § Lily; 
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that is, 

w= a+ 3 (ee — 1) = 3 (t%1 +m). ’ 
Proceeding similarly for y and z, we obtain the following 
formulas for the coérdinates of the midpoint: 


| = 3 (%1 + Xa), 


y = i (Yi he Y2), 
2 (21 + 22). 


(2) 


v4 


EXERCISES 

1. Plot the points (3, 4, 1), (1, 3, 5), (3, 1, 6), (1, 6, 1). 

2. Plot the points (— 2, 3, 2), (—2,—1, 3), (2, 4, — 8), 
(— 2, — 3, — 6). 

3. Plot the points (0,0, — 5), (— 4,0, — 3), (— 2, 2, 0), (0, — 2, 0). 

4. Through the point (1, 3, 5) draw lines intersecting each of the 
coérdinate axes at right angles. 

5. Draw perpendiculars from the point (— 2, 3, 1) to each of the 
codrdinate planes. 


6. From the point (8, — 2, 6) draw perpendiculars (a) to each 
coordinate axis, (b) to each codrdinate plane. 


7. Given any point in the first octant, with the foot of the per- 
pendicular from this point to the y-axis, draw perpendiculars from 
the point to each codrdinate axis and to each coérdinate plane. 


8. In each coérdinate plane, draw a line through O making the 
angle arctan 2 with one of the axes, and a perpendicular to this line 
through an arbitrary point in that plane. 


9. Ineach coordinate plane, draw a circle of radius a with center at O. 
‘ x y? 
10. In the zy-plane, plot the ellipse = + = =1. 
25 16 
11. In the zz-plane, plot the parabola 2? = z. 


12. Draw a rectangular parallelepiped, or box, with its edges parallel 
to the coérdinate axes and having the points (0, 0, 0), (8, 4, 6) as ends 
of a diagonal. . 

13. Draw a box with its edges parallel to the codrdinate axes and 
having the points (1, 3, 2), (3, 6, 7) as ends of a diagonal. 
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14. Where is a point situated if 


(a) z = 0? (6) z= 07 (c) c= y = 0? 
(Oa Oe ©) 2 = 2? ON S27 = ik 
(Op) = Ay =2,0=0?. Olay S27 


Find the distances between the following pairs of points. Draw the 
figures. 

15. (1, 3, — 2), (3, 5, 3). 

16. (0,4, — 2), 3, —1, —4). 

17. (— 5, — 3, — 2), (0, —’6, — 5). 

18. (13, — 8, 16), (— 12, — 18, — 4). 


19. Prove that the points (1, 3, 3), (0, 1, 0), (4, — 1, 0) form a right 
triangle, and find its area. 


20. Prove that the points (2, —15,—4), (—38, —5, —9), 
(2, 5, 6) form a right triangle, and find its area. 


21. Prove that the triangle whose vertices are (3, 1, 2), (1, 0, — 1), 
(2, — 1, 5) is isosceles, and find its area. Ans. } V19. 


22. Prove that the points (6, 1, — 3), (0, — 2, 8), (10, 3, — 7) lieina 
straight line. Check by plotting. 


23. Do the points (0, 4, 1), (1, 0, 0), (2, — 4, — 1) lie in a straight 
line? 


24. Do the points (13, 10, — 7), (— 3, — 10, 11), (1, — 5, 7) lie 
in a straight line? 


25. Prove that the sphere with center at (1, 3, 2) passing through 
(6, — 2, 3) also passes through (0, 2, — 5). 


Find the midpoints of the segments joining the following pairs of 
points. 
26. (1, 44), (2a, — 5): 


27. , = & a" 2) (3, 25 FE i) 
28. (cs re i a 3) (, 2; 7: 2). 
29. (0, 3.7, — 1.4), (2.15, — 1, 3.2). 


30. Find the lengths of the medians of the triangle whose vertices 
are (1, 2, 3), (3, — 4,1), (— 5,0, — 1). Ans. V59, V29, 5 V2. 


81. Solve Ex. 19 in another way. 
82. Solve Ex. 20 in another way. 
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33. The line from (2, — 1, 3) to (5, 4, 2) is doubled. Find the end- 
point. Draw the figure. Ans. (8, 9, 1). 

34. The line from (0, — 1, 6) to (1, 3, 1) is trebled. Find the end- 
point. 

35. The line from (8, 3, 2) to (0, 0, — 2) is quadrupled. Find the 
endpoint. 

36. Prove that the points (2, 1, 4), (0, 0, 0), (8, — 1, 2), (5, 0, 6) 
form a parallelogram. 

37. Do the points (— 1, 2, 3), (2, 4, 3), (— 1, 6, 3), (— 1, 4, 6) 
form a parallelogram? Ans. No. 

38. Prove that the points (3, 2, 2), (1, 2, 1), (2, 4, — 1), (4, 4, 0) 
form a rectangle. Draw the figure. 


39. What is the distance of the point (a, y, z) from Ox? From Oy? 
From Oz? From 0? 


40. A point is at the distance 3 from the za-plane, 5 from the z-axis, 
and V26 from the origin. Find its codrdinates. 

41. A point is at the distance 2 from Ox, V5 from Oy, and V7 from 
Oz. Find its coérdinates. 


42. Prove that the lines joining the midpoints of the opposite sides 
of any quadrilateral (not necessarily plane) intersect and bisect each 
other. 


136. Direction angles; direction cosines. Given any 
directed line \ passing through the 
origin, the angles a, 8, y formed by 
this line with the z-, y-, and 2-axes 
are called the direction angles of 
the line, and the cosines of these 
angles are the direction cosines. 
Direction cosines are denoted by 
the letters 1, m, n respectively : 

= cos a, m = COS B, N = COS y¥. 

More generally, if the given line 
does not pass through the origin, 
its direction angles and direction 
cosines are defined as equal to those of the parallel line through 


the origin. 


Fia. 110 
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Given the direction cosines 1, m,n of any directed line )’, 
let P: (x, y, 2) be any point on the parallel \ through the 
origin, and denote the distance OP by p. Evidently (Fig. 
110) 

x = OP cos a = lp; 
similarly, 
y = Mp, 2 = Np. 
Thus the coérdinates of P can be found if 1, m, n are known, 
so that the line \ is determined. It follows that the direc- 
tion of any line is determined wf its direction cosines are given. 

If the positive sense on the line be reversed, its direction 
angles are replaced by their supplements, and the signs of 
the direction cosines are changed. Hence the direction co- 
sines of an undirected line are ambiguous in sign: if for one 
sense on the line they are lJ, m, n, for the opposite sense they 
are — l, — m, — n. 

In Fig. 110, we have 


BE UE he = Rey 


I2p? + mp? + n2p? = p2. 
Hence the important 
THErorEeM: The direction cosines of any line are connected 
by the relation 


(3) P+ m+n? =1. 


or 


137. Direction cosines proportional to three numbers. 
If the direction cosines of a line are proportional to three 
numbers a, b, c, their actual values must be 

a b c 
lL=—-, m=-, n=— 


where s is a quantity as yet undetermined. Substituting 
these values of 1, m, and n in (8), § 136, we get 


ee >  ¢ 
gl gg Tg 


tare, 


= 1, 


or 


Cee 
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so that 
s= Ve+B+ Ce. 

Hence: 

If the direction cosines of a line are proportional to any three 
numbers a, b, c, their actual values are 

a b c 

CS pe egy 0 Cras ta pr 

The ambiguity of sign mentioned in § 136 appears here in 
the fact that we might equally well choose the negative sign 
before the radical. 


138. Radius vector of a point. The directed segment 
OP from the origin to the point P: (a, y, z) is called the 
radius vector of P; its length is 
(5) p= Vxt+ yP + 23, 

By § 136, the codrdinates of the point in terms of the 
radius vector and its direction cosines are 
(6) x =Ip, y= mp, Z = nop. 

Hence the direction cosines of the radius vector of a point are 
proportional to the coérdinates of the point. 


139. Direction cosines of the line through two points. 
Let d be the distance between 
the points Pi: (a1, yi, 2%) and 
P2: (x2, Yo, 22). Then the direction 
cosines of the line P,P. are 


Fe ey 
CA TE 
DS 
igeNd ak aA; 
ON Meee se 
eet elk 4 Bee 
enna: Fig. 111 


The direction cosines of the line joining the points 
Py: (a1, Yi, 2) and Pe: (2, Y2, 22) are proportional to x2 — 21, 
y2 — Yi, 22 — %- 
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EXERCISES 


1. A line makes an angle of 45° with Oz and 60° with Oz. What 
angle does it make with Oy? 


2. A line makes the angles arccos 3, arccos } with Ox and Oy 
respectively. What angle does it make with Oz? 


3. A line makes angles of 45° with Oy and Oz. What angle does 
it make with Ox? 


4, A line makes equal angles with the axes. Find its direction 
cosines. 


Draw the following lines. 


5. Through O making the angle 45° with Ox and 60° with Oz. 
(See Ex. 1.) How many such lines are there? 


6. Through O, having 1 = 4, m = ¢. 
7. Through O, having m = —2,n = 
8. Through (8, 4, 2), having 1 = 
9. Through (4, 2, 5), having / 
10. Through (2, 5, 3), having m = —3,n = — 2. 


11. Can a line be drawn making an angle of 30° with Or and 45° 
with Oz? 


12. Prove that it is impossible to draw a line two of whose direc- 
tion angles shall be less than 45°. 


ico NH 
bo 
. cslno 
= 
ll 
die 
S 


ll 


3 
ll 
NIH 


13. The direction cosines of a line are proportional to 1, — 3, 2. 
Find their values. 


14, The direction cosines of a line are proportional to — 2, 2, — 5. 
Find their values. 

15. For each of the following points, find the length and direc- 
tion cosines of the radius vector: (a) (2, 3, 3); (b) (—3, 5, — 2); 
(c) (2,0, 0); (d) (4, 4, 8). 

16. Where must a point lie if its radius vector has (a) 1 = 0? 
(b)l=m=0? (c)l=}3? @lL=1? ©€)m=n =} V2? 

17. A point is at the distance 3 from O, and its radius vector makes 
an angle of 60° with Oy and 45° with Oz. Find its codrdinates in two 
ways. Ans. (+ %, 4,4 V2). 

18. A line makes an angle of 60° with Oz and 60° with Oz. What 
angle does it make with Oy? 
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19. A point is at the distance 4 from the yz-plane, and its radius 


vector has the direction angles 8 = a y=. Find its coérdinates, 


x 
and draw the figure. Ans. (4, 4 V3, 0). 

20. A point is at the distance 3 from O, and the direction cosines of 
its radius vector are proportional to 1, 2, 4. Find its codrdinates. 


21. A point lies on a sphere of radius 5 described about the origin. 
If it is at a distance 4 from the zy-plane and its radius vector makes 


a with Oz, find its coérdinates. Ans. (§, + 4 V1, 4). 


22. A point is at the distance 2 from the plane of yz, and its radius 
vector has a = 60°, 8 = 45°. Find its coérdinates. 


an angle of 


23. A point is at the distance 4 from O, at the distance — 1 from 
the zz-plane, and its radius vector makes the angle 7 With Ox. Find its 
coordinates. Ans. (2V2, — 1, + V7). 


24. A line has direction angles so related that a = B =4y. Find 


(oH Teh 9 Ans. a=B=3,7=5,0a@=B=5,7=7. 


25. A point is at the distance 25 from Oy, 8 from O, and its 
radius vector makes an angle 5 with Ox. Find its coérdinates. 
Ans. (4, +2 Vil, + 2). 
26. A point is at the distance V5 from the z-axis, 1 from the zy- 
plane, and its radius vector makes an angle - with Ox. Find its co- 
ordinates. 


27. A point is at the distance V2 from Oz, V3 from Oz, and its 
radius vector makes an angle of 45° with Oz. Find its coérdinates. 


28. Find the direction cosines of the line (a) joining the points 
(3, —1, 2), (4, 0, — 8); (6) joining the points (—1, — $, 6), 
(eo ub, i, $). : 

29. Find the direction cosines of the sides of the triangle whose 
vertices are (1, — 3, 3), (5, 1, — 6), (— 4, 1, — 2). 

30. Prove in a new way that the points (6, 1, — 3), (0, — 2, 3), 
(10, 3, — 7) lie in a straight line. (Ex. 22, p. 212.) 


31. Determine in a new way whether the points (0, 3, 1), (1, 0, 0), 
(2, — 4,—1) lieinaline. (Ex. 28, p. 212.) 


218 ANALYTIC GEOMETRY 


82. Do the points (2, 4, — 3), (8, — 2, 4), (5, — 14, 16) lie in a 
line? : 

33. Prove in another way that the points (2, 1, 4), (0, 0, 0), 
(8, — 1, 2), (5, 0, 6) form a parallelogram. (Ex. 36, p. 213.) 

34. Prove in another way that the points (8, 2, 2), (1, 2, 1), 
(2, 4, — 1), (4, 4, 0) form a rectangle. (Ex. 38, p. 213.) 


140. Projections. The projection of a point P upon any 
line is the foot of the perpendicular from P to that line. 
The projection of a line segment P,P: upon any line is the 
segment joining the projections of the end points P;, Pz upon 
that line. In Fig. 109, p. 210, ZiLe is the projection of the 
segment P,P, upon the z-axis. 

The projection of a broken line upon any line is the sum 
of the projections of the 
segments forming the 
broken line. The pro- 
jection of a broken line 
PiPee Po upon any 
line 1s equal to the pro- 
jection of the closing line 
P,P, upon that line. 
For instance, in Fig. 
112) 

LiL, + LpLz 

aL Lgl = DyD. 
It should be noted that the segments composing the broken 
line need not all lie in the same plane. 


141. Angle between two lines. To find the angle a 
between any two intersecting lines \y, do, let us take the 
point of intersection as the origin. (This involves no loss of 
generality, since if the lines intersect at any other point we 
can find the angle between parallels to the given lines through 
the origin.) Denote the direction cosines of \; by hi, m1, 1, 
those of dz by le, me, N2, and choose on A; any point P: (z, y, 2) 
having the radius vector p. Then, in Fig. 113, 

OL=x=lp, LM=y=mp, MP =z= np. 


Fig. 112 
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Now the projection on d2 of the broken line OLMP equals 
the projection on ), of the closing line OP. Hence 


OP cos ¢ = OL.l, + LM.m, + MP.m, 


or 

; p cos d = lipl, + mipme + nipne: 
that is, 
(7) cos ¢ = Ll, + myme + ning. 


Fic. 113 


It is useful to extend the idea of angle between two lines 
to the case of non-intersecting lines. The angle between 
two non-intersecting lines is defined as being equal to the 
angle between two intersecting lines that are respectively parallel 
to the given lines. With this convention formula (7) gives 
the angle between any two lines in space. 


142. Perpendicular lines. In formula (7), if cos ¢ = 0, 
then ¢ = 90°, and we have the 

THEOREM: T'wo lines having the direction cosines lh, m1, M1 
and le, m2, Ne are perpendicular of 
(8) (AE + ™m,1MNg + NN, = 0. 

CorouuaRy: Two lines whose direction cosines are propor- 
tional to ai, bi, c, and de, bs, c, are perpendicular if 


(9) Q,4a2 + b,b. + ¢1C, = 0. 
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EXERCISES 


1. Find the projections upon the axes of the points (a) (8, 5, 2), 
(0) (4, = 1 oe 5), (c) (2, 0, ax 3), (d) (3, 0, 0). 

2. Find the lengths of the projections upon the axes of the line 
from (2, 4, 3) to (5, 1, 2). Ans. 3, — 3, — 1. 

3. Find the lengths of the projections upon the axes of the line 
from (21, Yi, 21) to (a2, Ye, 22). 


4. Find the projections upon the axes of the broken line joining 
the points (1, 2, 1), (8, 5, 5), (4, 1, 3), (6, 6, 8), and of the closing line. 
Draw the figure. 


5. Prove that the length of the projection of a closed polygon 
upon any line is 0. 


6. Prove that if two broken lines have the same initial and ter- 
minal points, their projections upon any line are equal. 


7. Find the angle between two lines whose direction cosines are 


proportional to 2, 1, — 2 and 1, 1, 0. Ans. 45°. 
8. Find the angle between two lines whose direction cosines are 
proportional to 1, 2, 3 and 2, 3, 6. Ans. Arccos $3 V14. ; 
9. Find the angle between the radius vectors of the points 
(3, — 4, 5) and (— 1, — 1, 0). Ans. Arccos zp. 
10. Find the angle between the radius* vectors of the points 
Qa5—— 1) ands G,0— OD) Ans. Arccos a ae 
11. Find the angle between the radius vectars of the points (1, 2, 3) 
and (541): Ans. Be 


12. Find the angle between the lines joining the points (2, — 3, 4), 
(4, 2, 0) and (5, 38, — 1), (— 2, 2, 2). 

13. Find the angles of the triangle whose vertices ‘are (3, 1, 3), 
(5, as 2, — 6), (0, 0, 3). 

14. Prove that if equal segments of length p be laid off from O on 
the two lines of § 141, the ends of these segments are the points 
Py: (lie, mip, mip), P2: (lop, mop, N2p). Hence derive formula (7) by 
applying the cosine law of trigonometry to the triangle OPiP3. 


15. Prove the corollary of § 142. 


16. Prove in another way that the points (1, 3, 3), (0, 1, 0), 
(4, —1, 0) form a right triangle. (Ex. 19, p. 212.) 
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17. Prove in two new ways that the points (8, 1, 2), (1, 0, — 1), 
(2, — 1, 5) form an isosceles triangle. (Ex. 21, p. 212.) 


18. Prove in several ways that the points (8, 4, 4), (— 1, 3, 5), 
(— 1, 6, 8), (3, 7, 7) are the vertices of a square. 


143. Cylindrical codrdinates. Given a point P in space, 
let us drop a perpendicular from P to 
a point M in the zy-plane. The posi- 
tion of P is evidently determined if we 
know the polar coédrdinates r, 6 of M 
together with the z-coérdinate MP. 
This combination of polar codrdinates 
in the zy-plane with the cartesian z is 
the so-called cylindrical system. The 
coordinates are written in parenthesis 
in the order (r, 6, 2). 

Evidently the only formulas required 
for transformation from cylindrical to 
cartesian codrdinates, or vice versa, are those of § 65. 


@ 
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EXERCISES 


1. Find the cylindrical codrdinates of the points (a) (1, V3, 1), 
(6) (2,2, 5), (c) (8, 0, — 8). 

2. Plot the points whose cylindrical coérdinates are (a) (1, z 2) 
(b) (3, G7, 3), (c) (4, 7, — 1). 

3. Find the cartesian codrdinates of the points of Ex. 2. 

4. What is the locus of points for which r = 1? 

5. What is the locus of points for which 6 = xe 


CHAPTER XI 
LOCI 


144. The locus of an equation. Ifz, y, and zare connected 
by an equation of any form, we may assign values at pleasure 
to two of the variables and compute the third, thus deter- 
mining certain sets of values of x, y, and z satisfying the 
equation. Each cf these sets of values may be considered 
as the cartesian coérdinates of a point. The points whose 
codrdinates satisfy the equation are not scattered at random 
throughout space; instead, they form in the aggregate a 
definite surface, called the locus of the equation. That is: 

In space of three dimensions, the locus of an equation is a 
surface containing those points, and only those points, whose 
coérdinates satisfy the equation. 

Of course this definition applies Just as well in cylindrical 
coérdinates. 

It follows from the above that, in solid geometry, every 
equation represents a surface. If this statement is to hold 
without exception, however, the idea of surface must be ex- 
tended beyond its ordinary meaning. Thus in limiting cases 
a “surface”? may reduce to a curve, to one or more separate 
points, or to an imaginary locus. (Compare the similar ex- 
tension of “curve” in § 15.) These cases are usually of 
trivial importance. 

In the remainder of our work, attention will be confined to 
cartesian codrdinates except where the contrary is indicated. 


Examples: (a) If the codrdinates of a point satisfy the 
equation 


(1) r=Y, 
222 
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the point must be equidistant from the yz- and za-planes. 
Hence the locus of (1) is a plane through the z-axis bisecting 
the angle between the yz- and zz-planes. 


(b) If the coérdinates of a point satisfy the equation 
(2) t+ y+ 2 = 25, 
the point must be at the distance 5 from the origin. Hence 
the locus of equation (2) is a sphere of radius 5 with center 
at O. 


145. Determination of points on a surface; intercepts 
on the axes. The method of plotting by separate points, 
used in plane geometry to trace a curve, is evidently almost 
useless as a means of presenting a surface to the eye. Never- 
theless it is sometimes desirable to determine points on a 
surface; as suggested in § 144, this is done by assigning 
values to two of the variables and computing the third. 

In particular, the intercepts on the axes are evidently 
found by equating two of the variables to 0, and solving for the 
third: to find the z-intercepts, set y and z equal to 0, ete. 


146. Planes parallel to a coordinate plane. The equation 
r= 2 
evidently represents a plane parallel to the yz-plane at a dis- 
tance + 2 from it; for that plane contains all those points, 
and only those points, whose x-codrdinate is 2. Similarly, 
any equation of the form 
z=k 
represents a plane parallel to the yz-plane. An analogous 
result holds for an equation of the same form in y or in z. 
Thus we have the 
THEOREM: An equation of the first degree in one variable 
represents a plane parallel to the plane of the other two variables; 
and conversely. 


147. Plane sections of a surface; traces. A plane and a 
surface intersect in general in a curve, called the section of 
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the surface by the plane. Of particular importance are the 
sections of a surface by the coédrdinate planes; these sections 
will be called for brevity the traces of the surface. 

If in the equation of a surface we set z = 0, the resulting 
equation in x and y, when considered as the equation of a 
locus in the zy-plane, evidently represents the wy-trace of the 
surface. Similarly we find the yz-trace by setting x = 0, and 
the zx-trace by setting y = 0. 

Further, if in the equation of the surface we substitute 
z = k, the resulting equation in x and y, when considered as 
the equation of a curve in the plane z = k, represents the sec- 
tion of the surface by that plane. Inthe same way the section 
by any plane parallel to a codérdinate plane may be found. 

Example: The surface 
x? y? ge 


+¥4+e=1 


z 
16:9 25.7.9 
intersects the xy-plane 
in the ellipse 
2 2 
y a3 tos = hh 


Tops ee 
the yz-plane in the 
ellipse 
Uae 
25 m 7p 1, 
x Fic. 115 the za-plane in the 
ellipse 
oe ee 
16 = iva 1 


the plane y = 2 in the ellipse 

A Von teeing PAN 

Tet: 
Figure 115 shows that part of the surface lying in the first 
octant. This surface is called an ellipsoid; it will be discussed 


in detail in § 184. 
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EXERCISES 
In the following cases, determine whether the given points lie on the 
surface. 

1.7 +7+2 =D), (4, —2, — 20), (—1,0, 1). 
2,22+4y+4+2=8, (3, 3, — 12), (—1, —1, — 2) 

3. y¥+2z2—Z2 =4, (4, 6, 1), (—1, 3, 0). 

4, ff = 2, (—4, — 2, 3), (1, — 1,20). 

6. 7+ = 07, (— 44, — ta, 42a), (0,0, 0). 

What is represented by each of the following equations? 


6 2 =1. 7. f4+3yY+2y =0. 
8 +7 =0. 9. 2?4+224+2=0. 
10. zyz = 0. 11. y2+4y-—32=12. 


In each of the following cases, find the intercepts on the axes and 
determine several other points; also draw the traces and one or more 
other sections. 


12. 32+y7+52=6. 13. 2£+2y+32 = 12. 
14, s-—y—22=3. 16. ¢+2=6. 

16. 3y —z = 8. 17. 2z2-y+4z2+1=0. 
18. Po 4+74+2 = 25. 19. 7 +27=22. 

0. 7 +27=2 21. y7 =4a2. 

ao, H 4045-1 23, 240-21 

4, r+ 27=a 26. 2? —y* = a’. 

26. sy+yz+zue=0. 27. sy = 2. 


148. The locus of two simultaneous equations. Two 
surfaces intersect in general in a curve. This may be a 
plane curve, but ordinarily its points do not all lie in a plane, 
in which case it is called a twisted, or skew, curve. 

Given the equations of two surfaces, if the equations be 
considered as simultaneous their locus consists of all points 
whose codrdinates satisfy both equations — i.e. of all points 
lying on both surfaces. Hence: 

The locus of two simultaneous equations is a curve, viz. the 
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curve of intersection of the surfaces represented by the two 
equations separately. 

It is obvious that an infinite number of surfaces may be 
drawn, all intersecting in the same curve: as a simple ex- 
ample, infinitely many planes may be passed through a 
given straight line. Thus, while there is only one equation 
representing a given surface, a curve may be represented by an 
infinite number of different pairs of equations — viz. by the 
equations of any two of the surfaces having that curve as 
their intersection. 


149. Determination of points on a curve; piercing points. 
Usually a curved line in space cannot be clearly represented 
in either form or position by the method of point-plotting*; 
further, the algebraic work involved in computing the co- 
ordinates of a large number of points is very tedious. How- 
ever, it is often desirable to determine a number of points 
on a curve; to do this, we assign values to one of the variables 
and solve the resulting simultaneous equations for the values of 
the other two. 

In particular, the piercing points of a curve in the coér- 
dinate planes are found by letting x, y, and z in turn 
equal 0. 


Example: Determine the piercing points in the codrdinate 
planes and a number of 
other points of the curve 


2e+y+2=3, 
5a+4y—22=6. 
When x = 0, we have 


ytz2=3, 
4y—22=6, 
whence 
Fie. 116 y=2,2=1. 


Similarly, the piercing points in the other planes are found 


* An effective method will be presented in § 200. 
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to be (4, 0, 4), (2, — 1,0). Other points may be determined 
by assigning values to one of the variables; for instance, 
when z = 1, we find y = 3,2 = 3. The curve is a straight 
line. 


150. Intersection of three surfaces; of a curve and a sur- 
face. It may happen that three surfaces intersect in a curve: 
for instance, three spheres may have a common circle of 
intersection. Again, there may be no points common to the 
three surfaces, as would be the case if two of the three sur- 
faces were concentric spheres. Usually, however, three surfaces 
intersect in one or more distinct points, real or imaginary. 
Since these points lie on all three surfaces, their codrdinates 
must satisfy all three of the corresponding equations; the 
points of intersection of three surfaces are therefore found 
by solving their equations as simultaneous. 

A curve and a surface intersect in general in one or more 
points. If two equations be thought of as representing a 
curve while the third represents a surface, the points of in- 
tersection are found by solving the three simultaneous 
equations. These are of course the same points as found for 
the three surfaces represented by the three equations sep- 
arately; the only difference is in the point of view. 


EXERCISES 


Determine whether the given points lie on the given curve. 
1. Curve 32—-y+6z2=6, c+y+2z2+2=0, points (a) 
(3, = 3, a 1), (b) (1, 4, 2), (c) i 1, 3, 2). 
2. Curve? +7+2 = 81,22 —y+2z =1, points (a) (4, 8, 1), 
(b) (= 4, oe 8, = 1). 
3. Curve # +y=1, 2=y+1, points (a) (—1, 1, 2), (6) 
(1, 0, 0). 
4, Curve 2?+7? = 25, 2 +y?+ 2 = 50, points (a) (5, 0, 0), 
(b) (— 3, — 4, — 5), (e) (0, 7, 1). 
Determine the piercing points in the codrdinate planes and one or 
two other points of each of the following curves. 
6% 2£-—38y+22=5,2244+3y4+22=8. 
6 cty4+22=3,32-y—-—2z2=1. 
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7 g=7,2=y'. 
8 2e+y+2=10,2+y+2=8. 
9 2 +y=10,7+3y7+6 =0. 
Find the points of intersection of the following loci. 
10. Surfacesa@ =1,38¢2+y4+2=1,%4-—y—22=2, 
11. Surfaces 32 +22=y,74+2y+2=5, 224 —3y+6 =2z. 
12. Surfaces 6c7+y—z2=1,227+5y+22+6 =0,32%-—3y=zs. 
13. Surface x? + y?+2?=1, curve 2% —y+92=1,32%4+62=2. 
14. Surface x + z = 1, curve y = v2, y = 4 22. 
’ 16. Surfaces y = 222,20? + 2=2,y+22=0. 
16. Surfaces 22? + y? + 2 =2, 22+ y2=1, 327+3y? +222 = 5. 


151. The surface as locus of a moving point. If a point 
moves in space subject to a given condition on its coérdinates, 
its locus is in general a certain surface. For, if the codrdinates 
of the moving point in a general position are (a, y, 2), the 
result of expressing analytically the law of motion is an 
equation in x, y, 2 which must represent a surface. 

Example: A point moves so as to remain equidistant 
from the points (0, 0, 0), (1, 1, 1). Find the equation of 
its locus. 

If P: (a, y, 2) is the moving point, we have 


Cont men ah Cid eel ae ie Uy, 
or 
2er+2y+22=3. 


The locus is of course the plane bisecting at right angles the 
line joining the given points. 


152. The curve as locus of a moving point. From the 
fact that two equations involving its codrdinates do not fix 
the position of a point in space but merely determine a 
curve in which the point must lie, there arises in solid ge- 
ometry a type of problem having no analogue in the plane: 
the type in which a point moves subject to two conditions. 
The two conditions when expressed analytically give two 
equations in the codrdinates, which taken simultaneously 
represent the curve which the point describes. 
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EXERCISES 


Find the equation of the locus in each of the following cases. 
1. A point moves so as to remain equidistant from the points 
(2, 3, — 1), (— 3, —2, — 2). Ans. 10x+10y+22+3 =0. 
2. A point moves so as to remain equidistant from the points 
CS 3 3, 7 3), G, 4 Fa 3). 
3. A point is equidistant from the xy- and yz-planes. 
4, A point lies at the distance V5 from the point (2, — 3, 6). 
5. A point is equidistant from the planes x = 1, y = 2. 
Ans. % —y+1=0, andz+y =3. 
6. A point moves at the distance 2 from the z-axis. 
7. A point remains equidistant from the yz-plane and the point 
(4, 0, 0). Ans. y? + 2 = 8-2 — 16. 


8. A point is equidistant from the z-axis and the plane y = 1. 
1 


9. Solve Ex. 8 in cylindrical codrdinates. Ans. r = ————- 
1 + sin 6 
Find the equations of each of the following loci. 


10. A point moves so as to remain at the distance 3 from the point 
(1, 2, 1) and at the distance 2 from (2, 0, 1). 


11. A point is equidistant from the points (1, 3, 2), (0,0, 1) and also 
from the points (3, 0, 3), (0, — 2, 0). 

12. A point moves at the distance 1 from the z-axis and at the same 
distance from the y-axis. 

13. A point is equidistant from the points (2, 1, 1), (0, 0, 0), (0, 2, 0). 

14. A point moves so as to remain equidistant from the z-axis, the 
yz-plane, and the point (1, 1, 0). 

15. Find the equation of a right circular cylinder of radius 3 whose 
axis is the x-axis. 

16. Find the equation of a right circular cylinder of radius 1 whose 
axis is the line = 2, 2 = 1. 

17. The base of an isosceles triangle joins the points (2, 5, 2), 
(1, — 3,3). Find the locus of the vertex. 


CHAPTER XII 


THE PLANE 


153. Normalform. Let P: (x, y, 2) be any point of the 


x 


Fic. 117 


plane RST, and N the 
foot of the perpen- 
dicular from O upon 
the plane. Denote the 
length of the normal 
ON by p and its direc- 
tion cosines by 1, m, n. 
The line NP is perpen- 
dicular to the normal 
ON if and only if P is 
in the plane: thus if we 
can express the per- 
pendicularity of these 
lines analytically, the 
result must be the 
equation of the plane. 


By (6), § 138, the codrdinates of N are (lp, mp, np), so that 

by § 139 the direction cosines of NP are proportional to 

x—lp, y— mp, 2— np. By the corollary of § 142, the 

lines are perpendicular if and only if 
l(a — lp) + m (y — mp) + n (2 — np) = 0; 

this is therefore the equation of the plane. Removing 

parentheses and transposing we get 


le + my + nz = Pp + mp + np, 


or 


(1) ix + my + nz = p. 
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This is called the normal form of the equation of the plane. 
For definiteness, the convention is adopted that p shall be 
always positive. 

Even if the plane passes through the origin, the direction 
cosines 1, m, n still serve to determine the direction of any 
line normal to the plane, so that the derivation still holds. 
Hence, since formula (1) applies to any plane, no matter how 
situated, we have proved the 

THEOREM: The equation of a plane is always of the first 
degree. 


154. General form; reduction to normal form. Every 
equation of the first degree in three variables can be written 
in the form 
(2) Ax + By+ (z+ D=0. 

Let us transpose the constant term to the right member 
and make it positive (by changing all signs if necessary), 
and then divide through by VA2 + B+ (2: 


(1) + f A i wt ira, Selah 
A? + B2+C? ~— VA? + B+ C2 
gy + D 


“JVELR LO VEPPRLO 

Now the coefficients of x, y, and z are the direction cosines of 
a certain line, since the sum of their squares is unity: it 
follows that (1) is the equation of a plane in the normal form, 
the line just referred to being a normal to the plane. 

From the fact that this reduction can always be carried 
out (since VA? + B? + C? cannot be 0) we deduce the 

TurorEM: Every equation of the first degree represents a 
plane. 

Further, we have the 

Rue: To reduce the equation of any plane 

Ax + By +Cz+D=0 


to the normal form, divide by VA? + B? + C? and choose signs 
so that the constant is positive in the right member. 
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Example: The equation 
r—-y—22+4=0 
becomes in the normal form 
ie y ae Te 
Ve Ve Ve Ve 


The direction cosines of the normal to this plane are 
therefore 
is a ey) A 
V6’ V6’ V6 


, and the distance from the origin is Bee. 
V6 
155. Perpendicular line and plane. From the fact that 
the coefficients A, B, C in the general equation of the plane 
are proportional to the direction cosines of the normal, we 
obtain at once the following 


THrorEeM: If a line and plane are perpendicular, the di- 
rection cosines of the line and the coefficients of x, y, z in the 
equation of the plane are proportional; and conversely. 


On account of its numerous applications, this theorem is 
one of the most important of solid geometry. A typical 
application is furnished by the following 


Example: Write the equation of a plane perpendicular to 
the radius vector of the point (8, 1, 2) and passing through 
(0, 4, 5). 

The direetion cosines of the perpendicular line are pro- 
portional to 3, 1, 2; those numbers may therefore be taken 
as the coefficients in the equation of the plane. The result 
may be written down at once: 


s3¢2+y4+22= 14, 
the right member being necessarily the value assumed by 


the left member when the coérdinates (0, 4, 5) are sub- 
stituted. 
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EXERCISES 


1. Write the equation of a plane whose distance from the origin 
is 2, if the direction cosines of the normal are proportional to 2, 2, — 1. 
Ans. 22+2y—2= +6. 


2. Find the equation of a plane whose distance from the origin is 3, 
if the normal makes an angle of 60° with Oy and 120° with Oz. 
Ans. + V2a+y-—2=6. 


3. Find the equation of a plane through the origin, if the direction 
cosines of the normal are proportional to 5, — 1, 3. 


4. Derive the normal form from the fact that the projection of the 
broken line OLMPN upon the normal must equal ON. Why is this 
true? 


5. Derive the normal form from the fact that the midpoint of OP 
is equidistant from O and N. Does the derivation hold in all cases? 


6. Derive the normal form by applying the theorem of Pythagoras 
to the triangle ONP. Does the derivation hold in all cases? 


7. Find the codrdinates of the point N’ such that N (Fig. 117) 
is the midpoint of ON’. 

8. Using the result of Ex. 7, derive the normal form by finding the 
locus of points equidistant from O and N’. Does the derivation hold 
in all cases? 


9. Derive the normal form from the fact that cos ¢ = , where 


¢ is the angle between ON and OP. 


Reduce the following equations to the normal form; determine the 
direction cosines of the normal and the distance from the origin. Draw 
the traces of each plane. 


ON 
OP 


10. 2%¢+y+22=3. 11. 82 -—2y+24+3=0. 
12. 32-—42=8y. 13. c—y =6. 
14. 3y =4. 15. 22+5=0. 


Find the equations of the following planes. Sketch each plane by 
its traces. 

16. Passing through the origin, the normal making equal angles 
with the axes. 

17. Through (1, 4, 2) perpendicular to the radius vector of that 
point. Ans. x+4y+22 = 21. 

18. Through (2, — 1, 3) perpendicular to the radius vector of that 
point. 
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19. Having the point (— 1, 6, 3) as the foot of the normal from the 
origin. 

20. Having the point (1, 0, 2) as the foot of the normal from the 
origin. 

21. Through (— 3, 5, 4) perpendicular to the radius vector of 
(2, T; a 3). 

22. Through the origin perpendicular to the radius vector of (0, 3, 0). 

23. Perpendicular to the radius vector of (1, — 2, — 2) and passing 
at a distance 2 from the origin. 

24. Perpendicular to the line joining (4, 3, 3) and (— 1, — 8, 2), 
and passing through the origin. Ans. 52+6y+2=0. 

25. Through (— 4, — 38, — 1) perpendicular to the line joining 
that point and (2, 2, 3). 

26. Through (2, 4, 3) perpendicular to the line joining (1, 2, 6) and 
(2, 2, aa 5). 

27. Perpendicular to the line from (0, 0, 3) to (1, 3, — 4) at its 
midpoint. Solve by two methods. 

28. Perpendicular to the line from (1, 3, 1) to (2, 4, 0), and passing 
at a distance 3 from the origin. 


29. The base of an isosceles triangle joins the points (4, 3, 3), (2, 5, 6). 
Find the locus of the vertex by two methods. 


30. One side of a right triangle joins the points (1, 0, 2), (3, 4, 0), 
the right angle being at the latter point. Find the loeus of the third 
vertex. 


156. Parallel planes. If the equations of two planes 
differ only in the constant term, the same must be true after 
reduction to the normal form. Hence the normals to the 
two planes have the same direction cosines and are parallel, 
from which it follows that the planes are parallel. 

Conversely, «f two planes are parallel, their equations can 
be made to differ only in the constant term. 


Example: Write the equation of a plane through (1, 2, 1) 
parallel to the plane 


2e2¢+2y+2=3. 
224+2y+2= 7%, 


The answer is 
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the right member being written down immediately from the 
fact that it must be the value assumed by the left member 
when the coérdinates (1, 2, 1) are substituted. 


157. Distance between parallel planes; between a point 
and a plane. The distance between two parallel planes is 
found by reducing both equations to the normal form and 
taking the difference or sum of the p’s, according as the 
planes are on the same or opposite sides of the origin. 

The distance of a point from a plane is found by writing 
the equation of a plane through the point parallel to the 
given plane and then finding the distance between the parallel 
planes. 


EXERCISES 
Find the equations of the following planes; draw the figures. 
1. Through (3, 1, 1) parallel to the plane22+3y+z2z=1. 
2. Through (0, — 2,3) parallel to the plane 42 —y+2z =3. 
3. Through (4, — 2, — 2) parallel to the plane2y —3z+1 =0. 
4. Through (4, 2, — 1) parallel to the zy-plane. 
5. Through (1, — 3, 2) perpendicular to the z-axis. 


6. Parallel to the plane 32 —-y+z=6 and (a) twice as far 
from the origin; (b) at the same distance from the origin; (c) at the 
distance 2 from the origin. Ans. (C)32—-y+2= +2Vi11. 

7. Parallel to the plane s -2y+2z+6=0 and (a) 2 units 
farther from the origin; (b) 1 unit nearer the origin; (c) at a distance 
2 from the origin. 

8. Parallel to the plane 82 —y —4z2+3 =0 and (a) at a dis- 
tance 3 from that plane; (b) passing at a distance 2 from the origin; 
(c) having the z-intercept 4. 

_ 9. Parallel to the plane s —y —z+5 =O and passing at the 
distance 2 V3 from (1, 2, — 2). Ans. £-y—zZ2=1+6. 
10. Parallel to the plane 2z —3y —5z+1=0 and passing at 
the distance 2 from (— 1, 3, 1). 
11. Find the distance between the planes 324 —y +22+6 =O, 
82—-y+2z2+5=0. 
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12. Find the distance between the planes x+y +2z2+8 =0, 
etyt2z2—-4=0. 


13. A sphere touches the planes 22 +4y+62=38, r+2y+ 
3z-+1=0. Find its volume and surface, and the locus of its center. 


14. A sphere of radius 2 V6 rolls on the plane 24 — y —z = 2. 
Find the locus of its center. 


15. Two faces of a cube lie in the planes 7 +2y +22 
32+6y+62+1=0. Find the volume of the cube. 


16. A sphere of radius 3 touches the plane2z2 —y+32=1. Find 
the locus of its center. 


3, 


In each of the following cases, find the distance of the point from 
the plane. 


17. 2x —y+22+6 =0, (1, —3, 1). Ans. 42, 
18. 2z—82—9y = 2, (2, — 3, 0). Ans. 


19. ¢e—5y+32+1 =0, 4,1, 0). 

20. 32 +7 = 0, 2, —1, 8). 

21. 32—42 = 6; Git): 

22. A sphere with center at (1, 5, 2) touches the plane z + 4 y 


+8z=18. Find the volume and surface of the sphere; also find the 
equation of another tangent plane parallel to the given one. 


158. Plane through a given point. If the plane 
(1) Az + By+Cz+D=0 
is to pass through the point (x, y:, 21), those codrdinates 
must satisfy the equation, and we have 
(2) Am + By, + Ca + D = 0. 
Elimination of D between (1) and (2) gives the following 
useful result: ; 


The equation of any plane through the point (a1, y1, #1) may 
be written in the form 


(3) A(x —x,) + B(y—y:) + C(z—2;) = 0. 


159. Plane determined by three points. From the fact 
that the general equation of the plane contains three essential 
constants — viz. the ratios of any three of the quantities 
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A, B, C, D to the fourth — we conclude that oa plane is de- 
termined by three points, or by any set of three conditions 
which when expressed analytically give three equations to 
determine the essential ratios. 

The direct method of finding the equation of a plane de- 
termined by three points is to substitute the codrdinates of 
the points in turn in the equation 

Az+ By+(z+D=0, 
thus obtaining three equations to solve for three of the 
constants in terms of the fourth. The solution may, how- 
ever, be expedited by use of the formula of § 158, as in the 
following 


Example: Find the equation of the plane through the 


points (0, ae I: 1), i= 1, 3, 2), (3, 2, oy 3). 
The equation of any plane through (0, — 1, 1) is 


(1) Az+Biy+1)+C@Z-1)=0. 
Substituting the coérdinates of the other points in (1), we get 
(2) —-A+4B+C=0, 


3A4+3B-—4C=0. 


Elimination of A gives 


C = 15B; 
substituting this value in (2) we find 
A= 19 6. 


Hence the equation of the plane is found by substitution 
in (1) to be 
19Bs + Bly+1)+15B(z—- 1) =0, 
19%¢+y+15z-14=0. 
Check. 0-14+15-14=0, 
—19+3+30—14=0, 
§67+2-—45-—14=0. 


or 
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160. Angle between two planes. The angle between two 
planes is evidently equal to the angle between their normals. 
Hence the angle between two planes is found by substituting 
the direction cosines of the normals in the formula for the 
angle between two lines (§ 141). 

*61. Perpendicular planes. Two planes 

Aw -E By + Ciz -+ D, => 0, 

Aor + By + Coz + De = 0 
are perpendicular if their normals are perpendicular to each 
other. The direction cosines of the normals are proportional 
to A, By, Cyand A», Bo, C2 respectively. Applying the con- 
dition of perpendicularity (Corollary, § 142) to these two 
lines, we obtain the following 

THEOREM: Two planes 

Aix + By -f- Cyz —- D, = 0, 
Agt + By + Coz + Dz = 
are perpendicular if 
(4) A,A, + BiB, + C,C, = 0; 
and conversely. 

Example: Find the equation of a plane through the points 
(1, 1, 2), (2, 4, 3), and perpendicular to the plane 
(1) ae—-sy+tT72+5=0. 

The equation of a plane through (1, 1, 2) is 
(2) A(@-1)+B(y-1)4+C(e—-2)=0. 
Substituting the codrdinates (2, 4, 3) in (2), we get 
(3) A+3B+C=0. 

The condition of perpendicularity (4) applied to the planes 
(1) and (2) gives 
(4) A> 3B iC = 0. 
From (3) and (4) we find 
A=-4C,B=C, 
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whence the equation of the plane is 


—-4C(@@—-1)+Cy-1+Ce—2) =0, 


or 
4x—y-—z=1. 

Check: 4—1-2=1, 
8-—4-3=1, 

4+3-7=0. 


162. Planes perpendicular to a codrdinate plane. An 

equation of the first degree in which z is missing, say 
By + Cz+D=0, 
represents a plane perpendicular to the yz-plane. For the 
equation of the yz-plane is 
2 = 0; 
and the condition of perpendicularity (4), § 161, applied to 
these two planes gives 
014+ B.0+0C.0=0, 

which is true for all values of B and C. A similar result 
holds for equations in which y or z is missing. Hence the 

THEOREM: An equation of the first degree in two variables 
represents a plane perpendicular to the plane of those two 
variables; and conversely. 


EXERCISES 
Find the equations of the following planes. 

1. Through (0, 0, 0), (1, 1, — 2), (— 1, 1, 4). 
Through (2, 2, 2), (8, 1, 1), (8, — 4, — 9). 
Through (8, 3, 1), (— 3, 2, — 1), (8, 6, 3). 
Through (0, 1, 1), (2, 4, 3), (8, — 5, 6). 
Through (1, — 2, 2), (0, 4, — 5), (— 2, 1, 0). 


6. Through (2, 3, — 8), (1, 0, — 5), (8, 6, —1). Explain the 
meaning of the result. 


7. Find the angle between the planes ++2y—z=6, 
a—2y—22=3. Ans. Arccos ?3 V6. 


Kae GS 
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8. Find the angle between the planes 32 —2+2=0, 
c+3y+5=0. 

9. Find the angle between the planes y +2 =32,x% —2y =0. 

10. Find the angle between the plane x + 3y +42 =6 and the 
xy-plane. 

Find the equations of the following planes. 

11. Through (1, 2, 3), (8, — 1, — 19), perpendicular to the plane 
82a+2y+62+4=0. Ans. 2x—-—6y+2+7 =0. 

12. Through (0, 2, 3), (5, —1, 4), perpendicular to the plane 
za+2y+3=0. 

13. Through (— 1, 3, — 1), (— 5, 4, 2), perpendicular to the zz- 


plane. Ans. 82+42+7=0. 
14. Through (1, 1, 5), perpendicular to the planes 3x —y +42 =5, 
62 —2y+52=7. Ans. c+3y =4. 


15. Through the origin, perpendicular to the planes x+y +22 =3, 
2%—y—42z=6. 

16. Through (2, 1, 1), (3, 2, 2), perpendicular to the plane 
za+2y—52z=8. 

17. Through (1, 2, 2) perpendicular to the zy- and yz-planes. 

18. Perpendicular to the planes 32 +4y —2=5,62+5y = 24, 
and passing at a distance } V10 from O. Ans. x+32= +5. 


19. Through (1, 2, 1), parallel to the z-axis, and passing at a dis- 
tance 1 from the origin. 


20. Through (3, 3, 2), perpendicular to the xy-plane and to the 
plane 2z2—3y =6. 


163. Intercept form. If a, b, c 
2 denote the intercepts of a plane 
on the a-, y-, and 2-axes re- 
spectively, the equation of the 
plane can be found from the fact 
that it passes through the points 
¥ (a, 0,0), (0, b, 0), (0, 0, c). The 
derivation is left to the student; 
the result is 


x y ee 


Fia. 118 as is easily verified. 
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164. Intersection of three planes. Since three simultane- 
ous equations of the first degree in three unknowns have 
in general one and only one solution, it follows that three 
planes intersect in general in one point. However, they 
may have a common line of intersection, in which case the 
values of x, y, and z found by solving the simultaneous 
equations are indeterminate. Again, two of the planes may 
be parallel, or the three planes may bound a triangular 
prism, in which cases the equations are incompatible. 


EXERCISES 


Reduce the following equations to the intercept form, and draw the 
planes. 
1. de+y+22=6. 2. ¢-—y+32=1. 
3. x—-2y+22+5=0. 4, 44+3y+62+8=0. 
5. In what cases does the intercept form fail? 
6. Derive the intercept form as suggested in § 163. 
7. A plane makes equal intercepts on the axes and passes through 
(8, 4, 2). Find its equation. 
8. A plane makes equal intercepts on the axes and passes at a 
distance 1 from the origin. Find its equation. 
9. The traces of a plane are, in the yz-plane, 3y +22 = 4, in 
the za-plane, x + 32 = 6. Find the equation of the plane. 
10. Find the equation of the plane two of whose traces are 
Go Yt ol = 0 20 — 2-10 = 0) 
Investigate the nature of the intersections of the following sets of 
planes. 
11. c—38y+22 =6, 8e¢—y—524+4=0, 2¢4—-—y4+22=2. 
12. e+-y+2=2,4¢% —2y—24+1=0,384+2y+2=8. 
13. 8¢—y-—2z2+1=0, r+38y+42=5, 64-—-2y—42 
+3 =0. 
14. 2x+y74+52=4,2-8y4+2=971+4y+424+1=0. 
15. 5%7+8y —924+10=0,3¢-—1ly—6z2+5=0,74+4y+ 
8z= 8. 
16. 3274+2y+6=0, r—y—3824+2=0, 64-—y-92z=0. 
17. 82 —yt2=8,7+4y—-—224+2=0,22-3y -—2 =2. 
18. y=32+4,627 —2y =7,2+52=0. 


CHAPTER XIII 
THE STRAIGHT LINE 


165. General form. From the fact that two planes 
intersect in a straight line, we deduce the 

THEorEM: The locus of two simultaneous equations of the 
first degree is a straight line. 

Thus the general form of the equations of a straight line is 
(1) ie ae Buy + C,z+ D,=9, 

A,.x + By + Cz + D, = 0. 

Since through any line an infinite number of planes may 
be passed, it is obvious that a straight line may be represented 
by two simultaneous equations in an infinite number of 
ways — viz. by the equations of any two planes through the 
line. Of these various pairs of equations there are usually 
one or two especially simple and convenient; we will show 
in the next few articles how to derive the simpler forms from 
the general form. 


166. Planes through a given line. Let the equations 

of a straight line be denoted by 
u=0, 

(1) 5 = 0, 
where u and v represent any expressions of the first degree 
in z, y, and z. Then the equation 
(2) u+ kv = 0, 
where k is a constant, is an equation of the first degree and 
thus represents a plane; further, since (2) is satisfied whenever 
both the equations (1) are satisfied, the plane (2) contains 
all the points of the line (1). (The student should compare 


this reasoning with that of § 57.) Hence we have the 
242 
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THEOREM: If 


u=0,v=0 
are the equations of any line, the equation 
(2) u+kv=0, 


where k is a constant, represents a plane through the given line. 

It is geometrically obvious that a plane containing a 
given line may be made to pass through a given point, or to 
be perpendicular to another plane, or to pass at a given dis- 
tance from a fixed point, etc. The truth of these statements 
appears analytically from the fact that equation (2) contains 
one undetermined constant. 

Any two equations of the family (2) may of course be used 
as equations of the line of intersection, instead of the original 
pair. 


167. Projecting planes. The planes through a line 
perpendicular to the coérdinate planes are called the pro- 
jecting planes, and their traces are the projections, of the line 
on the coérdinate planes. It is often convenient, for instance 
in making a sketch, to represent a line by the equations of 
two of its projecting planes. 

If in (2), § 166, we choose k so that the term in x drops out, 
which amounts merely to elimi- Z 
nating « between the equations 4 
of the line, the resulting equa- 
tion represents a plane through © 
the given line perpendicular to 
the yz-plane (§ 162). In this 
way we establish the 

Rute: To obtain the ye-pro- 
jecting plane of a line, eluminate 
x between the equations of the 
line; similarly for the other pro- 
jecting planes. Fia. 119 

In Fig. 119 the line P,P, is exhibited as the intersection 
of its zy- and za-projecting planes. 
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EXERCISES 


Find the piercing points of the following lines in the codérdinate 
planes, and draw the lines. 


1 2¢+3y4+2=7,324+5y—z2=9. 
Ans. (0, 2, 1), (4, 0, 3), (— 2, 3, 0). 


- §& —3y4+ 42 = 20,62 —38y + 22 = 12. 
r+2y+32=6,3%-—y-—2z=4. 
t+3y+52=4,71+6y+10z=10. 
382+y =5,22—3y =7. 
et+2y+22=10,2¢-—-y+4z=5. 


7. Write the equations of a line through (1, — 3, 2) parallel to 
the line 82 +2y+2=0,c2-—y—2z=3. 


8. Write the equations of a line through (8, — 1, 4) parallel to 
the y-axis. 


Pa Pw PO 


Find the equations of the following planes. 
9. Through the line x + y = 1, 2 = 4 and the point (2, 3, 0). 


Draw the figure. Ans. « + y +2 = 5. 
10. Through the line x+y —z2=3, ©+2y—2=6 and the 
point (0, 0, 0). Check by a sketch. Ans. «—2z=0. 
11. Through the line 3x2 +y —2 =3,2+2y+42+4=0 and 
the point (1, 1, — 2). Ans. 62+7y+112+9=0. 


12. Through the z-axis and the point (1, 38, 2). INS, PED) = She 


13. Through the line32 +y —z2=3,2+2y+42+4 =O, per- 

pendicular to the plane x — 2y —z=5. Draw the figure. 
Ans. 282+1ly+2z=13. 

14. Through the line x —-2y —32+4=0, 24 -—y+4z =6, 
perpendicular to the zy-plane. 

15. Perpendicular to the plane x + 3y — z = 1, and having as its 
yz-trace the line y + 22 = 3. Ans. © —y—22+3=0. 

16. Through the line x =y=2z, perpendicular to the plane 
zty+2z2=0. 

17. Show that the planes 227+5y+32=0,7y—52+4=0, 
x —y+4z = 2 intersect in a line. 

18. Show that the line 3x2 +y+2=6, 7 —2y+42 = 5 lies in 
the plane 72+ 7y —5z=8. 
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19. Find the equations of a line in the plane 4z+2y +2 = 10, 
through the point (1, 1, 4), and parallel to the zy-plane. Draw the 
figure. 


20. Find the equations of a line in the plane 3x — y = 6, through 
the point (3, 3, 1), and parallel to the plane 52 +6y+32 = 15. 
Draw the figure. 

Find the projecting planes of the following lines, and draw the lines. 

21. ¢+y+32=3,2¢+y74+42 =4. 

22. 4¢+y+2=4,37+3y+22=6. 

23. ¢-yt2=0,3%-—y=0. 

24. r+y=1,32%-—y-—2z=2. 

25. ¢+yt2=3,r+y7y4+32=5. 

26. +£+-22=5,32 —2=1. 

27. 8x+y—-—22=0,r+y-2=0. 


168. Symmetric form. The equations of the line through 
(a1, Y1, 2) having direction cosines proportional to three 
numbers a, b, c may be found as follows. If (a, y, z) is any 
point of the line, the direction cosines are proportional to 
L— M1, Y— Yi, 2— &. Since two sets of numbers propor- 
tional to the same third set are proportional to each other, 
the numbers x — a, y — Yi, 2 — 2 are proportional to a, b, c: 
that is, 

Nie Yee Ute 2 ae 21 
©) ieee ti) <8 VCs. 


Since these two equations involve the codrdinates x, y, z of 
any point of the line, and no other variables, they are the 
equations of the line. Form (8) is called the symmetric form; 
for most purposes it is more convenient than any other. 

It may be objected that in (3) there are three equations, 
viz. 


Cael es Uren RU Tee RL rad Lopate © ar el Ucar Uiee ereredst 


eae (Owes ING Cee ab Cc 


These equations, however, are not independent, since any 
one follows from the other two. These equations of course 
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represent three planes through the line; they are in fact the 
projecting planes. 

As a simple application of the symmetric form we may 
cite the following 


Example: Write the equations of the line joining the points 
(2, 3, Cy; 1), (1, rz 3, Ly, 

By § 139, the direction cosines are proportional to 1, 6, 
— 2; hence the equations of the line may be written in the 
form 

A ee ity) [pao aN Maye 
LY G65 Ae 


169. Determination of direction cosines; reduction to the 
symmetric form. Being given the equations of a line in the 
general form, it is often necessary to reduce them to the 
symmetric form, or at least to find numbers proportional to 
the direction cosines. This may be done by finding two 
points of the line and then applying the theorem of § 139. 


Example: Reduce the equa- 
tions 
s+3y+2= 7, 
32+5y—2=9 
to the symmetric form. 

In Ex. 1, p. 244, two points 
of this line were found to be 
Pip Zeal) Ps (4a 
Hence the direction cosines are 
proportional to 4, — 2, 2, or 2, 
—1, 1; the actual values of 

—t 1. 
V6. oN 6 ey 
and the equations of the line 
may be written in the symmetric form as 
ft Aah St ae ONS ee 
2S Sent Oak 


the cosines are 


Fia. 120 
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170. Reduction to the symmetric form: second method. 
A somewhat shorter method for reducing the equations of a 
line to the symmetric form is as follows: 

Find the equations of two of the projecting planes. These 
equations will in general have one variable in common; 
solve both equations for this variable and equate the values 
thus found. Certain obvious transformations then bring the 
desired result. The process is best explained in detail by an 

Example: Reduce the equations 

z+3y+2=7,32+5y-—2=9 
to the symmetric form. 

By eliminating y and z in turn, the za- and xy-projecting 
planes are found to be 


2—22= — 2, 
r+2y =4, 
or, after solving for the common variable x, and equating, 
e= —2y+4= 22-2, 


whence 
Dee Uwe eee 
Se a wT 
This agrees with the result of § 169. 
171. Line parallel to a codrdinate plane. If the line is 
parallel to a coérdinate plane, the method of § 170 fails, 
since the equations of the projecting planes do not contain 
one variable in common. However, the process is readily 
modified to take care of this 
case, as may be shown by an 
Example: Reduce the equa- 
tions 
2e+2y+32=8, 
tr+4y+6z2=1 
to the symmetric form. 
The projecting planes are 
found to be 
(1) «= 2, 
(2) 2y+32=4. Fia. 121 
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Equation (1) shows that the line is parallel to the yz-plane, 
and therefore makes an angle of 90° with Ox. Equation (2) 
can be put in the form 


4 
UR I aS 


3. = 2 
Hence one point of the line is (2, 0, $), while the direction 
cosines are proportional to 0, 3, — 2: the symmetric form is 
therefore 


OF as —2 
The line is shown in Fig. 121. 


172. Parallel, intersecting, and skew lines. It is obvious 
that two lines in space do not in general lie in the same plane, 
in which case they are said to be skew. However, they may 
be parallel, or they may intersect. 

Being given the equations of any line in the symmetric 
form, we may write down at once the equations of the parallel 
line through any point; for the denominators a, b, c in the 
equations of the required line must be proportional to, and 
may be taken equal to, the corresponding denominators in 
the given equations. 

Being given the equations of two pairs of planes, repre- 
senting two lines, we may find the point of intersection of 
any three of the planes: the given lines do or do not intersect 
according as this point does or does not lie in the fourth plane. 


EXERCISES 
Write the equations of the following lines. 
Through (2, 5, — 1), (0, 7, 3). 
Through (1, 1, — 1), (2, 7, — 8). 
Through (— 2, 3, — 2), (2, 4, 5). 
Through (4, 3, 1), (5, 3, 3). 
Through (1, 4, — 3), (2, 0, — 3). 
Through (3, 5, 2), (0, 5, 2). 


st ea Tee 
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7. Through (0, 0, 0) with direction cosines proportional to 1, 3, 4. 
Draw the line. 


8. Through (0, 0, 0) making 45° with Oz and 60° with Oz. Draw 
the line. 


9. Through (3, 1, 2) making the angles arccos 3 and arccos } with 
Ox and Oy respectively. 
10. Through (a, 0, 0), (0, 6, 0). 
11. Derive the intercept form (§ 163) by writing the equation of a 


plane through the line of Ex. 10 and the point (0, 0, c). 
12. Find the angle between the lines 


cae) z ei peal 


ie 5 a 
SP 2 e=2 2 4 3 
13. Find the angle between the lines 
Cee lee cei Re eee Ula | Pe 
Ong Le Me) igloos ty Scatene 
y 


: x 
14. Show that the lines eal Dee i ot aaa 


perpendicular. 


15. Find the direction cosines of the line 32+y—2= 1, 
24+2y+2=0. Ans: fA, V2,-— ¥-V2, 2 V2. 
16. Reduce the equations r+2y—32=6, 3%4+4y+2=5 

to the symmetric form. 
17. Find the angle between the lines x +2y+22+2=0, 
g—4y—z2=landz —2y+2=0,2%—-y-2z2=0. pt 
Ans. Arccos + V3. 


18. Reduce the equations 4% —y+z2z2=1, 44-—y+32z =3 to 
the symmetric form. Draw this line. 


19. Reduce the equations y + 2 = 3, 3y+22=7 to the sym- 


metric form. Draw the line. Ans. a = wt he a 2. 


20. Find the angle between the lines r+y+32=1,22+3y 
+62=3and2—z2=0,71+3y —2=5. 


21. Write the equations of a line through (0, 2, 3) parallel to the 


22. Write the equations of a line through (1, 1, 2) parallel to the 


opine) Rome pees Ale 
linet = 97 1 
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23. By a new method, find the equations of the line through 
(1, — 3, 2) parallel to the line 82 +2 y+2=0,2—-—y —-2z=83. 
(Ex. 7, p. 244.) 

24. By two methods, determine the line through (1, 4, — 6) paral- 
lel to the line x + 3y = 5, =z. 

25. Show that the lines x+y —2=0, x—8y+2=0 and 
82—y—z2z=2,42—6y+2z =1 are parallel. 

26. Find the equation of the plane determined by the parallel lines 
of Ex. 25. Ans. 5a—1ly+32=0. 


27. Find the equation of the plane determined by the parallel lines 
PNY a eee Le ee ae ee 
ea ae ea ee Draw the figure. 

28. Show that the lines 54+7y —7z2=3, 34+9y—2=0 
anda +2y =2z,22% —6z =2y+3 are parallel. 


29. Find the equation of the plane determined by the parallel lines 
of Ex. 28. 


30. Find the point of intersection of the lines 2z — 3y +22 =0, 
xsty—8z2=4and32—y+2=2,7¢-—5y+4+ 62 =1. 


31. Find the equation of the plane determined by the lines of Ex. 30. 


32. Find the point of intersection of the lines ex = —2z2+4 8, 
y=z—2ande¢=32—1,5y = — 102 +2. 


33. Find the equation of the plane through the lines of Ex. 32. 
34. Find the plane through the intersecting lines 


ae) 1 Rses 1 —1 
Draw the figure. Ans. 24 +y¥+32 =7. 


Cel ee 2. ee eae sees Ziel 


173. Perpendicular line and plane. As a corollary to the 
theorem of § 155 we have at once the following 


THEOREM: The plane 


Az+ By+Cz+D=0 
and the line 
OT UIE URS ee eaaet al 


a b Cc 


are perpendicular if and only if the quantities A, B, C and 
a, b, c are proportional. 
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Example: Write the equations of the line through (1, 2, 3) 
perpendicular to the plane 
2%2—38y+52=6. 
The answer is obviously 
ee St Sia Pa 


2 en) 5 


174. Angle between a line and a plane. The angle ¢ 
between a line and a plane is 
evidently the complement of the 
angle ¢’ between the line and 
a normal to the plane. If h, 
m, m are the direction cosines 
of the line and lz, me, nz those of 
the normal to the plane, we have 
by § 141 

cos ¢! = Ll, + myme + nn; 
hence the angle between the line and the plane is given by 
the formula 


(4) sin d = 4), + mim, + Nin. 


Fia. 122 


175. Parallel line and plane. If a line is parallel to a 
plane, it is perpendicular to the normal to the plane. The 
direction cosines of the normal are proportional to the co- 
efficients A, B, C in the equation of the plane. Applying 
the condition for perpendicular lines (Corollary, § 142), we 
deduce at once the , 

THeorEM: The line 

1 OE SU a oe areata | 
Ge eV PONS fC 


and the plane 
Az+By+Cz+D=0 


are parallel of 
(5) aA+ bB+cC=0; 


and conversely. 
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EXERCISES 


1. Write the equations of the line through (2, 5, 1) perpendicular 
to the plane 2x -+y+3z2=6. Draw the figure. 


2. Write the equations of the line through (— 1, 0, 0) perpen- 
dicular to the plane y — 2 = 324 4. 

3. Write the equations of the line through (2, 1, 2) perpen- 
dicular to the plane y = x. Draw the figure. 


4, Find the foot of the perpendicular from the origin upon the 
planezx +y +22= 3. Draw the figure. Ans. (5, 3, 1): 


5. Find the foot of the perpendicular from the point (2, 3, 6) 
upon the plane 2y + z= 6. Draw the figure. 


6. Write the equation of the plane through (%, — $, }) perpen- 
Was) Wel eB 


dicular to the line 


2 3 6 
7. Write the equation of the plane through (8, 5, — 6) perpen- 
; reracel E CL os Ee. 
dicular to the line Co 6 


8. Find the equation of the plane through (1, 5, 3) perpendicular 
to the linex +4y+2=5,24+4y —22=8. 
Ans. 384—y+2=1. 


9. Solve Ex. 8 by another method. 
10. Find the equation of a plane perpendicular to the line 


: = ee = ; and passing at a distance 2 from the origin. 
11. Find the distance of the origin from the line 22 —y+2 =1, 
4x —y+3z2=383. Draw the figure. Ans. 4 V6. 
12. Find the equations of the line through (1, 3, 5) intersecting 
the line = ua = z+ at right angles. 
Cal 3 5) 
Ans. i eee 
13. Find the distance of the point (1, 0, 3) from the line 
2e<-—y—2+1=0,77—-—2y —824+8=0. Ans. $V 21. 


14. Find the equations of the line through the origin intersecting 


: eth ye Se 
at right angles the line Te Ere 


15. Find the angle between the plane 27 —4y+32=1 and 
the line 22 —3y +2 =0, 2y —24+9=0. Ans. Arcsin }9. 
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16. Find the angle between the zy-plane and the line x + y = 4, 
x+z2=3. Draw the figure. 


17. Find the angle between the z-axis and the plane x+ y+ 22 = 4. 
18. Find the distance of the point (4, 4, 4) from the line 


Draw the figure. 
19. Find the equation of a plane through the points (1, 1, 5), 


Pees) parallelianne line ee 


1 1 —2 
Ans. 3x—5y—2+7=0. 
20. Find the equation of a plane through the points (0, 0, 0), (8, 3, 2) 


Fa oe SB eS 
parallel to the line 1.0 23 


21. By various methods, find the equations of a line through 
(1, —5, —3) parallel to each of the planes 3x2+y—2=5, 


a+4y+32=6. 

22. By two methods, find the locus of points equidistant from the 
points (1, 4, 0), (2, 3, 2). 

23. A point moves so as to remain equidistant from the points 
(2, 0, 0), (0, 2, 0), (0, 0, 2). Find the equations of its locus, and draw 
the curve. 

24, Find the equation of the plane through the origin parallel to the 
plane determined by the intersecting lines 

Pipes MUG Be EY eR a5 = 

ee et eae Ans. 12% —-9y+22=0. 
25. Show that the plane zx — y + z = 3 and the line 
Tey 2a e tO 


ier a0 
are parallel, and find the distance between them. Ans. 2 V3. 
26. In Ex. 25, find the distance by another method. 
27. Show that the plane z + 3 y + z = 6 and the line 
ax y—-4 32-4 
1 41) ip 22 
are parallel, and find the distance between them. Draw the figure. 


28. Find the equation of a plane through the y-axis parallel to the 
line x =y =2z-—1. Draw the figure. 
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29. Find the area of the triangle whose vertices are (0, 0, 0), (2, 2, 2), 
(3, 4, 2). Ans. V6. 


30. Find the distance between the parallel lines 


BS igs a ten i ae etd 

Sie i; Rian Oe ae eA Ans. 7 V1610. 
31. Find the distance between the parallel lines 

Bi POUL "AS NN Se Viol 

ns oe ieee Ans. $V 4101. 


32. Find the locus of points equidistant from the parallel lines of 
Ex. 31. 


33. Find the shortest distance between the skew lines 


Pe oN DEN ae Oe ei ee 12 

To tls eee REE 

34. In Ex. 33, find that point of each line that is nearest the other 

line. Ans. b= ae ao 3, 4f), (‘= Be, a a, BO 8). 
35. Find the shortest distance between the skew lines 

OEE RR et 7 aoebt Ae pt Ne cy iy Say 

Sepoeenl wad Sr ey aha 


86. In Ex. 35, find that point of each line that is nearest the other 
line. Draw the figure. Ans. ($8, $8, 48), ($4, 33, 38). 


CHAPTER XIV 
SURFACES 


176. Introduction. In studying a surface analytically, 
usually the first step is to derive the equation from the: 
definition; the next is to present the locus to the eye by a 
drawing of some kind. These problems will be solved, for 
some of the more important surfaces, in the present chapter. 

Before taking up the study of particular surfaces, we shall 
in the next three articles develop certain general results 
that will find frequent application in our subsequent work. 


177. Symmetry. Two points P,, P. are said to be sym- 
metric uith respect to a plane if the plane is perpendicular to 
the line P,P, at its midpoint — i.e. if P2 is the image, or re- 
flection, of P; in that plane. A geometric figure is sym- 
metric with respect to a plane if corresponding to every 
point P, of the figure the image P; also belongs to the figure. 

The definitions of axis and center of symmetry laid down in 
§ 16 apply without change to figures in space. 

The student will have no difficulty in establishing the fol- 
lowing tests for symmetry with respect to the codrdinate 
planes, the axes, and the origin. 

THEOREM I: A surface is symmetric with respect to the 
ye-plane if x can be replaced by — x without changing the 
equation; and conversely. Similarly for symmetry with 
respect to the zz- and zy-planes. 

THEOREM II: A surface is symmetric with respect to the 
x-axis if y and z can be replaced by — y and — z simultaneously 
without changing the equation; and conversely. Similarly for 


symmetry with respect to the y- and z-axes. 
255 
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THEOREM III: A surface is symmetric with respect to the 
origin wf x, y, and z can be replaced by — x, — y, and — z 
simultaneously without changing the equation; and conversely. 

In making a complete sketch of a surface, the amateur 
draftsman is often hindered by mechanical difficulties. Con- 
siderations of symmetry frequently reduce or remove these 
difficulties by making it unnecessary to draw more than a 
portion of the figure. Thus if a surface is symmetric with 
respect to the zxy-plane, only the part lying above that 
plane need be drawn; if it is symmetric with respect to all 
three codrdinate planes, only the part lying in the first oc- 
tant need be drawn. 

Example: The surface 

Vena ee 
is symmetric with respect to the yz-plane, the z-axis, and the 
origin, but not with respect to the other elements of reference. 


178. Sketching by parallel plane sections. One of the 
most effective methods of sketching a surface is by means 
of a series of plane sections parallel to a coédrdinate plane. 
It often happens that one particular set of sections will 
form a clearer picture of the surface than any other set, so 
that care should be taken to make the best choice. 

Before making the drawing, it is well to carry out the 
following steps: 

(1) Test the surface for symmetry. 

(2) Determine the traces on the coérdinate planes. 

(3) Determine the nature of the sections parallel to each 
coérdinate plane. 

Example: Sketch the surface 

v+ y? = az. 

(1) The surface is symmetric with respect to the yz- and 

zx-planes and the z-axis. 


(2) The traces are the parabola y? = az, the parabola 
x? = az, and the point circle x? + y? = 0. 
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(3) Setting x = k, we get as sections parallel to the yz- 
plane the parabolas 


z 

y? = az — k?; | 
the sections parallel to the za-plane are 
the parabolas 

x? = az — k?; 
those parallel to the zy-plane are, 
when * k < 0, imaginary, when k > 0, 
the circles 

oy = ak. O y 
Evidently the surface is best pictured v 

Fia. 123 


by means of its traces and circular 
sections, as in Fig. 123. On account of the symmetry, it is 
sufficient to draw only the portion lying in the first octant. 


EXERCISES 


Test the following surfaces for symmetry with respect to the co- 
ordinate planes, the axes, and the origin. 


1. 2? + y? + 2 = 25. 2 2—2=2y. 
3. tc +2y =6. 4, yY+2 = 2% 
5. y+ 2 = 22y. 6. 22+2=3. 
7 2e+ty =a’. 8 z2=6. 

9. cry t+yzt+e =0. 10. xy = 2°. 


For each of the following figures of elementary geometry, discuss the 
number and position of the planes and lines of symmetry. 


11. A sphere. 12. A right circular cone. 

13. A right circular cylinder. 14. A rectangular parallelepiped. 
15. A triangular prism. 16. A triangular pyramid. 

17. Prove Theorem I of § 177. 

18. Prove Theorem II of § 177. 

19. Prove Theorem III of § 177. 


20. Prove analytically that if a surface is symmetric with respect to 
each of two perpendicular planes, it is symmetric with respect to their 
line of intersection. Is the converse true? 


* Provided a is positive. 
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21. Prove the theorem of Ex. 20 geometrically. 


22. Prove both analytically and geometrically that if a surface is 
symmetric with respect to three mutually perpendicular planes, it is 
symmetric with respect to their point of intersection. 


23. Prove both analytically and geometrically that if a surface is 
symmetric with respect to a perpendicular line and plane, it is sym- 
metric with respect to their point of intersection. 


24. What are the conditions that the plane Az + By + Cz +D=0 
be symmetric with respect to (a) the zy-plane? (b) The z-axis? 
(c) The origin? 

Discuss each of the following surfaces according to the method of 
§ 178, and make a careful sketch. 


25. a + y? 4+ 22 = 25. 26. 2 = 422+ 4y?, 

27. ’@+y+2=4. 28. 4227 -—-y+422 = 4a? 
29. y? = 4az. 30. 2? + y? = a’. 

31. 240 -F a1, 32. + E+E H1. 

83. 2? + y? = 2 ay. 34, 2+y+2 =4. 

35. ce+ts—-—y=1. 36. ze +y=1. 

37. 2y¥°+82+2 = 8. 88 y2+2=42. 

39. zy = 1. 40. ry =z. 


179. Generation of a surface by a moving curve. If a 
curve moves in space in any way, it evidently sweeps out, 
or generates, a surface of some kind. While a surface may 
be defined as the locus of a moving point (§ 151), we more 
often think of it as generated by a curve moving according 
to a given law. Many examples of this mode of definition 
will appear in the present chapter. In each problem, unless 
the contrary is indicated, the generating curve will be under- 
stood to keep the same size and shape throughout the motion. 


180. Surfaces of revolution. A surface of revolution is a 
surface that can be generated by rotating a curve about a 
straight line. The straight line is called the avis of revolu- 
tion, and the revolved curve is the generating curve, or gen- 
erator. ‘The sections by planes through the axis are meridian 
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sections, those by planes perpendicular to the axis are right 
sections, or parallels. Evidently the meridian sections form 
a family of equal curves, while the right sections are circles 
with centers in the axis, and of different radii. 

Any curve that lies wholly in the surface and intersects all 
the right sections may be used to generate the surface, but 
usually a meridian section is chosen for this purpose. 

The more important surfaces of revolution may be listed 
as follows. 


Surface Generated by the rotation of 
The sphere A circle about a diameter. 
The prolate spheroid* An ellipse about its major axis. 
The oblate spheroid* An ellipse about its minor axis. 
The hyperboloid of revolu- A hyperbola about its conjugate 
tion of one sheet axis. 
The hyperboloid of revolu- A hyperbola about its transverse 
tion of two sheets axis. 
The paraboloid of revolution A parabola about its axis. 
The circular cylinder A straight line about a line par- 
allel to it. 
The circular cone A straight line about a line in- 
tersecting it. 
The torus A circle about a line in its plane 


but not intersecting it. 


The equations of all of these surfaces, with the exception 
of the torus, are of the second degree. 

In the simpler cases, the equation of a surface of revolu- 
tion is easily derived when the axis and generating curve are 
given. The method is best explained by means of 


Examples: (a) Derive the equation of the cone generated 
by revolving the line 


(1) ety =1,2=0 
about Oz. 


* The spheroids are also called ellipsoids of revolution. 


a 
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In the rotation, every point of the generating line describes 
e a circle parallel to the yz-plane, 
with its center in the z-axis. 
Let Q be any point of the gen- 
erating line, and P any point of 
the circle described by Q, so that 
P is a general point on the 
surface. If the codrdinates of P 
be denoted by (2, y, 2), those of 
Q are (x, Ya, 0), where yg denotes 
the y-coérdinate of Q, viz. the 
distance LQ. We have to obtain 
an equation involving x, y, and z 
Ee but not yg. (The student should 

review § 105 at this point.) 
The equation of the circular path of Q in its own plane is 


(2) Yee e ai. 

But Q lies on the generating line (1), so that 
x+yYe=1, 

or 

(3) Ya= 1-7. 


Eliminating yg between (2) and (3), we get 
y? + 22 = @ a ee 
which is the equation of the cone. As a check we note that 
the traces are, in the zy-plane, the given line 
y=1-2 
and the line 
Yo ea dl = x), 
in the zx-plane, the lines 
z=+(1—~2), 
and in the yz-plane the circle 
yt2=1, 
all of which are seen by the figure to be correct. 
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(b) Derive the equation of the oblate spheroid. 
We will generate the spheroid 
by revolving the ellipse 


z 


y? 2 
a Be = i c= 0 

about its minor axis Oz. Let 
P: (a, y, 2) be any point of the 
surface, and Q: (0, yg, z) the 
corresponding point of the gen- 


erating ellipse. The equation of ~ eter 
the circle described by Q is ; 
(1) e+ y? = yg’. 


But we have, since Q is on the ellipse, 
y 2 22 
(2) Syne 
Substituting the value of yg? from (1) in (2), we get 
Oar e407 


This result may be checked as in the previous example. 


EXERCISES 
Derive the equations of the surfaces generated as indicated, and in 
each case sketch the surface. Check by means of the traces. 
1. By revolving the line y = 32, 2 = 0 (a) about Oz; (6) about Oy. 
Ans. (a4) 922 —-y? — 2 = 0. 
2. By revolving the line y + 22 = 4, x = 0 (a) about Oz; (b) about 
Oy. Ans. (a) #2 + y? = 4 (2 — 2)? 
8. By revolving the parabola y? = xz, z = 0 (a) about its axis; (6) 
about the tangent at the vertex. 
4. By revolving the line z = x — 2, y = 0 (a) about Oz; (b) about 
Oz. 
5. By revolving the circle 2? + 2 = 1, y = 0 about Oz. 
6. By revolving the line y = 42+ 3, x =0 (a) about Oy; (6) 
about Oz. 
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2 2 
7. By revolving the ellipse a +4 = 1, 2 = 0 about each of its 
axes in turn. 


8. By revolving the hyperbola x? — 2? = a*, y = 0 about each of 
its axes in turn. 


9. By revolving the line y = 4, z = 0 about Oz. 
10. By revolving the line x = 2, y = 0 about Oz. 


11. By revolving the hyperbola yz = 1, x = 0 about one of its 
asymptotes. 


12. By revolving the curve z = y’, x = 0 (a) about Oy; (b) about Oz. 
13. Py revolving the curve y = + z = 0 (a) about Oz; (6) about Oy. 


14. By revolving the line x = 1, y = 2 about Oz. 

15. By revolving the line y = 2, z = 3 about Oz. 

16. By revolving the line x = — 2, 2 = 2 about Oy. 

17. Derive the equation of the prolate spheroid. 

18. Derive the equation of the hyperboloid of revolution of one sheet. 


19. Derive the equation of the hyperboloid of revolution of two 
sheets. 


20. Derive the equation of the paraboloid of revolution. 


Derive the equations of the surfaces generated as indicated, and draw 
the figures. In each case, tell what kind of surface is obtained. 


21. By revolving the line z = y + 4,2 = 4 about the line x = 4, 


z= 0. Ans. (x — 4)?+ 2 — (y+ 4)? =0. 
22. By revolving the circle (x — 4)? + 2 = 4, y = 2 about the line 
z=4,y =2. Ans. (« — 4)? + (y — 2)?+ 22 = 4, 


23. By revolving the parabola z? = x — 1, y = 2 about its axis. 
24, By revolving the hyperbola (y — 2)? — (g —1)?=1, x =8 
about each of its axes in turn. 


ly = 5. 


2, y = 0 about the line x 


25. By revolving the line z 


26. By revolving the line zg = 4, y = 3 about the line z = 1, y = 2. 
27. By revolving the line y = 2, y = 2 (a) about Oz; (b) about Oy; 
(c) about Oz. Ans. (a) 4y2 +42 =5 22. 


28. By revolving the line through (0, 0, 0) and (1, 2, 3) about each 
of the axes in turn. Ans. About Oy, 222 +222 = 5 y?. 
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29. By revolving the circle x? + (2 — 2)? = 1, y = 0 about Oz. 
Ans. (x?.+ y? + 22 — 5)? = 16 (1 — 2”). 
30. By revolving the circle (x — b)? + y*? = a*, z = 0 about Oy. 
Ans. (a? + y? + 2? — a? — 62)? = 4 b2 (a? — y?). 
31. Revolve a circle about one of its tangents. 


32. What is represented by the equation (cylindrical coérdinates) 
r = 2? Draw the surface. 


33. What is represented by an equation in the cylindrical coérdinates 
r and z, 6 being missing? 

181. Thesphere. A sphere is the locus of a moving point 
that remains at a constant distance from a fixed point. 
The constant distance is the radius and the fixed point the 
center. A line segment through the center terminated by 
points of the sphere is called a diameter; the same term may 
denote the line in which this segment lies. 

The equation of a sphere of given center and radius can 
be written down at once by the formula for the distance 
between two points. The equation of a sphere of radius ais, 
if the center is the origin, 


(1) x4 yt +2 = al; 
if the center is the point (h, 7, k), 
(2) (ra) Ud (oir Rye ae 


Every equation of the form 
(3) Ax? + Ay?+ Az?+ Gx+Hy+iz+K=0 
can be reduced to the form (2) by completing the squares in 
x, y, and z; hence every equation of the form (3) represents a 
sphere. As limiting forms (analogous to those arising in 
the case of the circle) we have the point-sphere and the: 
imaginary sphere. 


182. Tangent plane; tangent lines. If P is any point of 
a sphere, the plane through P perpendicular to the radius 
drawn to that point is called the tangent plane at P. Any 
line lying in the tangent plane and passing through the point 
of contact P is said to be a tangent line at P. Thus a sphere 
has at any point a single tangent plane and infinitely many 
tangent lines. 
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EXERCISES 


1. Write the equation of the sphere of radius 1 with center at 
(1, 0, 0). Draw the sphere. 


2. Write the equation of the sphere of radius 2 with center at 
(1, 2, 2). Draw the sphere. 


Find the center and radius of each of the following spheres. 
3% etytett+2e2—424+1=0. 

3824+ 38y4+382+2-2y+2=8. 

~ 20° 4+2y422 =z. 
e+y+ee—e—-38y+42=0. 
e@+yte+4r7—-224+5=0. 


8. Write the equation 3 a sphere with center at O tangent to the 
plane3z@ —y+22+4= 


9. Write the equation of a sphere with center at (2, 1, — 3) tangent 
to the plane x + y — 2 = 2. 


el ek al Ge 


10. A sphere of radius 2 touches the planes x —2y — 22 = 3, 
xt+t2y+2z2+12=0. Find the locus of its center. 


11. Find the equation of a sphere with radius V30, passing through 
(0, 0, 0), and having its center on the line 2x2 +y—2=0, 
zc+4y—2=1. Ans. (« — 2)? ++ (y — 1)? + ( — 5)? = 30; 

(+38)? + (y + 2H? + (e+ 8A)* = 30. 

12. Find the equation of a sphere with center (0, 2, 0) whose yz- 

trace is (y — 2)? + 2? = 4. 


13. Write the equation in cylindrical coérdinates of a sphere of 
radius a with center at O. 


14. Find the equation of a sphere having its center in the z-axis and 
passing through the points (0, 2, 0), (2, 0, 4). 

15. Find the tangent plane to the sphere x? + y? +22 = 10 at 
(3, 0, = 1). 

16. Find the tangent plane to the sphere 22+ y2+ 22 =6 at 
(1, 1, — 2). Ans.x+y—22=6. 
Sl rel esp 
IE sa ae a2 
the sphere 2? + y? + 2 = 6 at (1,1, — 2). (Cf. Ex. 16.) 

18. Find the equations of the line parallel to the ry-plane, touching 
the sphere z? + y?+ 2 =6zat (2,1,1). Ans. 24+y=5,2= 


17. Prove in two ways that the line z touches 
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19. Find the tangent plane at (1, —1, 1) to the sphere 
2¢7+2y4+22—-32-y+2-—5=0. An. ct —S5y+52=1l. 


20. Show that a line can be drawn through (1, 0, 2) touching the 
sphere of Ex. 19 at (1, — 1, 1), and find the equations of that line. 


21. Write the equations of the line parallel to the zy-plane touch- 
ing the sphere of Ex. 19 at (1, — 1, 1). 


5 1 0 
22. Find the equation of a plane parallel to the planex + y + z =0 


and touching the sphere 2? + y? + 22 —22—y—5z = 2. 
Ans. x+tyt+2=443V114. 


23. Find the equation of the tangent plane to the sphere 
x? + y? + 2 = a? at (x1, y1, 21). Ans. mx + yy + 212 = a? 


24. Prove that a sphere is determined by four points. 
25. Find the equation of the sphere through the points (0, 0, 0), 


(= I 0, 0), (0, 4 0), dl, 2, a MD) 
An. @+y+2+a2—-4y—2=0. 
26. A sphere of radius V6 touches the plane 24 + y+2 = 5 at 
(1,1, 2). Finditsequation. Ans. (x — 3)?+(y — 2)? + (z — 3)? = 6; 
(op 1) ey? (2 = 1)? = 6. 
27. Find the equation of a sphere of radius 3 touching the plane 
427+y+82 = 9 at (1, 1, 3). 
28. Find the equation of a sphere touching the plane 
82+y+2 =6at (1, 0, 3) and passing through (2, 2, 1). 
Anse — th) ty 2) 82 — 3)? ee, 
29. Find the equation of a sphere touching the plane z + y — z = 4 
at (1, 2, — 1) and passing through (5, 2, 3). 
80. Find the equation of the sphere touching the plane 
aty+22 =4at (2, 0, 1) and passing through (0, 1, 0). 
Ais jah) et clot) te Cz ie 1)? eG 
183. Quadric surfaces. A surface whose equation is of 
the second degree is called a quadric surface. The quadrics 
occupy much the same place among surfaces that the conics 
hold among curves: next to the plane, they are by far the 
most important class of surfaces. 
The quadrics are of nine species: the ellipsoid (of which the 
sphere is a special case), the hyperboloids (two species), the 
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paraboloids (two species), the quadric cylinder (three species), 
and the quadric cone. These surfaces will now be taken up 
in order. 


184. The ellipsoid. Let there be given two fixed ellipses 
lying in perpendicular planes and having one axis in common 
(the curves AQB, ARC of Fig. 126). If a variable ellipse 
QPR, lying in a plane perpendicular to the planes of the 
fixed ellipses, be imagined to move so that the ends of its 
axes always lie in the fixed ellipses, this moving ellipse 
generates a surface called an ellipsoid. The fixed ellipses 
are the directing curves, the variable ellipse is the generating 
curve. 

To obtain the equation of the ellipsoid, let the directing 

curves be the ellipses (Fig. 


126) 
ye 2 

Q)” S+i=12=0, 
ce 

(2) Ta tenn a gs 


and let P: (a, y, z) be any 

point of the surface, Q and R 

the corresponding points on 

the directing curves. Since 

P, Q, and R all have the 

same xz-codrdinate, the co- 

Fie. 126 ordinates of Q and R may be 

denoted by (2, ye, 0) and 

(x, 0, 2x) respectively. Now the equation of the ellipse 
QPR referred to LQ, LR as axes is evidently 

y? 22 


(3) ais 


Ye ZR 


further, since Q and # lie on the ellipses (1) and (2) respec- 
tively, we have 


x? 2 
(4) a a = 1, 
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U2 ZR 
©) on re 


Substituting the values of y? and z,? from (4) and (5) in (3), 
we get 


A ~=1, 
w(1 ae iar eG — x 
or 
x? 2 22 
(4) atta. 


As a check we note that the xy- and zz-traces are the given 
directing curves. 

From equation (4), or directly from the definition, we de- 
duce at once the following properties of the surface: 


(a) The ellipsoid has three planes of symmetry, called the 
principal planes, 
three lines of 
symmetry, and 
a center. The 
lines of sym- 
metry, or the 
segments of 
those lines in- 
cluded _— within 
the surface, are ve ase 
the axes of the 
ellipsoid. The axes are of lengths 2 a, 2b, 2c. 


(b) The sections by the planes x = k are, if* |k| <a, 
similar f ellipses; if k = + a, a point; if |k| > a, imaginary. 
Likewise the sections y = k are similar ellipses within the 
interval from — 6 to 6; the sections z = k are similar ellipses 
from — ctoc. The ellipses decrease in size as | k | increases. 


* The symbol || is used to denote the absolute or numerical value of 
k apart from sign. For example, | — 3| = 3. 
{ See Ex. 17, p. 174. 
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(c) The surface is a closed surface lying within the paral- 
lelepiped bounded by the six planes x= +a, y= +), 
Z2=2+6¢. 

Evidently any two of the three sections by the principal 
planes may be used as directing curves. 

Every equation of the form 

Av? + By +C2+4+ K =0, 
where A, B, C are positive and K is negative, represents an 
ellipsoid referred to its principal planes as coérdinate planes. 
As limiting forms we have, when K = 0, the point ellipsoid, 
when K is positive, the imaginary ellipsoid. 

When two of the semi-axes a, b, c are equal, so that the 
sections by planes perpendicular to the third axis are circles, 
the surface becomes an ellipsoid of revolution: if the equal 
axes are shorter than the third, a prolate spheroid, if longer, 
an oblate spheroid. 


185. The hyperboloid 
of one sheet. If the 
generating ellipse follows 
as directing curves two 
hyperbolas lying in per- 
pendicular planes and 


z 
having a common con- 
jugate axis, the surface 
' formed is called a hyper- 
Y boloid of one sheet. 


The equation of the 
hyperboloid of one sheet 
can be derived by the 
method used for the ellip- 
soid. If the directing 
curves are the hyper- 


bolas 
2 2 
oe eral eee) 
Fig. 128 a C a 


SURFACES 269 


and 


y? g2 
Be = 2 = ii i 0, 

as in Fig. 128, the equation of the surface is found to be 
x? y” 2? 

(5) 


ato aot 
From this we deduce the following properties: 

(a) The surface has three planes of symmetry, or principal 
planes, three lines of symmetry, or axes, and a center. 

(b) Sections by planes parallel to either of the directing 
curves are hyperbolas. Those by planes x = k have the 
transverse axis parallel to Oy if |k| <a, parallel to Oz if 
|k | >a; those by planes y = k have the transverse axis 
parallel to Ox if |k| <a, parallel to Oz if |k| >a. The 
sections by the planes x = + a and y = + D are intersect- 
ing lines. 

(c) The sections by planes z = k are similar ellipses, in- 
creasing in size as | k | increases, the smallest being cut by 
the plane z = 0. 

(d) The surface is a connected, open surface extending to 
infinity in both directions along the z-axis. 

If the directing curves have equal transverse axes, so that 
a = ), the elliptic sections be- 
come circular and the surface is 
the hyperboloid of revolution 
of one sheet. 

Instead of deriving equation 
(5) from the definition, we will 
apply the method to a numerical 

Example: Derive the equa- 
tion of the hyperboloid whose 
directing curves are 
(1) 92-—y=9,2=0 
and 
(2) g@g—-y=9,7 =0. Fig. 129 
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Let P: (a, y, 2) be any point of the surface, Q and R the 
corresponding points on the directing hyperbolas. Then 
Q and R have the coérdinates (xg, y, 0) and (0, y, 22) respec- 
tively. The equation of the generating ellipse QPR in its 
plane is 


x Ze 
But, since Q and R lie on the hyperbolas (1) and (2), we have 
(4) 9x — y? = 9, 
(5) ee — y’ = 9, 


Eliminating the parameters 2g, 2z from (8), (4), and (5), we 
find 


92° + 2—y* = 9. 

The answer may be checked 
by finding the traces of the 
surface. 


186. The hyperboloid of 
two sheets. The hyper- 
boloid of two sheets is the 
surface generated by a 
variable ellipse that follows 
as directing curves two 
fixed hyperbolas lying in 
perpendicular planes and 
having a common trans- 
verse axis. If the directing 
curves lie in the za- and 
xy-planes, the equation is 


(GC) ee 


From equation (6) we 
deduce the following: 

(a) There are three 
planes and axes of sym- 
Fic. 130 metry, and a center. 


SURFACES 271 


(b) Sections by planes y = k, and by planes z = k, are 
similar hyperbolas with transverse axis parallel to Oz. 

(c) Sections by planes x = kare, if |k| < a, imaginary; if 
k = +a, a point; if |k| >a, similar ellipses, increasing in 
size as | k | increases. 

(d) The surface consists of two disconnected sheets, one in 
the region x >a, the other in the region « <— a, each 
opening out larger as x increases numerically. 

If the directing hyperbolas are equal, so that b = c, the 
elliptic sections become circles, and the surface is the hy- 
perboloid of revolution of two sheets. 


EXERCISES 


Derive the equations of the quadric surfaces generated by a variable 
ellipse following the given conics as directing curves. In each case’ 
draw the figure, classify the surface, and determine whether it is a 
surface of revolution. Check the answers. 


g2 


1. $44 =1,2=0and t+ ly =0. 
P - Z=ly=0and' +5 =1,2=0 
3. oY =1,5=0and5 — 4 =1,2=0. 
4. YH 1,2=0and'—F=1,2=0. 


42 —y=1,%7 =Oand42—22=1,y=0. 
y—2=2,2=Oand42—327°=6,y =0. 

827 +422=12,y=Oandy+2=3,27 =0. 
we—424+1=0,y=Oand9y? —162+4=0,7 =0. 
22+5y? =10,2=Oand5y+22 =10,7 = 0. 

10. 2—2x=1,y=Oandy? —22?=2,2=0. 


SOs Ome Ais Saas 


@—1)?, w-2_, ,_ (y—2)? , @-1)?_ 
te RL Z 1, z=1 and ii +- 3 = 1b 


(y — 2)? at _ be lesa tee a NCA oer) eae a 
12. a oe Tes aod i = 1,2 = 0. 
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13. (x — 4)? — (y — 4)? = 1, 2 = 8 and (s — 3)?-— yY — 4)? =1 
z= 4. 


Classify, describe, and sketch the following surfaces. 


14. 47+4+4y+42=1. 15. 22 —y—2=1, 

16. q+ b+ oa. a 

18. 22 +2y-—32+6=0. 19. 2 +2y+2=0. 
20. 227-y? —2#+4+4=0. 21. yw —427-92=1. 
22. 327 +2y1+624+ 6 =0. 23. 2-422? —y?+4=0. 
24. 2 +4y?+4 22 = 16. 25. 422+ 4y?+ 22 = 16. 


26. Derive equation (5), § 185. 
27. Derive equation (6), § 186. 


28. Show that the equation Az? + By? + C2? + K =0, where 
A, B,C, and K are all different from 0, represents an ellipsoid or hyper- 
boloid whose axes lie in the coérdinate axes. How many points are 
required to determine this surface? 


In Exs. 29-35, the equation of the surface is assumed to be of the 
form Az? + By? + C22? + K = 0. 


29. Find the equation of a quadric through the points (0, 0, 2), 
G15), (275.1 2.A). Ans. 222-2? —y? = 8, 


30. Find the equation of a quadric through the points (2, 1, 1), 
(Gy OO), Gi Uh Pe Ans. 2 +4y+2=9, 


31. Find the equation of a quadric through the points (7, 1, 8), 
GBs 2 (GE PS UO). Ans. 222+ 2y? — 2 = 36. 


32. Find the equation of a quadric through the points (0, 1, 3), 
(8, 5, 2), (4, 2, 1). Ans.177 22 + 8 y? + 357 2? = 3221. 


33. Find the equation of a quadric surface of revolution about the 
z-axis, through (2, 1, 1) and (0, 2, 2). Ans.3 2? + 3y? + 2 = 16. 


34. Find the equation of a quadric surface of revolution about the 
y-axis, through (3, 4, 2) and (4, 1, 3). Ans.5 22+ 4y? + 5 2? = 129. 


35. Find the equation of a quadric surface of revolution about Oz, 
through (1, 1, 3) and (8, 2, 4). Ans.52? —4y? —422+ 35 = 0. 


86. The hyperboloid of revolution of one sheet may be defined as 
the surface generated by revolving one of two skew lines about the other. 
Prove this statement by revolving the line y =h, z = mx about Oz. 
Is the proof general? Ans. yy? + 2? — mx? = h?. 
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37. Find the equation of the hyperboloid generated by revolving 
the line y = x, z = 2 about Oz. Ans. y? + 22 — 2? = 4, 
38. Find the equation of the hyperboloid generated by revolving 
the line y = 3, 2 = 2 x about Oz. 

39. Find the equation of the hyperboloid generated by revolving 
the line x = 4, 3 y — 22 = 0 about Oy. 

40. A point moves so that the sum of its distances from two fixed 
points is constant. Show that its locus is a prolate spheroid. (Take 
the fixed points as (+ c, 0, 0).) 

41. A point moves so that the difference of its distances from two 
fixed points is constant. Show that its locus is a hyperboloid of revo- 
lution of two sheets. 

42. A point moves so that its distance from a fixed point is in a 
constant ratio e to its distance from a fixed plane. Show that if e <1, 
the locus is a prolate spheroid; if e > 1, a hyperboloid of revolution of 
two sheets. (Take the fixed point as (ae, 0, 0), the fixed plane as 


a 
T=. 
3) 


187. The elliptic para- 
boloid. Let there be given 
two fixed parabolas lying 
in perpendicular planes, 
having a common vertex 
and axis, and opening in 
the same direction. The 
surface generated by a 
variable ellipse following 
these parabolas as direct- 
ing curves is called an 
elliptic paraboloid. When 
the directing curves are 
given, the equation of the 
surface may be found in 
the usual way. 

The same surface may 
also be generated by 
moving one of the given 
parabolas parallel to its Fia. 131 
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original position in such a way that its vertex lies always on 
the other parabola, the moving parabola keeping its original 
size throughout. 

If the directing parabolas are 


Does 0 
phn me 
Bie 
ee ey 


the equation of the paraboloid is 
x? ie 4 


@) at ym e 
From equation (7) we obtain the following results: 


(a) The elliptic paraboloid has two planes of symmetry; 
it also has one line of symmetry, called the azis of the sur- 
face. The axis intersects the surface in a single point, 
called the vertex. 


(b) The sections by planes x = k, and those by planes 
y =k, are equal parabolas with axis parallel to Oz, and 
opening upward or downward according as c is positive or 
negative. 


(c) Sections by planes z = k are, when k has the same sign 
as c, similar ellipses increasing in size as k increases; when 
k = 0, a point; when k and c have opposite signs, imaginary. 

(d) The surface lies entirely on one side of the xy-plane, 
and extends to infinity along Oz, opening upward or down- 
ward according as ¢ is positive or negative. 

When a = bB, the surface is the paraboloid of revolution. 


188. The hyperbolic paraboloid. Let there be given two 
parabolas lying in perpendicular planes, having a common 
vertex and axis, and opening in opposite directions. If one 
of these parabolas, keeping the same size throughout, be 
moved parallel to its original position in such a way that its 
vertex always lies on the other parabola, the surface generated 
is called a hyperbolic paraboloid. 
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If the given parabolas are 


oe 

vic ‘ 
and 

y Z 

Mame a 
the equation of the paraboloid is 

pa ane 

®) a Be 
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From (8) we draw the following conclusions: 

(a) The surface has two planes of symmetry, an azis and 
a vertex. 

(b) Sections by planes x = k are equal parabolas opening 
in the negative or positive direction of z according as c is 
positive or negative; those by planes y = k are equal parab- 
olas opening in the positive or negative direction of z ac- 
cording as c is positive or negative. 

(c) Sections by planes z = k are hyperbolas having the 
transverse axis parallel to Ox when k has the same sign as c, 
parallel to Oy when k& and c have opposite signs. The 
trace in the xy-plane is two intersecting lines. 

(d) The surface is ‘‘saddle-shaped,” as shown in Fig. 132. 
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The hyperbolic paraboloid cannot in any case be a surface 
of revolution. 

Instead of deriving equation (8), we will solve the following 
numerical 


Example: Find the equation of the hyperbolic paraboloid 
generated by moving the parabola 


(1) 2=—-—y,2=0 
along the parabola 
(2) v=4y,2=0. 


Let P: (a, y, 2) be any point of the surface, and Q: (x, ya, 0) 
the corresponding point on 
the fixed parabola. The 
equation of the moving parab- 
ola (1) in the position QP is 
(3)) 22 == (Yiya): 
Since Q lies on the parabola 
(2) we have 
(4) xe = 4 Yo. 
Multiplying (8) by 4 and 
subtracting from (4), we get 
ve—-42=4y. 
As a check, we note that the yz- and zy-traces are the given 
parabolas. 


EXERCISES 


In each of the following cases, derive the equation of the paraboloid 
senerated by moving one of the given parabolas along the other, first 
drawing a figure. 


Pea — 2) — Olandi2i— 13 sao —10) 

3a? =4y, 2 = 0 and 2 = y, 7 = 0, 
22=32,y =Oand5y* = 82,2 =0. 

y? = 4az, 2 = Oand 2 = 4 az, y = 0. 
2=47,y =Oandy? = —22,2=0. 
w—4y=0,2=O0and2+4y=0,27 =0. 


So Og ae Coe BS 
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7. 522+42=0,y =Oand3y? —22 =0,2 =0. 
8 2+2y=0,2=Oand422+y =0,27 =0. 
9. 4y7+2=0, z=0 and2—62z=0, y=0. 


10. Derive equation (7) by the method indicated in the second para- 
graph of § 187. 


11. Derive equation (7) by using an ellipse as generating curve. 
12. Derive equation (8), § 188. 


Classify, describe, and sketch the following surfaces. 


13. 37°+2-—4y=0. 14. P+y=1-42 
15. 47°7-2+4+4y =0. 16. 2—2y?—42=0. 
17. yw —22e-4=2 18. +2 =62. 

19. 427-97? =0. 20. 227+32+2y=0. 
21. 2=42727+ 47? — 4. 22. 22 —y? —2=0. 


23. How many points are required to determine a paraboloid whose 
vertex and axis are given? 


24. Find the equation of a paraboloid with vertex at O, axis Oy, and 
passing through (1, — 2, 1), (— 3, — 3, 2). Ans. x? — 32 = y, 

25. Find the equation of a paraboloid with vertex at O, axis Oz, and 
passing through (3, 1, 2), (8, 3, 0). 

26. Find the equation of a paraboloid with vertex at O, axis Oz, 
and passing through (3, 4, 2), (5, 1, 1). 

27. Find the equation of a paraboloid of revolution with vertex at 
O, axis Oy, and passing through (6, 4, 3). 

28. For the surface shown in Fig. 132, is the constant c positive or 
negative? 


189. Ruled surfaces. A surface that can be generated by 
a moving straight line is called a ruled surface. It appears 
from the definition that such a surface is completely covered 
by straight lines: these lines are called generators. 

Of the quadrics, the hyperboloid of one sheet, the hyper- 
bolic paraboloid, the three cylinders, and the cone are ruled 
surfaces, as will appear in the next few articles. 
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190. The hyperboloid of one sheet as a ruled surface. 
Let us write the equation 
a? ae 22 


—~+2—— =] 
a COP (G 

in the form 
y? 22 2 
Beet yar 


and this in turn in the form 


OMB Grete tema len)! 


Consider now the family of straight lines represented by 
the two equations 


@  a(f+2)- 148, $-5-40-9) 


where k is an arbitrary constant. Upon multiplying both 
members of (1) by k, it 
is easily seen that that 
equation is _ satisfied 
whenever equations (2) 
are both satisfied, so that 
every point on every one 
of the lines (2) lies on 
the hyperboloid — i.e. 
the hyperboloid contains 
the entire family of lines. 

It remains to prove, 
conversely, that these 
lines entirely cover the 
surface — 1.e. that every 
point of the hyperboloid 
lies on one of the lines. 
To show this, we note 
that through every point of space, and hence through every 
point of the hyperboloid, there passes one member of the 
family of planes 


° MG a148 


‘ 


\ 


== 


WSN 
Xs 
Ss 


Fig. 134 
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since when the coérdinates of any point are substituted in 
(3) a value of & is determined*. But when equations (1) 
and (3) are both satisfied, it is evident that the second of 
equations (2) also holds, which completes the proof. 

Likewise the hyperboloid contains, and is completely 
covered by, the family of lines 

Sy ee OSE Ui ee f x 
Poin e rt eek hag 

Thus we have the 


TurorEM: The hyperboloid of one sheet is a ruled surface 
containing two distinct families of rectilinear generators. 


191. The hyperbolic paraboloid as a ruled surface. Argu- 
ment similar to that of 
§ 190 shows that the 
hyperbolic paraboloid 

Tee Ae ee. 

@ 8 ¢ 
contains every line of 
the family 


x 4 ae 
De @ it EARS 
Cees) Fig. 135 
Tn Soe iy 
and that every point of the paraboloid lies on one of these 
lines. Similar statements hold for the family of lines 
(2 4 DOU 
an): iss 


a C 


This proves 
TurorEM I: The hyperbolic paraboloid is a ruled surface 
containing two distinct families of rectilinear generators. 
Every line of the family (1) is parallel to the fixed plane 
vy 


®) Aaa 


* The apparent difficulty arising in the case of a point in the plane 


; + = = 0 disappears upon replacing k by Cf. § 44, 
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and intersects the fixed lines 


eae a os, 
(3) ines 0, z=0 
and 

oe EN ee a ee 
(4) ae b c na K, 


where, in (4), K may have any definite value. Further, the 
lines (3) and (4) are skew (i.e. not parallel or intersecting), 
and each of them intersects the plane (2). (In Exs. 24-28 
below, the student is asked to prove each of these statements. ) 
We have thus established an important property of the 
hyperbolic paraboloid, which may be stated as 


TurorEM II: The hyperbolic paraboloid may be generated 
by a straight line moving parallel to a fixed plane and intersect- 
ing two fixed skew lines which themselves intersect the fixed 
plane. 

The equation of a paraboloid generated in the manner 
just described may be found as in the following 


Example: Find the equation of the hyperbolic paraboloid 
generated by a line moving. 
parallel to the zy-plane 
and intersecting the lines 
x+z=a,y = Oandy = b, 
x= 0. 

Let, P: @,.y,-2)° besany, 
point of the surface, and QR 
(Fig. 136) the generating 
line through P. The equa- 
tion of that line referred to 
NQ, NR as axes is, in the 
intercept form, 


ete eel 
TQ YR 
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But 
tg+2= 4, yr = b, 
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whence 


L y _ 
4-2 + b se 
yz — bt — oy —be+ ob = 0. 
The answer may be checked by finding the traces in the co- 
ordinate planes. 


or 


EXERCISES 


Prove that each of the following equations represents a ruled surface, 
and find the equations of a family of generators. Sketch each surface, 


1, fY —z2-2=1, Ans. y=h,t+-2=F —1. 
2 e2+y+2=4 % e+tytF=4 

4, f =4u2, 5. 2+ =2Zy. 

6. sy =Z. 7. D+ = YZ. 

&H+¥Y =H 9. 2=1-— ry. 

10. 4y¥+yz=1, 11. 2-H +y=0. 


In cach of the following cases, find two families of rectilinear gener- 
Btors. 


12, 2 = wy. 13. y=1-—z. 

a Bee fo a 
up 7-5-4 15, +4 Lt 
16, 7% -7=y -1. 17. 2-47 422 =0. 


Find the equations of the ruled surfaces having the following families 
A lines a6 generators. 

18. k(e4+1) =y,2=h. 

19. ¢-—22=1 +h, y=k. 

$A st+y= a ae =1+2z, 

@% y—-22=klt+akyt+22 =1--2. 

23. In the example of $191, find the other family of generators. 
Draw the surface. 

W. Prove that every line of the family (1), $191, is parallel to the 
plane (2). 
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25. Prove that every line of the family (1), § 191, intersects the line 
(3). Find the point of intersection. 


26. Prove that every line of the family (1), § 191, intersects the line 
(4), whatever the value of K. 


27. Prove that the lines (3) and (4), § 191, are skew. 

28. Prove that the lines (3) and (4), § 191, intersect the plane (2). 

Find the equations of the following hyperbolic paraboloids, making a 
sketch in each case. 

29. Generated by a line parallel to the zy-plane intersecting the 
lines z = 2, y = Oandy =a, 2 = 0. Ans. yz + ax — az = 0. 

30. Generated by a line parallel to the zz-plane intersecting the 
linest = 1,2 =Oandy = 22,2 = 0. Ans.zy+22—y =0. 

31. Generated by a line parallel to the zxy-plane intersecting the 
linest =a,y=Oandz=2,y=6. Ans. yz — bx —ay +ab=0. 

32. Generated by a line parallel to the zx-plane intersecting the 
lines zx = y = zandz =a,2 = 0. 

83. Generated by a line parallel to the yz-plane intersecting the 
lines y = 2,2 =landz=2,y=0. Ans. zy ~2¢ —y +22 =0. 

34. Generated by a line parallel to the plane x + y = 0 intersecting 
the z-axis and the line z = a, x = 0. Ans. yz + 27 = ay. 


35. Prove that every equation of the second degree containing no 
_ square terms and not more than two product terms represents a ruled 
quadric. 


86. Prove that every equation of the second degree in which the 
second degree terms form a perfect square represents a ruled quadric. 


192. Cylinders. A cylinder is the surface described by a 
moving line which remains parallel to its original position 
and always intersects a fixed curve, called the directing 
curve. Thus the cylinder is the ruled surface all of whose 
generators are parallel. 

The section by any plane perpendicular to the generators 
is called a right section; it is geometrically obvious that all 
right sections, and in fact all parallel plane sections, are 
equal curves. Evidently any curve that lies wholly in the 
surface and intersects all the generators may serve as direct- 
ing curve, but usually a right section is chosen. If the right 
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section has a center, the line through this center parallel to 
the generators is the axis of the cylinder. 


193. Equations in two variables: cylinders perpendicular 
to a codrdinate plane. In the present article we will in- 
vestigate the locus of an equation in two variables — i.e. an 
equation in which a, y, or z is missing — beginning with an 

Example: Determine the locus of the equation 
(1) a+ y? = a? 

By § 144, the locus is a surface of some kind. In the zy- 
plane, the equation represents a 
circle. At any point M of this 
circle erect a perpendicular to the 
xy-plane, and let P: (az, y, 2) be 
any point of the perpendicular. 

Now the coérdinates of M satisfy 

(1), and those of P must do the 

same, since its #- and y-coérdinates 

are the same as those of M, and 

z does not occur in the equation. Bee y 
Thus P is on the surface, and 
since P is any point of the perpen- 
dicular at M, that entirelinemust /z 
lie in the surface. Further, since 

M is any point of the circle, the surface includes all lines per- 
pendicular to the xy-plane through points of the circle. On the 
other hand, if a point does not lie in one of these lines its 
coordinates obviously cannot satisfy the equation, since its 
x- and y-coérdinates cannot be identical with those of any 
point of the circle. Thus the equation represents a cylinder 
with generators perpendicular to the xy-plane, the directing 
curve being the curve represented by the given equation in 
that plane. 

Evidently a strictly analogous result holds for any equation 
in two variables. Conversely, it is easily seen that the 
equation of every cylinder with generators perpendicular to 


zg 


Fia. 137 


284 ANALYTIC GEOMETRY 


a coérdinate plane involves only two variables. Thus we 
have the important 

THEOREM: Every equation in two variables represents a 
cylinder whose generators are perpendicular to the plane of the 
two variables and whose directing curve is the curve represented 
by the gwen equation in that plane; and conversely. 


194. Quadric cylinders. Given any cylinder, let one of 
the codrdinate planes, say the zy-plane, be taken perpen- 
dicular to the generators. Then, by § 1938, the equation of 
the cylinder is identical in form with that of its zy-trace. It 
follows that the degree of the equation of a cylinder depends 
upon the nature of its right section, so that a cylinder may 
or may not be a quadric surface; in fact, we have the 

THEOREM: A cylinder is a quadric surface if and only if 
ats right section is a conte. 

A quadric cylinder is called elliptic, parabolic, or hyper- 
bolic according as its right section is an ellipse, a parabola, 
or a hyperbola. The cylinder of revolution, or circular cyl- 
inder, is of course a special case of the elliptic cylinder. 


195. The equation of a cylinder: general case. The 
equation of a cylinder can be 
foundif thedirection cosines of the 
generators and the equations of 
the directing curve aregiven; suffi- 
cient explanation of the method 
is furnished by the following 

Example: Find the equation 
of the cylinder whose directing 
curve is the parabola 

2=4y,2 = 0, 


z 


and whose generators have direc- 
tion cosines proportional to 1, 1, 
—1. 

Let P:(z, y, 2) be any point of the surface, and 


Fia. 138 
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Q: (0, Yo, 2g) the point in which the generator through P 
intersects the directing curve. The equations of the line 
QP are 


Evia 2 =e 

i 1 —1”’ 
whence 

Yo=Y-—t%=24 2. 
Further, 


: zy = 4 Ya. 
Substituting, we find 


(2+ 2)? = 4 (y — 2). 


EXERCISES 

Draw the following cylinders. 

x? y? 
1. patos 2. 2? = 4ay. 
3. 2? — x? = g?, 4.2=1-—- 2% 
WR es 6.4) = 3: 
Prove that the following equations represent cylinders. 
7 2 —y —22=0. 8 2=ar+y4+s. 
9. sy tyz =1. 10. 2y¥z+3271+4=0. 


11. Prove that every equation in which two of the variables occur 
only in the terms of the first degree represents a cylinder with generators 
parallel to the plane of those variables. 


12. Prove analytically that if the right section of a cylinder has a 
line of symmetry the cylinder itself is symmetric with respect to that 
line and also with respect to the plane through that line parallel to the 
generators. 


13. Prove that if a cylinder has an axis it is symmetric with respect 
to the axis and also with respect to every point of the axis. 


14. What is represented by an equation in cylindrical coérdinates 
in which z is missing? 

15. What is represented by the equation (cylindrical codrdinates) 
Hs 

16. Write the equation in cylindrical coérdinates of the cylinder 


l = 0. 


whose right section is the conic r = ee cos 8” 2 
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17. Find the equation of the cylinder whose directing curve is the 
circle 2? + y? = 1, zg = 0 and whose generators are parallel to the radius 
vector of the point (1, 2, 3). Ans. (32 —2)?+ (By —22)? =9.. 

18. Find the equation of the cylinder whose directing curve is 
x? — g2 = a?, y = 0, and whose generators are parallel to the radius 
vector of the point (a, a, a). Ans. 22 — 2 —2ay +2 yz = a? 

19. Find the cylinder whose directing curve is y? = z, x = 0 and 
whose generators are perpendicular to the plane 2% — 3y +2 = 4. 

Ans. 92? +12ay+4y+2x2—42=0. 

20. Find the cylinder whose directing curve is 2? + y? = a2,z2 =0 
and whose generators are parallel to the line y = 2,2 = 0. Sketch the 
surface. Ans. x? + (y — 2)? = a. 

21. Find the cylinder with directing curve xz? = 1 — z, y = 0 and 
having the line x — y = 1, z = 0 as one of its generators. Sketch the 

_ surface. Ans. («© — y)?? =1—2. 

22. Find the cylinder whose yz-trace is 2 = y? and which contains 
as a generator the line x = y = 2. Ans. (x —y)}? =x — 2. 

23. Find the cylinder whose zz-trace is x? + 42? = 4 and which 
contains as a generator the ine3z2 —y+2=1,8%—83y+22 =2., 

Ans. (22 —y)?+4 (22+ y)? = 16. 

24. What form is assumed by a cylinder when the directing curve 

becomes a straight line? 


25. Derive the intercept form of the equation of the plane by con- 


sidering the plane as a cylinder with xy-trace = + ; = land having the 
line ; + - = 1, x = 0 as a generator. 


26. A point moves so as to remain equidistant from the z-axis and 
the plane y + z= a. Find the equation of its locus. What kind of 
surface is generated? Ans. 2y¥2 +222 = (y+2-—a)* 

27. A point moves so that its distance from a fixed line is in a con- 
stant ratio e to its distance from a fixed plane, the line and plane being 
parallel. Prove that its locus is a quadric cylinder — elliptic, parabolic, 
or hyperbolic according ase < 1,e =1, ore >1. (Take as the fixed 


line, x = ae, y = 0; as the fixed plane, x = =) 


28. A point lies at the distance 1 from the line x = 2,2 = 3. Find 
the equation of its locus. 


29. A moving point is equidistant from the point (1, 0, 0) and the 
line x +1=0, y =0. Find the equation of its locus. 
Ans. 2 =42. 
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196. Cones. A cone is the surface generated by a moving 
line that always passes through a fixed point, called the 
vertex, and intersects a fixed curve, called the directing curve. 
It is the ruled surface all of whose generators pass through a 
fixed point. Like the cylinder, a cone may or may not be a 
quadric surface. 

The equation of a cone with given vertex and directing 
curve may be found as in the following 


Example: Find the equation of the cone with vertex at 
V: (0, 0, 1) and directing curve 


ve -+ y= 1,2 =.0. 


Let P: (a, y, 2) be any point of 
the surface, and Q: (xg, Ye, 0) 
the point where the generator 
through P intersects the di- 
recting curve. The equations 
of the generator VQ in the 
symmetric form are 
CS NN Te See | 


oA Be —1 4 
whence 
POF eel? Ue nee S| 
But Fia. 139 
ag + yo = 1. 


Eliminating the parameters, we find 
Tyee {2 — 1)? 
197. The elliptic cone. Let the directing curve of.a cone 
whose vertex is at the origin be the ellipse 


2 2 
F427 alz=c. 


288 ANALYTIC GEOMETRY 


The equations of the generator OQ through P: (2, y, 2) ar 


2 


XQ Yo ¢ 


ele Sh td 


? 


also we have 


re , Yd 
eer ieee, 


Elimination of the parameter 
gives the equation 


(9) 


x? y’ 22 
ate 

From this equation we deduc 
the following properties: 


= 0. 


ef (a) The surface has three plane: 
and three lines of symmetry, anc 
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a center (the vertex). 


(b) Sections parallel to the zy-plane are similar ellipse; 


increasing in size as the cutting 
plane recedes from the vertex. 
The trace in the xy-plane is a point 
(i.e. a point ellipse). 


(c) The sections parallel to the 
yz-plane, also those parallel to the 
zx-plane, are similar hyperbolas 
with transverse axis parallel to Oz, 
and increasing in size as the cut- 
ting plane recedes from the vertex. 
The traces in the yz- and zz-planes 
are pairs of lines. 


(d) The surface consists of two 
sheets extending to infinity. 

It is easy to prove that the 
equation of every cone whose 
directing curve is a conic section 
is of the second degree; further- 


Fia, 141 
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more, by suitable coérdinate transformations (analogous 
to those of Chapter VII) the equation of every quadric 
cone can be reduced to the form (9). Hence there is only a 
single species of quadric cone; from this one surface every 
kind of conic can be cut. Since the surface is most clearly 
visualized by means of its elliptic sections, it is usually 
calied the elliptic cone. 

That one of the lines of symmetry that passes through the 
center of the directing ellipse is called the axis of the cone, 
and sections by planes perpendicular to the axis are right 
sections. 

Wher a = 3, the right sections are circles, and the sur- 
face is the circular cone. 


EXERCISES 
1. Find the equation of the cone with vertex at O and directing 
curve y? — 22 = a,x =a. Is this a cone of revolution? 


Ans. 2 —y+2=0. 
2. Find the equation of the cone with vertex (0, 4, 0), whose zz- 


mee 2 
trace is 4 a ae. 1. Sketch the surface. 


3. Find the equation of the cone with vertex at O, whose trace in 
the plane z = 2 is y? = 8z. Ans. y? = 4 2x. 

4, Find the equation of the cone with vertex (a, 0, 0), whose yz- 
trace is the circle y? + 22 = 2ay. Draw this cone. 

Ans. y+ 24+ 2 ay = 2 ay. 

5. Find the equation of the cone with vertex (0, 0, 3), having as 
directing curve the parabola y = 1 — 2?,z =0. 

6. Find the equation of the cone having as vertex the point (1, 3, 5) 
and as xy-trace the circle 2? + y? = 4. 

7. Find the equation of the cone whose yz-trace is the curve 
yz = 1 and whose vertex is (4, 0, 0). 

8. Find the equation of the cone with vertex at O whose directing 
curve is y = x4, 2 = 2. 

Classify, describe, and sketch the following surfaces. 


2 2 2 
9. 22 —2y2-22=0. 10, § -F -5=0. 


11. y+22=0. 12. y—2=16 2. 
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13. 47+y+4+2=1, 14. y+ 22 = 22. 

160 7? - 2? = 24. 16. 2? +37? —222=0,. 
eer eats E 

We 4 + i00 acs 18. 2=c¢+y. 

ae | 20. 22 = te) 

2c +y+2 =0. 22. 2? — 27? +2? = 1. 


23. What form is assumed by a cone when the directing curve be- 
comes a straight line? 


24. Derive the intercept form (§ 163) by considering the plane as a 


cone with vertex (0, 0, c) and directing curve 2 ++ S =1, 2.= 0; 


25. What is represented by the equation (cylindrical coérdinates) 
Tr = het 


26. If the vertex and axis of a circular cone are given, together with 
the angle made by the generators with the axis, the equation of the cone 
can be found by using the formula for the angle between two lines 
(§ 141). Employ this method to find the equation of the circular cone 
with vertex at O, axis Oz, and generators making an angle of 30° with 
*he axis. Ans. 322° +3y? = 2%. 


27. The vertex c” a circular cone is at (1, 0, 0), the axis is Ox, and 
the generators make with the axis the angle arccos ~. Find the equation 
of the cone by the method of Ex. 26. 


28. Find the equation of a circular cone with vertex (2, 1, 2) and 
axis 5x2 —8y—32=1, 2x—38y+62= 18, if the generators 
make with the axis an angle of 45°. 

Ans. (82 +4y +2 — 12)? = 13 [(@ — 2)? + (y — 1)? + (2 — 2)?]. 

29. Find the equation of the cone generated by revolving the line 
y = 32+ 4, x = 0 about Oy. 


30. Solve Ex. 29 by the method of Ex. 26. 


31. By two methods, find the equation of the cone generated by 
revolving the line x = y = z about Oz. Ans. y? +2 = 2 2%. 


32. Find the equation of the circular cone with axis Oz, one of whose 
generators is the line y = 22, = 3. Solve by two methods. 


33. Find the equation of the circular cone with axis Oy, if one of the 
generators is the line3x —y+z2=2,27+2y—z2+4=0. Solve 
by two methods. 
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34. Find the equation of the surface generated by a variable circle 
’ whose center moves along the line 2z = y, x = 0, the circle always 
lying in a plane parallel to the zx-plane and intersecting the y-axis. 

Ans. x? + 2? = yz. 

35. Find the equation of the surface generated by a variable circle 
parallel to the plane z = O and intersecting the lines x = y = 0 and 
io 2,0 — 0: 

36. Find the equation of the surface generated by a variable circle 
parallel to the yz-plane, intersecting the z-axis, and having its center 
on the circle 2? + y? = a2, z = 0. 

Ans. (y? + 27)? + 4 xy? = 4 ay? 

37. A conoid is the surface generated by a line moving always parallel 
to a given plane and intersecting a fixed line and a fixed curve. Find 
the equation of the circular conoid generated by a line parallel to the 
zy-plane intersecting the line y = h, x = 0 and the circle x? + 2? = a?, 
y = 0. Draw this surface. Ans. h?x? = (a? — 2?) (h — y)?. 

38. Find the equation of the conoid generated by a line parallel to 
the zx-plane intersecting the circle x? + y? = a?, z = 0 and the line 
y=2,2 =0. Ans. xy? = (y — 2)? (a? — y?). 

39. Find the equation of the parabolic conoid formed by a line 
parallel to the za-plane intersecting the parabola y? = 4 az, z = 0 
and the line z = b, x = 0. Ans. y’z — by? +4 abr = 0. 

40. Find the equation of the surface generated by a line parallel to 
the xy-plane, two of the traces being the parabolas 2? = 2, y = 0 and 
2 =2y,2=0. Prove that this surface is a cylinder. 


41. Find the equation of the surface generated by a line parallel to 
the zz-plane intersecting the curves y? + 22 = a?, x = Oand yz? = 4az, 
z2=0. Ans. y'2? = (y? — 4 ax)? (a? — y?). 


198. The general equation of the second degree. The 
most general equation of the second degree in three variables 
has the form 
(10) Ax?+ By?+Cz?+ Dyz+ E2zx+Fxy+ Gx+Hy+iz+K=0. 
By changing the directions of the codrdinate axes, the origin 
remaining fixed, the terms in yz, zz, and zy can be removed. 
We will assume this to have been done, and will thus con- 


sider only the equation 
(11) Ax? + By? + C2?+ Gx+ Hy+iz2+K=0. 
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Upon completing the squares in 2, y, 2, it is easily shown that 
this equation represents a quadric with its planes and axes of 
symmetry parallel to the coérdinate planes and axes. 


Example: Discuss the surface 
4e2%—324+82+4+12y+1224+16=0. 

Completing the squares in x and z, we find 
4(?+22+1) -—3(2—42+4 4) = —12y-—16+44-12, 
or 

(eens DY aL) Uae 
4 3 1 
This surface is a hyperbolic paraboloid with vertex at 
(— 1, — 2, 2) and axis parallel to Oy. 
EXERCISES 


Classify and describe the following surfaces. 
1. of —y—222=42. 


e—y—-2Q2=y. 

w+ y? = 2 ay. 
47+4y+32—-82¢4—-—4y+2=0 
9y7— 42 —by = 4z. 
2e—-—y—2+4y+62—-13 =0. 
4y+22—22+6y—52+3=0. 
ve—3y+22—-4¢4-—3y—-—22=0. 


oP AF a PF w Bw 


. 22 —-382+42=0. 
e+32—y—2y=1. 


i 
= 


11. Prove that a quadric surface is determined by nine points. 


12. Find the equation of the quadric through the points (0, 0, 0), 
(1; 0; 0), (0, 1.0); (0,0, 1), 1,:0),, 05.07, 0; ed), (Qazi ze Crane 
Check the answer. What ind of surface is represented? 

Ans. 3x27°-—5y+22—32+5y—22=0. 


13. How many points are required to determine a quadric if the 
directions of its axes of symmetry are given? 
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14. Show that the locus of a point equidistant from a given line and 
a given point is a parabolic cylinder. 


15. Find the equation of the surface generated by revolving the 
curve 2? = x? — 2 ay, z = 0 about Oy. 

16. Find the equation of the surface generated by revolving the 
‘liney =2z,2=2+1aboutOr, Ans. 227-y?—-—2+4+227+4+1=0. 


17. Find the equation of the surface generated by revolving the line 
y = a, 2 = 22 (a) about Oz; (b) about Oz. 


CHAPTER XV 


CURVES 


199. Surfaces through a given curve. Let the equations 

of any curve be denoted by 

u=0, v=0, 
where u and »v are certain expressions in zx, y, and 2. By 
reasoning analogous to that of § 166, we establish the 

THEOREM: The equation 
(1) u+kv=0 
represents, for all values of the constant k, a surface passing 
through the curve 

u=0,0=0. 

As noted in § 148, a curve may be represented analytically 
by the equations of any two of the infinite number of surfaces 
having that curve as their intersection. From the given 
pair of equations it is often possible to derive a simpler pair 
from which the form and properties of the curve are more 
_ readily seen*. One method of doing this is by suitable 
choice of k in formula (1); a second method, closely related 
to this one, will be developed in the next article. 


200. Projecting cylinders. If a perpendicular be dropped 
from a point P to a plane, the foot P’ of the perpendicular 
is called the projection of P upon the plane, and the line PP’ 
is the projecting line. If all the points of a curve in space 
be projected upon any plane, their projections form a certain 
curve in that plane: this curve is called the projection of the 

* Note, for example, the replacing of the general equations of a 


straight line by equations in the symmetric form. 
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given curve, and the cylinder whose generators are the pro- 
jecting lines is the projecting 

cylinder of the curve upon the Z 

plane. Figure 142 shows the 

projection of a curve upon the 

xy-plane, together with that 

portion cf the projecting O y 
cylinder that lies between the 
curve and its projection. 

Upon eliminating z between 
the equations of a curve we 
obtain a third equation which Fie. 142 
is satisfied whenever both of 
the original equations are satisfied, and therefore represents 
a surface through the given curve. Further, since the new 
equation does not contain z, it represents a cylinder perpen- 
dicular to the xy-plane —1.e. the xy-projecting cylinder of 
the given curve*. In this way we obtain the following rule: 

To obtain the xy-projecting cylinder of a given curve, eliminate 
z between the equations of the curve; similarly for the other pro- 
jecting cylinders. 

An especially useful method of drawing a curve in space is 
to represent it as the intersection of two of its projecting 
cylinders. 

Examples: (a) Find the pro- 
jecting cylinders of the curve 

47P+y+32 = 5, 
20 +y+ 2 = 3, 
and draw the curve. 

Eliminating x by subtracting 
twice the second equation from 
the first, we get 


Fia. 143 y—2=1 


* A formal proof of this process is easily written out by the method 
of § 195. 
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as the equation of the yz-projecting cylinder. Similarly, the 
other cylinders are found to be 
(3) e422 = 1, 
(4) P+ y = 2. 
Thus one projection of the curve is an arc of a hyperbola, 
while the other two are circular ares. In Fig. 143 the 
curve is represented as the intersection of the circular cylin- 
ders (3) and (4); since the figure is symmetric with respect 
to all three coérdinate planes it is sufficient to draw the part 
lying in the first octant. The construction is as follows: 
through any point Z on Ox draw lines parallel to Oy and Oz 
intersecting the directing curves of the cylinders at M and 
N. Through M and N draw the generators of the cylinders 
respectively parallel to Oz and Oy; their point of intersection 
P is a point of the curve. 
(b) Find the projecting cylinders of the curve 
gty—2=z, 
v+y—-2ze=l. 
Subtracting the second equation from the first, we get 
=]. 

This is the equation of both the yz and the zz-projecting 
cylinder. Substitution of this value of z in either of the 
original equations gives 

BP te aye == 2, 
Thus the curve is a right section of a circular cylinder: it 
is a circle of radius V2 with center in the z-axis, lying in the 
plane z = 1. 


EXERCISES 


1. Find the equation of a quadric surface through the curve 
ety? + 22 = 3,322 + y? — 2 = 3 and through the point (1, 1, 2). 
Classify, describe, and sketch the three surfaces here occurring. 

Ans. 227 -- y* = 3. 

2. Find the equation of a quadric through the curve y? = 4 az, 
x? = 2 yz and the point (a, a, a). 

Ans. 322—y?—6y2+4azr = 0. 
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3. Find the equation of a quadric through the curve x? — y? = 2, 
x? + 2? = y and the point (1, 1, — 1). Classify the three surfaces. 
Ans. wy +22—y+2=0. 


4. If uw = 0 and v = 0 are two quadrics, prove that u+kv =0 
is also a quadric. Are there any exceptions? 


5. If uw = 0 and v = 0 aré two spheres, prove that u+kv =0 
is alsoa sphere. Are there any exceptions? 


6. If wu = 0 isa quadric and v = 0 a plane, what is represented by 
utkv=0? 


7. Find the equation of a quadric through the curve 
et+y—2=1,¢+y+2 =3 and the point (3, 1, 1). 


8. Classify and describe the surfaces occurring in examples (a) 
and (b), § 200. 


In each of the following cases, classify the given surfaces, find the 
projecting cylinders of the curve of intersection, and draw the curve. 


9yw=4z2=y. 

10. ywt2=a,z7+y =a. 

11. Pe +yt+2=407, 2724+ 2 =a? 

12. 22+yY+42=5~2+y—422+2=0. 

13 2e4+2=y4+1,2+y=1. 

14. e®+y+t+2=4,7—-—y—-—32+4+4=0. 

15. Pt+yt+22=5,2+y42=1. Ans. No intersection. 

16. ?+yrH2-+12-y=2-1. 

17. 24+ 2=2y,y =z. 

18. 47° +3y4+52=4,7r4+yY¥42=1. 

19. 832° +y?-—22=6,2 —y+ 102 = 2. 

20. zy = 1, yz = 1. 

21. 224+ y—-2=4,7—-—y = 2% 

2. rety=247+y? = 2. 
a? oy? a? ot? 


i ye 
Baa get eh iget (ett 
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24. Find the equation of the surface generated by revolving the 
curve 2? + y2+ 22? = 1, y = x about Oy. Ans. 2a? + 222 = I. 


25. Find the equation of the surface generated by revolving the 
curve 2 2? — y? + 22 = 1, y = x about Oz. Ans.2?+y? +222 = 2. 
26. Find the equation of the surface generated by revolving the 
curve x? — y? = z — 1, x? = z about Oz. Ans. 2? +y=2+1. 
27. Find the equation of a cone with vertex at the origin and direct- 
ing curve y = x + a, 2? + 2? = a? Ans. 2? + 22 = (x — y)/)?. 


28. Prove that the equations 222+32+2=5,2—y+z2=2 
represent cylinders, and show that these surfaces intersect in a plane 
curve. 


29. Prove that the surfaces x? + y? = 2, x? + y? = 2 2 intersect in a 
plane curve. Draw the figure. 


30. Prove that if the terms of the second degree in the equations of 
two quadrics are (or can be made) identical, the surfaces intersect in a 
plane curve. 


201. Plane sections of a quadric surface. To investigate 
the intersection of a quadric surface and a plane, let us take 
the xy-plane parallel to the cutting plane, which of course 
involves no loss of generality. Thus we have to study the 
curve 
(1) Az? + By? + C2? + Dyz + Ezx + Fry 

+ Gz -- Hy.--1z-- Kk =)0, 

(2) z2=k. 
Substituting z = k in (1), we get 
(3) Aa + By? + Fay + (Ek + G) x 

+ (Dk + H)y + C+ Ik + K =0, 
which is a quadric cylinder through the given curve. Equa- 
tions (2) and (3) taken together exhibit the curve as a right 
section of the cylinder (3); thus we have the 


THEOREM: Every plane section of a quadric surface is a 
conic. 

There is a limiting case, however, in which the section re- 
duces to a single straight line; the student may investigate 
this case. 
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202. Plane sections of a quadric cylinder. To determine 
the curve of intersection of a plane and a quadric cylinder, 
let the zy-plane be taken perpendicular to the generators of 
the cylinder, so that the equation of the cylinder is 


(1) Ax? + Bry + Cy? + Da + Ey + F = 0. 
Further, let the yz-plane be perpendicular to the cutting 
plane, with the origin F 


at the point of inter- 
section of the cutting 
plane and the z-axis. 
Thus the cutting plane 
passes through the z- 
axis: let it be the plane 
x Oy’ (Fig. 144) mak- 
ing an angle a (¥ 90°) 
with the xy-plane. If 
P’ is any point of the 
section and P its zy- 
projection, the dis- 
tances LP =y and 
LP’ = y’ are connected 
by the relation 
y = y' cos a. Fig. 144 

Substituting this value of y in (1), we get 
(2) Aa? + Bay’ cosa + Cy” cos’a + Dx + Ey’ cosa+F =0 
as the equation of the section referred to Ox, Oy’ as axes. 
Now the species of the conic (2) depends * upon the sign of 
the quantity (B cos a)? — 4 AC cos’ a, or (B? — 4 AC) cos? a. 
This quantity is negative, zero, or positive according as 
B*? — 4 AC is negative, zero, or positive. Thus we have the 

THEOREM: Every oblique plane section of a quadric cylinder 
is a conic of the same species as the right section. 


Corouuary: Every oblique plane section of a circular cyl- 
inder is an ellipse. 


* See § 87. 
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203. The conic sections. It was stated in § 66 that the 
various conics may be ob- 
tained as sections of a circular 
cone by a plane. To prove 
this, let us take the yz-plane 
perpendicular to the cutting 
plane, whence the equation 
of the latter may be written 
in the form 
(1) z=myt+k, 
and generate the cone by 
revolving the line z= my, 
x = 0 about Oz, so that its 
equation is 
(2) 5a eve) 
Eliminating z between (1) and 
(2), and rearranging, we get 
ma? a. (m? = my”) y? 
—2kmy —k? =0 

as the equation of the zy-pro- 
jecting cylinder of the curve 
in question. This cylinder is 
elliptic, parabolic, or hyper- 
bolic according as m _ is 
(numerically) greater than, 
equal to, or less than m;. Applying the result of § 202, we 
obtain the 

TueorEM: A plane section of a circular cone is an ellipse, 
parabola, or hyperbola according as the angle between the axis 
of the cone and the cutting plane is greater than, equal to, or less 
than the angle between the axis and the generators of the cone. 

The way in which the various limiting forms of the conics 
are obtained may be investigated by the student in the ex- 
ercises below. 


Fie. 145 
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EXERCISES 


1. Prove that every plane section of a sphere isa circle. (Take the 
cutting plane parallel to a coordinate plane. Is the proof still general?) 


2. Prove that two spheres intersect in a circle. 


3. Find the center and radius of the circle x? + y?+ 22 = 1, 


etyt+te2=1. Ans. (3, 3; 4); 3 V6. 
4. Find the center and radius of the circle zr —y —2 +2 =0, 
etyte—-2Q2*—-42+4=0. Ans. (2, 3, BD; 2 V6. 


5. Find the equation of the circular cylinder whose right section is 
the circle? + y +22 =4,22+y+22 =42z. 
6. Find the equations of the tangent to the circle 2? + y? + 2 = 9, 
ety +2 —32 —y —22 = 0 at the point (1, 2, 2). 
7. Solve Ex. 6 by another method. 
8. Find the equations of the circle generated by revolving the 
point (3, 1, 2) about the line = 1, y = 2. 
9. Find the equations of the circle generated by revolving the point 
(0, 0, 0) about the line z = y, z = y — 3. 
Ans. tcty+2=0,?4+y+2=224+2y—-—4z. 
10. A point is at the distance 4 from the point (2, 3, 0) and at the 


distance 1 from the plane 2% -+y-+2z=6. Find the equations of its 
locus, and discuss the curve. 


11. Prove that the locus of a point whose distances from a fixed 
point and a fixed plane remain constant consists of two circles. 


12. Find the equation of the cone whose vertex is at O and whose 
directing curve is the circle of Ex. 3. 


13. Solve Ex. 12 by the method of Ex. 26, p. 290. 


14. A great circle of a sphere is a circle cut from the sphere by a plane 
through the center. Find the equations of that great circle of the 
sphere x? + y? + 2? = 9 that passes through (3, 0, 0), (2, 1, — 2). 


15. Solve Ex. 14 by a second method. 


16. Outline a method for finding the equations of a circle passing 
through three given points. 
17. Find the equations of the circle through the points (0, 2, — 1), 
a 0, ar) 3), (3, 2, oa 2). 
An. @+y+2—-224+624+1=0,7-yt+324+5=0. 


18. Prove explicitly the corollary of § 202. 
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19. Prove that every plane section of an ellipsoid is an ellipse. 


20. Prove analytically that the section of an elliptic paraboloid 
by a plane parallel to the axis is a parabola, and that all other plane 
sections are ellipses. 


21. Prove analytically that the section of a hyperbolic paraboloid by 
a plane parallel to the axis is a parabola, and that all other plane sections 
are hyperbolas. 


22. Find the equation of the cylinder whose right section is the 
ellipse 2? + 22 =a, y =z. 


23. Find the center, semi-axes, and projecting cylinders of the ellipse 
+22 =22, 22+ 22 = 2y, and draw the curve. 


24. Discuss the intersection of the surfaces x? + y? = 1, y? + 22=1. 
Draw the figure. 


25. Show by means of examples that two quadrics may intersect in a 
twisted curve, in two conics lying in different planes, or in a single conic. 


26. Find the equation of a cone with vertex at O and the circle 
w+ y? + a? = 0, z = c as directing curve. 


27. What limiting form is approached by a circular cone with fixed 
directing curve when the vertex recedes indefinitely? 


Show how to cut each of the following curves from a circular cone. 
28. A circle. 


29. A point circle. 

30. A point ellipse. 

81. An imaginary ellipse. (Cf. Ex. 26.) 

32. A pair of real and parallel lines. (Cf. Ex. 27.) 
33. A pair of imaginary parallel lines. 

34. A pair of coincident lines. 

85. A pair of intersecting lines. 

36. An equilateral hyperbola. 


Determine the species of conic cut from the cone x? + y? = 2? by 
each of the following planes. 


8%. cty+e2z=l1. 38. e+y+22 =38. 
389. 424 +y+52 = 10. 40. : =3. 
41. 274+22+3=0. 42. 4% -—3y+52=5. 


43. 32+4y-—52=0. 44, 3x-—y+22=6. 


INDEX 
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Abscissa, 2, 3 

Angle, between two curves, 79 
between two lines, 63 
bisectors, 61 
polar, 98 

Area of a triangle, 12 

Asymptotes, 200 


determination of —, 204 
equilateral hyperbola referred to 
—, 206 


of hyperbola, 120, 121, 200 
single equation representing pair 
of —, 201 
Auxiliary circles, 186 
Axis, of coérdinates, 3 
of ellipse, 115 
of hyperbola, 120 
of parabola, 109 
of symmetry, 21 
polar, 98 
radical, 94 


Center, of circle, 68 
of ellipse, 115 
of hyperbola, 120 
of symmetry, 22 
radical, 94 
Chord, 79 ; 
common — of two circles, 93 
of contact, 87, 163, 191 
Circle, 68 
determined by three conditions, 72 
general equation, 69 
in polar codrdinates, 99, 101 
limiting forms, 70 
standard equations, 68 
through intersection of two circles, 
90 
through three points, 73 
Composition of ordinates, 134 
Conic sections, 105 
general equation, 107, 129 
in polar coérdinates, 107 


limiting forms, 138, 139 
species of —, 106, 132, 197 
through five points, 142 
Constants, 16 
arbitrary, 51 
Codrdinates, cartesian, 3 
polar, 98 
Curve, 17, 20 
condition that point lies or —, 26 
family of curves, 51 
through intersection of two curves, 
89 
tracing, 18, 23, 24, 99 
tracing by composition of or- 
dinates, 134 


Determinant, 12 
Diameter, of a central conic, 191 
of a circle, 68 
of a conic, 167 
of a parabola, 167 
Directrix, 105 
of ellipse, 114, 115 
of hyperbola, 119 
of parabola, 109 
Discriminant of a quadratic equa- 
tion, 76, 80 
Distance, between parallel lines, 58 
between two points, 5 
of a point from a line, 58, 60 


Eccentric angle, 186, 189 
Eccentricity, 105 
of ellipse, 105, 114 
of hyperbola, 105, 119 
of parabola, 105, 109 
of rectangular hyperbola, 124 
Ellipse, 106, 114, 133, 175 
general equation, 117, 133 
limiting forms, 116, 139 
standard equations, 114, 116 
Equality, of geometric figures, 148 
of parabolas, 148 


303 


304 INDEX 


Equations, factorable, 27, 139 Parameter, 165, 187 
incompatible, 31 Parametric equations, 187 
of first degree, 48 of the central conics, 188 
of second degree, 106, 129 Perpendicular bisector of a line 
quadratic, 75 segment, 35, 40 
simultaneous, 29 Perpendicular lines, 10, 49 
Pole, 98 
Focus, 105 
of ellipse, 114, 115, 116 Quadrants, 4 
of hyperbola, 119, 123 
of parabola, 109, 110, 111 Radius, of a circle, 68 
vector, 98 
Geometric constructions, 150, 177 Roots, infinite, 65 
Geometric properties, of the central} of a quadratic equation, 76 
conies, 180, 184, 193 Rotation of axes, 126, 130 
of the parabola, 161, 169 
Scales, 4 
Hyperbola, 106, 119, 133, 177 Secant, 79 
equilateral, 123, 133, 206 Similarity, 148 


general equation, 122, 133 
limiting form, 122, 138 of parabolas, 148 
rectangular, 123, 133, 206 Slope, of a curve, 79 
standard equations, 119, 121 of a line, 9 


Straight line, determined by two 

conditions, 53 

general equation, 48 

intercept form, 54 

normal form, 56 

parallel to an axis, 42 

point-slope form, 43 

slope form, 46 


of central conics, 174 


Infinity, curves intersecting at, 195 
points at —, 195 
Intercepts on the axes, 23 
Intersection, imaginary, 31 
number of points of —, 31 
of a curve with the axes, 23 
of two curves, 29 


Latus rectum, 105 through two points, 46, 47 
of ellipse, 115 Subnormal, 156 
of hyperbola, 119 Subtangent, 156 
of parabola, 110 Symmetry, 21, 22 
Line segments, directed, 1, 4 tests for —, 22, 25, 100 
equality of —, 2 
Tegra ep i ol A tROvEne DOW ae are point of contact, 83, 154 
by elimination of parameters, 164 179 See , 


defined geometrically, 38 


BE aricountionet 7s 20 having a given slope, 81, 159, 181 


length of —, 94, 96 


Midpoint of a line segment, 8 through an external point, 84, 159, 
160 
Normal, 156 Transformation, of codrdinates, 103, 
125 
Ordinate,2 of equations, 28 
Origin of coérdinates, 2, 3, 98 Translation of axes, 125 
Parabola, 106, 109, 133, 146 Units, 4 
general equation, 112 
limiting form, 112, 139 Variables, 16 
standard equations, 110, 111 Vertex, of ellipse, 115 
through four points, 144 of hyperbola, 119 


Parallel lines, 10, 49, 112, 139 of parabola, 110 
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Angle, between a line and a plane, | Figures in space, 209 


251 
between two lines, 218 
between two planes, 238 
Axis, of coérdinates, 208 
of revolution, 258 
of symmetry, 255 


Center of symmetry, 255 

Cone, 287 
circular, 259, 289, 300, 302 
elliptic, 287 

Conic sections, 298, 300 
limiting forms, 302 

Conoid, 291 

Coérdinate axes, 208 

Coérdinate planes, 208 

Coérdinates, cartesian, 208 
cylindrical, 221 

Curve, 225 
as locus of a moving point, 229 
determination of points on a—, 

226 

skew, 225 
twisted, 225 

Cylinder, 282 
circular, 259 
perpendicular 

plane, 283 

plane sections of a quadric —, 299 
projecting, 294 
quadric, 284 


to a codrdinate 


Direction angles, 213 
Direction cosines, 213, 214 
determination of —, 246, 247 
of a radius vector, 215 
of a line perpendicular to a plane, 
232 
of the line through two points, 215 
proportional to three numbers, 214 
Distance, between two planes, 235 
between two points, 210 
of a point from a plane, 235 


Ellipsoid, 266 
limiting forms, 268 
of revolution, 259, 268 
Equation, in two variables, 283 
of first degree, 231 
of second degree, 265, 291 


Generating curve, 258 
Generator, 258, 277 


Hyperboloid of one sheet, 268, 278 
of revolution, 259, 269, 272 
Hyperboloid of two sheets, 270 
of revolution, 259, 271 


Intercepts on the axes, 223 
Intersection, of a curve and a surface, 
227 
of three planes, 241 
of three surfaces, 227 
of two lines, 248 
of two surfaces, 225 


Locus, of a moving point, 228 
of an equation, 222 
of two simultaneous equations, 225 


Midpoint of a line segment, 210 


Octants, 208 
Origin of coérdinates, 208 


Paraboloid, elliptic, 273 
hyperbolic, 274, 279, 280 
of revolution, 259, 274 
Parallel line and plane, 251 
Parallel lines, 248 
Parallel planes, 234 
Perpendicular line and plane, 2382, 
250 
Perpendicular lines, 219 
Perpendicular planes, 238 
Piercing points, 226 
Plane, 230 
general equation, 231 
intercept form, 240 
normal form, 230 
parallel to a coérdinate plane, 223 
perpendicular to a coordinate 
plane, 239 
projecting —, 243 
sections of a surface by a —, 223 
through a given line, 242 
through a given point, 236 
through three points, 236 
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Projection, of a broken line upon a| Surface, 222, 255 


line, 218 as locus of a moving point, 228 
of a curve upon a plane, 294 determination of points on a—, 
of a line upon a plane, 243 223 
of a point upon a line, 218 generation by a moving curve, 
of a point upon a plane, 294 258 
of revolution, 258 
Radius vector, 215 quadric, 265 
ruled, 277 
Sphere, 259, 263 sketching by parallel plane sec- 
line tangent to a —, 263 tions, 256 
plane tangent to a —, 263 through a given curve, 294 
Spheroid, oblate, 259, 261, 268 Symmetry, 255 
prolate, 259, 268 tests for —, 255 
Straight line, 242 
general equations, 242 Torus, 259 


parallel to a coérdinate plane, 247 | Traces, 223 
symmetric form, 245, 246, 247 


